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Abstract
We investigate the motivations and consequences of the conjecture that the Kac-Moody algebra
E11 is the symmetry algebra of M-theory, and we develop methods to aid the further investigation
of this idea.
The definitions required to work with abstract root systems of Lie algebras are given in review
leading up to the definition of a Kac-Moody algebra. The motivations for the E11 conjecture are
reviewed and the nonlinear realisation of gravity relevant to the conjecture is explicitly described.
The algebras of E11, relevant to M -theory, and K27, relevant to the bosonic string theory, along
with their l1 representations are constructed. Tables of low level roots are produced for both the
adjoint and l1 representations of these algebras.
A solution generating element of the Kac-Moody algebra is given, and it is shown by construc-
tion that it encodes all the known half-BPS brane solutions of the maximally oxidised supergravity
theories. It is then used to look for higher level branes associated to the roots of the Kac-Moody
algebra associated to the oxidised theory.
The nature of how spacetime signature is encoded within the E11 formulation of M -theory is
analysed. The effect of the multiple signatures that arise from the Weyl reflections of E11 on the
solution generating group element is found and precise conditions of when an electric brane solution
exists and in which signatures are given. As a corollary to these investigations the spacelike branes
of M -theory are found associated to the solution generating element.
The U-duality multiplets of exotic brane charges are shown to have a natural E11 origin. General
formulae for finding the content of arbitrary brane charge multiplets are given and the exact content
of the particle and string multiplets in dimensions 4, 5, 6, 7, 8 is related to the l1 representation of
E11.
1
Acknowledgements
It is a great pleasure to thank Peter West for his impressive insight, expert advice and humour
throughout the course of my studies. His patience with my timekeeping was also laudable.
Throughout my studies I have been supported by PPARC grant PPA/S/S/2003/03644, and I
want to thank the ”powers that be” for continuing to fund such research as mine, which I believe
remains an important pursuit in the modern world.
Studying an esoteric subject can be a lonely business, the past three years have been consid-
erably more enjoyable than one might have imagined due to my incredible friends. In particular
the occupants of Room 102 (and formerly 32F): Ant, Manuel, Carmen (who taught me that every-
thing I begin in Latex I must also end), Sven, Vid, Alexis, Laura, Dan, Philipp, Peter, Our Mighty
Emperor, Nick, Arnold, Jack and the hairy little man. I have also spent time with people from
outside of my office, in particular I would like to thank the following for their company, support
and good humour: Joe, Nima, Geoff, Sarah, Rosie, Alfie, George, Dennis, Lisa, My Long, Tam,
Kevvy, the Andys, Katie, James, Trevor, Gina, Ben, Phil, Nadia, Dave, Nikos and all the hippos
of the world.
I would like to particularly thank Sam for always being able to cross every line anyone ever
put down for him, and for making me laugh. Sometimes so hard I had to clean my computer
afterwards.
Finally this thesis would just be a twinkling in my eye if it weren’t for the help, financial
support, occasional laundry, hot meals and love of my parents. I owe them more than a thesis.
But for now, with my thanks, that’s all I have to offer them.
2
FOR MUM AND DAD
3
CONTENTS
Contents
1 Introduction 8
2 Some Group Theory 13
2.1 What’s in a group? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 Lie Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 Compact, Connected and Simply-Connected Groups . . . . . . . . . . . . . . . . . 15
2.4 The Exponential Map and the Lie Algebra . . . . . . . . . . . . . . . . . . . . . . . 17
2.5 The Adjoint and the Lie Bracket . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Campbell-Baker-Hausdorff and other identities . . . . . . . . . . . . . . . . . . . . 21
2.7 Representations of SU(2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.8 Weights and Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.8.1 The roots of so(5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.9 Semisimple Lie Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.10 From Semisimple Lie Groups to Kac-Moody Algebras . . . . . . . . . . . . . . . . 36
3 Symmetries of M-theory 37
3.1 Nonlinear Realisations on a Coset Space . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 The Diffeomorphism Group and Bosonic Supergravity . . . . . . . . . . . . . . . . 40
3.3 An Awfully Big Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4 A Return to Three Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4 Constructing the Algebra 59
4.1 The Algebra of M-theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2 The Bosonic String Theory Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.3 The Translation Generator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.4 The Central Charges of M-theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5 The l1 Representation of the Bosonic String . . . . . . . . . . . . . . . . . . . . . . 76
5 A Solution Generating Group Element 79
5.1 M-theory, IIA and IIB brane solutions . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.2 The Commutators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3 The Dilaton Generator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.4 Solutions in Generic Gravity Theories . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.5 Simply Laced Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.5.1 Very Extended Dn−3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.6 Non-Simply Laced Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.6.1 Very Extended Bn−3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4
CONTENTS
5.6.2 Very Extended F4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.7 Higher Level Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6 Multiple Signatures of M-theory 109
6.1 General Signature Formulation of the Einstein Equations . . . . . . . . . . . . . . 109
6.2 New Solutions from Signature Change . . . . . . . . . . . . . . . . . . . . . . . . . 112
6.3 Spacetime Signature and Weyl Reflections . . . . . . . . . . . . . . . . . . . . . . . 117
6.4 Invariant Roots and Signature Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6.4.1 Membrane Solution Signatures . . . . . . . . . . . . . . . . . . . . . . . . . 121
6.4.2 Fivebrane Solution Signatures . . . . . . . . . . . . . . . . . . . . . . . . . . 124
6.4.3 pp-Wave Solution Signatures . . . . . . . . . . . . . . . . . . . . . . . . . . 124
6.5 S-Branes from a Choice of Local Sub-Algebra . . . . . . . . . . . . . . . . . . . . . 126
6.6 A Naive Interpretation for Signature Change . . . . . . . . . . . . . . . . . . . . . 133
7 Kac-Moody Algebras and U-duality Charge Multiplets 136
7.1 General Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
7.2 Rank p topological charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
7.3 Representations of the fundamental weights of E11−d . . . . . . . . . . . . . . . . . 140
7.4 Representations of Ad−1 ⊗ E11−d with fundamental E11−d weights . . . . . . . . . 141
7.4.1 The Particle Multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
7.4.2 The String Multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
7.5 More Exotic Charges from a general weight of E11−d . . . . . . . . . . . . . . . . . 144
A Tables of low level roots of E11, K27 and their l1 representations 147
B Solutions of M-theory 182
B.1 Electric Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.2 The M2-Brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.3 The M5-Brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
B.4 The pp-Wave . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
B.5 Spacelike Brane Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
B.6 The S2-Brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
B.7 The S5-Brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.8 The Spp-Wave . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
C Electric Branes from Kac-Moody Algebras 190
C.1 Very Extended E6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
C.2 Very Extended E7 - The 10-dimensional theory . . . . . . . . . . . . . . . . . . . . 194
C.3 Very Extended G2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
5
LIST OF TABLES
D Dynkin Diagrams of the Very-Extended Semisimple Lie Groups 199
List of Tables
1 The hidden symmetries emergent upon dimensional reduction of D=11 supergravity 10
2 Examples of Compact Matrix Lie Groups . . . . . . . . . . . . . . . . . . . . . . . 16
3 Examples of connected matrix Lie groups . . . . . . . . . . . . . . . . . . . . . . . 16
4 Examples of simply-connected matrix Lie groups . . . . . . . . . . . . . . . . . . . 17
5 The roots and root vectors of so(5) . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
6 The roots of so(5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
7 The low level roots of E11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
8 The first few roots of K27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
9 The signature orbit of the root associated to R91011 . . . . . . . . . . . . . . . . . . 123
10 The signature orbit of the root associated to R123 . . . . . . . . . . . . . . . . . . . 123
11 The signature orbit of the root associated to R67891011 . . . . . . . . . . . . . . . . 124
12 The signature orbit of the root associated to R123456 . . . . . . . . . . . . . . . . . 125
13 The signature orbit of the root associated to highest weight pp-wave . . . . . . . . 125
14 The signature orbit of the root associated to lowest weight pp-wave . . . . . . . . . 126
15 The signature orbit of S2-brane from E11 from R91011 . . . . . . . . . . . . . . . . 128
16 The signature orbit of S2-brane from E11 from R123 . . . . . . . . . . . . . . . . . 129
17 The signature orbit of S5-brane from E11 generator R67891011 . . . . . . . . . . . . 130
18 The signature orbit of S5-brane from E11 generator R123456 . . . . . . . . . . . . . 131
19 The signature orbits of the root associated to highest weight Spp-wave . . . . . . . 132
20 The composition of two particle signatures . . . . . . . . . . . . . . . . . . . . . . . 135
21 The various compositions of two M2 branes signatures . . . . . . . . . . . . . . . . 135
22 Representations of Ad−1 ⊗ E11−d with fundamental E11−d weights . . . . . . . . . 141
23 The particle charge multiplet in d = 4 . . . . . . . . . . . . . . . . . . . . . . . . . 142
24 The particle charge multiplet in d = 5 . . . . . . . . . . . . . . . . . . . . . . . . . 142
25 The particle charge multiplet in d = 6 . . . . . . . . . . . . . . . . . . . . . . . . . 142
26 The particle charge multiplet in d = 7 . . . . . . . . . . . . . . . . . . . . . . . . . 143
27 The string charge multiplet in d = 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 143
28 The string charge multiplet in d = 5 . . . . . . . . . . . . . . . . . . . . . . . . . . 143
29 The string charge multiplet in d = 6 . . . . . . . . . . . . . . . . . . . . . . . . . . 144
30 The string charge multiplet in d = 7 . . . . . . . . . . . . . . . . . . . . . . . . . . 144
31 Representations of Ad−1 ⊗ E11−d with with λi + λi+1 E11−d weights . . . . . . . . 145
32 The roots of E11 to level 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
33 The roots of K27 to level (3,3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
6
LIST OF FIGURES
34 The roots of the l1 representation of E11 to level 12 . . . . . . . . . . . . . . . . . . 163
35 The roots of the l1 representation of K27 to level (3,3) . . . . . . . . . . . . . . . . 178
List of Figures
1 An arbitrary path, A(t), through a connected matrix Lie group. . . . . . . . . . . . 19
2 The root diagram of so(5) with the fundamental weights superposed . . . . . . . . 32
3 The Dynkin diagram of so(5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4 The classical Lie groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
5 The exceptional Lie groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6 The Dynkin Diagram of E11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
7 The Dynkin diagrams of A+++D−3 and K27 . . . . . . . . . . . . . . . . . . . . . . . . 58
8 The Dynkin Diagram of E12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
9 The Dynkin Diagram of K28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
10 The Dynkin diagram of E12 decomposed into Ad−1 ⊗ E11−d . . . . . . . . . . . . . 137
11 Charge multiplets and E11−d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
12 The Dynkin diagrams of the very-extended classical groups. . . . . . . . . . . . . . 199
13 The Dynkin diagrams of the very-extended exceptional groups. . . . . . . . . . . . 200
7
1 Introduction
”Physical laws should have mathematical beauty and simplicity”
Paul Dirac
It is the great hope of theoretical physics that the vast complexity of the world we see around us
may be described by a manageable mathematical formalism. That is not to say that the theoretical
physicist believes that the natural laws of the universe adhere to a mundane mathematical model,
but rather that he or she frequently hopes that there exists some elegant mathematical means of
encoding and enhancing our appreciation of the universe. The most successful of modern theoretical
models have all been based around the identification of symmetry groups. In this thesis we examine
the conjectured symmetry algebra of M -theory, a candidate for the unifying theory of the observed
forces of nature.
Symmetry groups underpin modern particle physics. Indeed it may be argued that theoretical
physics is the identification and exploitation of symmetry groups in natural systems. From the
identification of the Poincare´ invariance of relativity, through the unitary operators and Lie algebras
of quantum mechanics to the construction of the standard model, the application of group theory
has accompanied the greatest theoretical successes of the last century. These accomplishments
have ushered in the modern era of high-energy particle physics in which theory anticipates the
results of experiments that lie beyond the energy limit of current laboratories and accelerators. It
is the goal of theoretical physics to unify the laws of nature in these high-energy domains.
A priori there is no reason to be certain that such a unifying framework exists. The widespread
belief that there is a high-energy symmetry is based upon the previous successful unifications of
the strongest forces of nature. This process culminated in the standard models unification of
electromagnetism, the strong and the weak nuclear forces. Only gravity stands apart. Attempts
to incorporate gravity in a unified quantum field theory have motivated astonishing changes of
theoretical perspective in the last thirty years, in particular the emergence of supergravity and
string theory as the leading candidates for a theory of quantum gravity. One serious stumbling
block was that there were discovered five different string theories with the potential to be the unique
unifying theory. This problem was surmounted when it was realised that regions of different string
coupling strength in the separate theories could be identified by a series of S and T -dualities and
in this way the five disparate theories were identified as branches of a single higher-energy theory
that became known as M -theory [1, 2]. However, M -theory contains such a rich structure that a
new insight or approach may be needed before rapid progress will be made. The main topic of this
thesis will be the conjecture that the Kac-Moody algebra E11 encodes the symmetries of M -theory
[3] and it is hoped it may offer an expediting algebraic approach to learn more about M -theory.
In March of 1978, Cremmer, Julia and Scherk wrote down the unique supergravity theory in
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eleven dimensions [4] whose Lagrangian is,
L11 = e4κ2R−
e
2!4!
Fµ1...µ4F
µ1...µ4 − e
2
ψ¯µΓµνρDν(
1
2
(Ω˜ + Ωˆ))ψρ
− eκ
8.4!
(ψ¯µ1Γ
µ1...µ6ψµ2 + 12ψ¯
µ3Γµ4µ5ψµ6)(Fµ3...µ6 + Fˆµ3...µ6)
+
κ
8(3!)4
µ1...µ11Fµ1...µ4Fµ5...µ8Aµ9µ10µ11 (1.1)
Where,
Fµ1...µ4 = 4∂[µ1Aµ2µ3µ4]
Fˆµ1...µ4 = Fµ1...µ4 + 3ψ¯[µ1Γµ2µ3ψµ4]
Ωˆµbc = ωµbc − 12(ψ¯νΓcψb − ψ¯νΓbψc + ψ¯cΓµψb)
Ω˜µbc = Ωˆµbc +
1
4
ψ¯νΓνλµbcψλ
ωµbc =
1
2
(ebρ∂µeρc − ecρ∂µeρb)− 12(eb
ρ∂ρeµc − ecρ∂ρeµb)− 12(eb
λec
ρ∂λeρa − ecλebρ∂λeρa)eµa
(1.2)
Where eµa is the vielbein and e is its determinant. The equations of motion for the metric, gµν ,
the gravitino, ψµ and the three form potential Aµ2µ3µ4 are,
1
2!4!
(Fµα1...α3Fν
α1...α3 − 1
12
gµνFα1...α4F
α1...α4) = Rµν
Γµ1µ2µ3{Dµ2ψµ3 −
1
122
(Γν1...ν4µ2 − 8Γν2...ν4δν1µ2)ψµ3 Fˆν1...ν4} = 0
∂µ1F
µ1...µ4 +
e−1
4.122
µ2...µ11µ1Fµ5...µ8Fµ9...µ11µ1 = 0 (1.3)
Where we have set κ = 1. The content of the theory can be understood as the result of trying
to build an eleven dimensional gravitational theory possessing supersymmetry. The massless fields
of the theory form representations of the little group, SO(D − 2), which in eleven dimensions is
SO(9), the metric being symmetric has 9(10)2 = 45 bosonic degrees of freedom. The superpartner
of the metric is the gravitino field, ψµ which transforms as a vector under the little group and
also carries a spinor representation, it transforms under an irreducible representation having 128
fermionic degrees of freedom. For the theory to be supersymmetric the number of bosonic and
fermionic degrees of freedom should match, the shortfall is removed by introducing an extra field
Aµ1µ2µ3 having
9!
3!6! = 84 bosonic degrees of freedom. For a modern review of eleven-dimensional
supergravity, containing explicit calculations, the reader is encouraged to refer to [5]. The equation
of motion for the three form can be rewritten in a linear form,
Fµ1...µ4 =
e
7!
µ1...µ11 F˜
µ5...µ11 (1.4)
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Where we have defined,
F˜µ1...µ7 ≡ 7(∂[µ1Aµ2...µ7] + 5A[µ1...µ3Fµ4...µ7]) (1.5)
The field Aµ1...µ6 is the dual of the three form, defined via the Hodge dual of the four-form field
strength.
It is, at first sight, quite an ugly theory. However it was soon realised that the theory had much
more symmetry than was apparent in its eleven dimensional formulation. Indeed by September
of 1978 Cremmer and Julia reported the first observation of a hidden symmetry in the eleven
dimensional theory where the emergence of an SU(8) local symmetry and an E7(7) global symmetry
was demonstrated upon dimensional reduction to four dimensions[6, 7]. The notation Ed(d) is used
to indicate the normal real form of the complex exceptional algebra Ed(C), meaning that its
generators are maximally non-compact [10, 11]. The number in brackets is the character of the
algebra, giving the difference between the number of noncompact and compact generators. For
the maximally non-compact algebras the character is the rank of the algebra. Throughout this
thesis we will not emphasise the choice of the normal real form and will use the simple notation Ed
throughout. Dimensional reduction of the maximal theory to other dimensions revealed a series of
hidden global symmetry group, G, with a local symmetry given by the maximal compact group, H
[12, 13, 8, 9]. These symmetry groups were realised as scalars parameterising the coset spaces of GH
and are listed in table 1. Hidden symmetries had also been uncovered in related IIB supergravity
Dimension G H
10 R 1
9 Sl(2,R)× R U(1)
8 Sl(3,R)× Sl(2,R) SO(3)× SO(2)
7 Sl(5,R) SO(5)
6 SO(5, 5,R) SO(5)× SO(5)
5 E6 USp(8)
4 E7 SU(8)
3 E8 SO(16)
Table 1: The hidden symmetries emergent upon dimensional reduction of D=11 supergravity
theories. Sl(2,R), hidden symmetries were uncovered by Schwarz and West in the ten-dimensional
IIB supergravity theories[14]. Being a chiral theory the IIB theory is not not straightforwardly
related to the eleven dimensional supergravity. It has been proposed that discrete subgroups of
these continuous hidden symmetries are symmetries of M -theory [15].
Discrete symmetries occur naturally in string theory where symmetries are defined by sets S
and T-dualities applied so as to relate a single string theory to itself. S-duality maps a theory of
strong string coupling to one of weak coupling. While T-duality interchanges winding modes of
wrapped strings around compact dimensions with the momentum carried by the string, as well as
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the radius of the compact dimension with its reciprocal. T-duality generates the discrete symmetry
group SO(d, d,Z) on the parameters of a string theory compactified on a torus T d. In terms of a
physical theory these dualities are not only astounding, but are incredibly useful. These are the
dualities that led to the conjecture of M -theory [1, 2], and encode what is known about M -theory.
The exact nature of which theories are related to each other by these dualites may be found in the
literature [16, 17, 1, 2, 18, 19]. The discrete symmetry groups of string theory are unified in the
U-duality group [27], which turns out to be the discrete version of the Ed hidden symmetries of
supergravity.
It has been argued that eleven-dimensional supergravity may be expressed as a non-linear
realisation of symmetry group E11[3]. In this thesis we take up this idea and attempt to use it to
discover tools that may be useful in future work to understand the precise connections between
Kac-Moody algebras and M-theory. The advantage of such an E11 symmetry is that the hidden
symmetries of table 1 are made manifest. Such a symmetry group would, of course, contain within
it the U-duality groups in various dimensions.
Unfortunately, Kac-Moody algebras are not very well understood. In fact it may be argued
that the murky nature of M-theory may just as well be used to inform mathematical insights
about special classes of Kac-Moody algebras as vice versa. E11 is just one of the very-extended Lie
groups, G+++. The other G+++ are also associated with the conjectured symmetries of alternative
supergravity theories, known as the oxidised supergravity theories. These oxidised supergravity
theories are the result of commencing in a three-dimensional theory with the scalars parameterising
a particular coset group, and then applying the reverse process to dimensional reduction to find
the oxidised theory [73]. Consequently it may be hoped that the study of these alternative theories
may prove useful for discovering new properties concerning the relation of E11 to M -theory.
The particular aspects of Kac-Moody algebras in modern high energy physics as studied in
this thesis present just a small window onto an expanding and exciting area of study. There is
an abundance of elegant mathematical literature associated to Kac-Moody algebras and there is a
growing interest in such algebras as symmetries of M -theory in theoretical physics for the reasons
highlighted above. Consequently there are very many other interesting and exciting approaches
that will not be touched on in this thesis. By way of apology we mention one notable example
concerning the algebra E10 in M-theory, in particular the cosmological billiards programme [20]
which analyses dynamics near a spacelike symmetry, and uncovers a role for the E10 algebra. For
a recent review of much work not discussed in this thesis see [21] and the references therein.
In this thesis we present the basic tools and definitions required to comprehend the E11 con-
jecture. In chapter two we present some basic group theory, in order to familiarise the reader with
the identities and definitions that allow us to give the definition of a Kac-Moody group at the
end of the chapter. Chapter three concentrates on motivating the E11 conjecture; we describe the
11
nonlinear realisation of a theory on a coset space, and how this relates to an extended formulation
of eleven dimensional supergravity having a manifest E8 symmetry. At the end of chapter three we
review the general procedure for finding coset symmetries from the scalars that emerge in a dimen-
sional reduction, in particular we review the work of [52] and recover the E8 coset symmetry in the
reduction to three dimensions. In chapter four, we analyse the Kac-Moody algebra of E11 which
may be constructed by extending the Dynkin diagram of the semisimple Lie group E8 by adding to
it three appropriately placed nodes. The corresponding Cartan matrix may be used to construct a
unique Kac-Moody algebra from commutators of the generators of the positive and negative roots
of E11 and its Cartan sub-algebra, subject to the Serre relations. The resulting algebra may be
studied using weights of a more manageable finite dimensional A10 sub-algebra of E11, obtained
by deletion of the orthogonal node in the Dynkin diagram. The number of multiples of the deleted
root, or level, is used to classify the resulting infinite dimensional set of generators. In chapter four
we carry out the construction of the algebra in explicit detail. The low level generators from this
construction exactly reproduce the fields of the bosonic sector of eleven dimensional supergravity
and, by extension, M-theory. We also construct the algebra of the conjectured Kac-Moody sym-
metry of the bosonic string. The formulae of chapter four are used to produce the tables of roots
given in appendix A, which are used throughout the thesis. In chapter five we present a group
element of a general very-extended Lie group, G+++, and show by construction that it encodes the
brane solutions of the maximally oxidised supergravity theories. By applying this group element
to so-called high-level roots that occur in the Kac-Moody algebras we begin to probe parts of the
oxidised theories that are not so well understood and we find evidence that the higher level roots
of the Kac-Moody algebras may play an important role in the theory. The embedding of spacetime
signature in the algebra is the focus of chapter six, where we review the work of Keurentjes which
found that M-theory as derived from E11 exists in multiple signatures, and we look at the effect of
signature changes on the solutions of M -theory. As a corollary to this investigation, the spacelike
S-brane solutions of M-theory arise naturally from the solution generating group element discussed
in chapter five. We finish in chapter seven by demonstrating that a conjectured E11 symmetry
gives rise naturally to the exotic brane charge multiplets of [27] arising from the U-duality group,
in various dimensions.
A conscious effort has been made while writing this thesis not to assume much prior knowledge
of the field of study on the part of the reader. The majority of this work is devoted to building a
bridge between the study of Kac-Moody algebras and theoretical physics and we hope the gentle
introduction to our research presented here proves useful in this exciting endeavour.
Much of the original work in this thesis is also contained in [28, 29].
12
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The subject matter of this thesis has a dual nature, being in part group theoretical and in part
based upon modern theoretical physics. Given that M-theory, to which this work pertains, is
an unknown entity much of this thesis will focus on group theoretical approaches and seek to
apply this knowledge to the theoretical physics. In this chapter we present some fundamental
results and techniques in the representation theory of Lie groups and it represents a lightning
introduction to a beautiful subject, the classification of the semisimple Lie groups, which deserves
a longer treatment. Our main reference text is the excellent introduction by Hall [30] from which
we have taken or based the majority of our definitions in this chapter, but we have also benefited
greatly from the freely available and concise text by Cahn [31]. Readers interested in studying
the subjects mentioned in this chapter in greater detail may benefit from the standard references
[32, 33, 39, 34, 40, 35, 36, 37, 38]. Due to the long-established nature of the material presented
here we refer the reader to the literature previously mentioned to deduce the appropriate historical
citations.
It is possible to approach the theory of semisimple Lie groups with the great generality of a
pure mathematician, however we opt to dirty our hands in a number of places in order to get a firm
appreciation of the concepts we are defining. The definitions of this chapter will be used frequently
throughout the thesis and are motivated by gaining just the minimal insight into the subject to be
able to understand the definition of a Kac-Moody algebra, which is given at the end of the chapter.
For a thorough review of Kac-Moody algebras see [41].
2.1 What’s in a group?
Definition 2.1 A group is defined as a set, G, endowed with an action mapping G × G → G
subject to the following conditions:
1. For all g, h, k ∈ G, g(hk) = (gh)k (Associativity)
2. There exists an identity element, e, in the set, that acts in the following way under the
group action,ge = eg = g (Identity element)
3. For each element, g, there exists an inverse element, g−1 ∈ G such that, gg−1 = g−1g = e
(Inverse element)
Groups consist of objects, in a set, which act upon each other so as to form another member of
the set. The study of groups began in earnest with Evariste Galois (1811-1832) who considered
permutation groups, which transformed the solutions of algebraic equations into each other, in
order to discover that the symmetry properties of the solutions to a quintic equation implied that
there could be no general solution to the quintic, as there are for equations of degree two, three
or four. The work of Galois was motivated by the study of algebraic equations which have finitely
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many solutions1; the Norwegian mathematician Sophus Lie (1842-1899) aimed to apply a similar
method to analyse the solutions of differential equations [42], which have infinitely many solutions
(as embodied by the familiar refrain ”up to a constant”).
2.2 Lie Groups
While Galois’ groups permuted finitely many solutions between themselves, Lie’s groups morphed
a continuous set of solutions into each other. That is the action of objects in Lie’s groups resulted
in a continuous symmetry, and operations could be continuously transformed into each other. The
essential characteristic of a Lie group that differentiates it from other groups is that it acts upon
an infinite set; a good example is the group of rotations in a two dimensional plane, SO(2,R),
where the generic element is a rotation by an angle θ but where θ is a continuous parameter - it is
in this sense that Lie groups are ”infinite”. It is however a very natural infinity that arises when
we consider Lie groups, the kind that physical finite systems appear to exhibit at the macroscopic
level. Of course our microscopic picture of the universe is that it is not continuous, but that
it is quantum mechanical in nature and even spacetime is quantised so that certain continuous
symmetries must break down. However Lie groups have a very important role to play at the
quantum level, where the Schrodinger wave equation, being a differential equation has solutions
which are continuously related by the action of a Lie group. In short Lie groups are par for
the course in modern theoretical physics, see for example [40]. The interplay between continuous
mathematics and discrete mathematics demonstrated by Lie groups and Galois’ permutation groups
has parallels with the continuous properties of spacetime macroscopically and the discrete quantised
spacetime expected at the microscopic level. While the route between the infinite of the Lie group
and the finiteness of the simple groups has been bridged in mathematics via an analogue of modular
arithmetic, the infinite symmetries of macroscopic spacetime have yet to be captured in a finite
mathematical picture that neatly interpolates between quantum mechanics and general relativity.
For an enjoyable popular account of the classification of the finite simple groups see [42].
Let us state the formal definition of a Lie group, before we specialise to the case of a matrix
Lie group.
Definition 2.2 A Lie Group is a smooth manifold M endowed with a smooth action, and its
inverse, mapping M×M→M.
The fact that a Lie group acts on a manifold encodes all the necessary properties of continuous
maps. The existence of a group action, and its inverse, make the manifold into a group. A
straightforward example isM = Rn where the group action is vector addition, defined as x× y →
x+y. More interesting examples include the classical groups (the special linear, orthogonal, unitary
1For a mathematical introduction to Galois theory see [44], and for a popular account of the problem that inspired
Galois’ groups see [45].
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and symplectic groups), the exceptional groups (G2,F4,E6,E7,E8), the Heisenberg group, the spin
group, the Lorentz group and the Poincare group.
An important subset of Lie groups are matrix Lie groups, which are closed subgroups of the
linear transformation group GL(n,C) and so may be represented by matrices. A more technical
definition is,
Definition 2.3 A matrix Lie Group is a subgroup, G, of GL(n,C) such that any convergent
sequence of matrices Am ∈ G converges as m → ∞ to a matrix that is either in G or is not
invertible.
A sequence of matrices is a set of matrices which transform into each other as some parameter is
varied. Convergence of such a sequence, Am to a matrix B implies that the components (Am)ij →
Bij asm→∞. For example, consider the subgroup SL(2,C), which contains a convergent sequence
of matrices,
Am =
 1m −1
1 0

It converges to an element of SL(2,C). In fact SL(2,C) is a matrix Lie group since it is the subgroup
of GL(2,C) with determinant +1, so any sequence of matrices in SL(2,C) all have determinant
+1. Since the determinant is a continuous function any convergent sequence will converge to a
matrix in SL(2,C).
All matrix Lie groups are also Lie groups but the converse is not true. Examples of matrix Lie
groups are the general linear groups, the unitary groups, the orthogonal groups, the symplectic
groups, the Heisenberg group, the Lorentz group, the Poincare group and the exceptional groups.
The universal cover of SL(n,R) where n > 1 is not a matrix Lie group and neither is the spin
group, the double cover of SO(n,C) where n > 2. The proof of both these statements is achieved
by demonstrating that these groups do not have any faithful finite dimensional representations
since the kernel of the covering homomorphism, the Lie group homomorphism that projects the
simply-connected covering group down to the connected group, is non-trivial in each case. However,
both the universal cover of SL(n,R) where n > 1 and the spin group are Lie groups.
2.3 Compact, Connected and Simply-Connected Groups
All successful classification programmes rest between the entirely general and the esoterically pre-
cise, so it is with the classification of the classical and exceptional Lie groups. The classification
relevant to this thesis was worked on by Cartan and Killing and completed by Chevalley in the
1950s and classifies the semisimple matrix Lie groups by their Dynkin diagrams2. In order to define
2Historically, Dynkin diagrams were first used by H. S. M. Coxeter at least four years before Dynkin [43] as a
notation for recording the angles between mirrors in a kaleidoscope arranged to give rise to regular geometric images
of an object in its interior. However, the term Dynkin diagram is more commonly used than Coxeter diagram or
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and to appreciate some of the qualities of the semisimple matrix Lie groups we need a technical
understanding of when a matrix Lie group is compact, connected and simply-connected.
Definition 2.4 A matrix Lie group, G, is compact if there exists an upper bound, K, not exceeded
by the modulus of any of the components |Aij | for any matrix A ∈ G. Additionally any
convergent sequence of matrices in G converges to a matrix in G.
These conditions mean that the matrix Lie group is closed and bounded, and we give some
examples of matrix Lie groups which are compact and those which are not in Table (2).
Compact Non-compact
O(n,R) GL(n,R)
SO(n,R) GL(n,C)
U(n,R) SL(n,R)
SU(n,R) SL(n,C)
Sp(n,C) ∩ U(2n,C) O(n,C)
U(n,C) SO(n,C)
SU(n,C) Sp(n,R)
Sp(n,C)
the Lorentz group
the Heisenberg group
the Poincare group
Table 2: Examples of Compact Matrix Lie Groups
Definition 2.5 A matrix Lie group, G, is path-connected if there exists a continuous path A(t) ∈ G
connecting any two matrices, A1, A2 ∈ G such that A(0) = A1 and A(1) = A2.
If a matrix Lie group is path-connected then it is necessarily connected. We give examples of
connected and not connected matrix Lie groups in table (3).
Connected Not connected
GL(n,C) GL(n,R)
SL(n,C) O(n,R)
SL(n,R) O(n,C)
SO(n,C) the Poincare group
SO(n,R) the Lorentz group
U(n,R)
U(n,C)
SU(n,R)
SU(n,C)
Sp(n,C) ∩ U(2n,C)
Sp(n,C)
the Heisenberg group
Table 3: Examples of connected matrix Lie groups
even Coxeter-Dynkin diagram and we use it in this thesis for the purpose of common clarity and hope that the role
of Coxeter in creating these diagrams is recognised by the reader.
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Definition 2.6 A matrix Lie group is simply-connected if it is connected and if every loop, A(t) ∈ G
can be continuously shrunk to a matrix A ∈ G.
Specifically one considers a continuous loop A(t) ∈ G such that A(0) = A0, A(1) = A1 and
A0 = A1 and asks whether there exists a continuous function B(s, t) that morphs the loop A(t)
into the matrix B ∈ G, or algebraically, such that B(0, t) = A(t), B(s, 0) = B(s, 1) and B(1, t) = B.
If such a function exists for all A0, B ∈ G then the group G is simply-connected. We give some
examples of simply-connected matrix Lie groups in table (4) below.
Simply-Connected Connected but not Simply-Connected
SL(n,C) SO(n,R) n ≥ 2
SO(n,R) SO(n,C) n ≥ 2
SU(n,R) U(n,R)
SU(n,C) U(n,C)
Sp(n,C) ∩ U(2n,C) GL(n,C)
Sp(n,C) SL(n,R) n ≥ 2
SO(n,C)
Table 4: Examples of simply-connected matrix Lie groups
2.4 The Exponential Map and the Lie Algebra
In practise when working with Lie groups it is often simpler to work with the Lie algebra. The Lie
algebra contains much of the information about the group but operations on the algebra are linear
and so it is often simpler to use the algebra for calculations. The group and its algebra are related
by the exponential map, which we now define for a matrix.
Definition 2.7 The exponential map, eA or expA, of a matrix, A, is defined by:
eA =
∞∑
n=0
An
n!
(2.1)
The exponential map always converges. This can be seen if we know that any matrix, A, may be
decomposed into a diagonal part, D, and a nilpotent part, N , with the two parts commuting, such
that A = D +N . Consequently, eA = eDeN and eD converges since it becomes a diagonal matrix
of exponentials, and eN terminates as a sum after a finite number of terms (N is nilpotent =⇒
Nk = 0 for some integer k).
Definition 2.8 The Lie algebra, g, of a matrix Lie group G is the set of all matrices, X, such that
etX ∈ G for all t ∈ R.
There is a unique correspondence between paths A(t) ∈ G and the exponentiation of an element
X of the Lie algebra, g. Differentiating the one-parameter subgroup etX with respect to t and
evaluating at t = 0 gives X so the unique correspondence is observed. It is worth observing that as
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t runs from 0 to 1, etX is a path in G connecting the identity element to eX . Furthermore, ddt
∣∣
t=0
acting upon etX gives X as the tangent vector to G at the identity, so that the Lie algebra is the
tangent space of the Lie group at the identity.
When t = 1 the one-parameter subgroup etX is called the exponential mapping,
Definition 2.9 The exponential mapping of a matrix Lie group G with Lie algebra, g is given by,
exp : g→ G (2.2)
Note that this does not imply that every element of G may be expressed as a single exponential of
an element of its Lie algebra. Generally the exponential map is not an isomorphism between the
algebra and the group, in fact the exponential mapping is neither necessarily onto nor one-to-one.
However under certain conditions which we will describe presently the exponential mapping is a
bijection, an inverse map exists and both are continuous, so that the exponential mapping becomes
a homeomorphism. The existence of the homeomorphism rests upon the existence of an inverse
map to the exponential map, the matrix logarithm.
Definition 2.10 The matrix logarithm of a matrix A is defined, when it is a convergent series, as,
logA =
∞∑
n=1
(−1)n+1 (A− I)
n
n
(2.3)
This is the natural generalisation of the Mercator series to a matrix variable. The Mercator series
for the natural logarithm of a variable x converges when |x| < 1, similarly the series expansion for
the matrix logarithm only converges if ‖A− I‖ < 1. Where we define ‖·‖ to be a norm on the
space of matrices, for example, the Hilbert-Schmidt norm,
‖A‖ ≡
√√√√ n∑
i,j=1
(Aij)2 (2.4)
Where A is an n-by-n matrix. Crucially we can define a radius of convergence in terms of the
matrix norm classifying an open set of matrices, X ∈ U , about the identity matrix such that
log (eX) = X where,
U = {X ∈ g| ‖X‖ < ln 2} (2.5)
so that eX ∈ G. So long as we consider the open set U about the identity matrix in the Lie
algebra then we can treat the exponential mapping as a homeomorphism between the algebra and
the matrix Lie group. We only capture the group structure local to the group identity from the
algebra using the exponential mapping of a single element of the Lie algebra. If G is a connected
matrix Lie group, then we can find a path from the identity to any element in the group. We find
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in fact,
Theorem 2.12 If G is a connected matrix Lie group, then every element A ∈ G may be expressed
in the form:
A = eX1eX2 . . . eXn (2.6)
where X1, X2 . . . Xn ∈ g.
Proof Let A(t) be a path in G connecting the identity, I, to an arbitrary element, A ∈ G, such that
A(0) = I and A(1) = A. Taking U as defined above and defining V = expU to be the associated
open set in the group. Note that every element of U under the exponential mapping goes to an
element of G ∈ V. We are interested in finding the map for arbitrary elements of G, in particular
those not in the open set V .
Figure 1: An arbitrary path, A(t), through a connected matrix Lie group.
An arbitrary path, A(t), in the group is shown in figure 1. In order to move about the group one
acts upon the present group element with another element, so that the infinitesimal part of the path
A(t) running from A(tk) to A(tk+1) corresponds to the action of the group element A−1(tk)A(tk+1)
under a right-action. Now around each group element in the path there is an open set where
the matrix logarithm is well-defined, and since the path A(t) is continuous one can always find
consecutive group elements A(t1), A(t2) . . . A(tn) such that the open sets, V , around each element
overlap, and within that overlap there exists a transition element, A−1(tk)A(tk+1) taking A(tk) to
A(tk+1). Using the well-defined matrix logarithm we can find the corresponding element of the Lie
algebra, let us label the Lie algebra element for the transition element A−1(tk)A(tk+1) by X(k+1).
Then eX(k+1) = A−1(tk)A(tk+1) and the group element A is expressed as,
A = IA1(A−11 A2)(A
−1
2 A3) . . . (A
−1
n−1A)
= eX1eX2 . . . eXn (2.7)
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2.5 The Adjoint and the Lie Bracket
There is a natural representation of the Lie group which connects it to the Lie algebra, it is called
the adjoint representation. Let us describe the adjoint transformation,
Definition 2.13 Let A ∈ G and X ∈ g where g is the Lie algebra of G. Then the adjoint
transformation of X is
AdA(X) = AXA−1 (2.8)
The adjoint map is an automorphism of the Lie algebra, since,
etAXA
−1
= AetXA−1 ∈ G ∀ t ∈ R (2.9)
Hence, AXA−1 ∈ g. One can also view the adjoint transformation as an action on the Lie algebra
that maps an element of the Lie group, A into a linear transformation of the Lie algebra, GL(g).
Let us recall the notion of a representation.
Definition 2.14 A representation of a group G acting on a vector space V is a homomorphism,
pi,
pi : G → GL(V ) (2.10)
A representation turns a group action into a matrix action over a suitable vector space. Now,
AdA ·AdB(X) = ABXB−1A−1 = AdAB(X) (2.11)
so the adjoint is a homomorphism and since,
AdG : G → GL(g) (2.12)
then the adjoint transformation is a representation of G acting upon its own Lie algebra. From the
group representation we can derive a representation of the algebra by acting with, ddt
∣∣
t=0
on the
adjoint action,
d
dt
AdA(X)
∣∣∣∣
t=0
=
d
dt
etY (X)e−tY
∣∣∣∣
t=0
= Y X −XY ≡ [Y,X] (2.13)
That is the adjoint action on the Lie algebra is,
adY (X) = [Y,X] (2.14)
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This is also a homomorphism,
[adZ , adY ](X) = adZadY (X)− adY adZ(X)
= [Z, [Y,X]]− [Y, [Z,X]]
= −[X, [Z, Y ]]
= ad[Z,Y ](X) (2.15)
This homomorphism is the Jacobi identity. In showing it we implicitly assumed that the multipli-
cation operator in the Lie algebra is the bracket [, ], which is also called the Lie bracket. Recall
we demonstrated that the adjoint action AdA, for A ∈ G acted as an automorphism of the Lie
algebra, so that AXA−1 ∈ g if X ∈ g. Now the Lie algebra is a vector space closed under addition,
that is, X,Y ∈ g =⇒ X + Y ∈ g since et(X+Y ) ∈ G. Then etYXe−tY −X ∈ g, and, noting that
X ∈ g =⇒ tX ∈ g, then etYXe−tY −Xt ∈ g for all t ∈ R. In particular,
lim
t→0
[
etYXe−tY −X
t
] ∈ g (2.16)
This is simply the derivative evaluated at X along the path etYXe−tY from t = 0 to t = 1,
d
dt
(etYXe−tY )
∣∣∣∣
t=0
= Y X −XY = [Y,X] ∈ g (2.17)
We have shown that if X,Y ∈ g then [X,Y ] ∈ g in order to convince ourselves that adX is a
representation of the Lie algebra.
2.6 Campbell-Baker-Hausdorff and other identities
It will be necessary for us to manipulate terms in the connected group element, in particular to
move exponentials of different elements of the algebra past each other. In this section we find an
identity for achieving this end in special circumstances and also give the Campbell-Baker-Hausdorff
formula for the more general case.
Consider a path in the algebra,
a(t) = etXY e−tX (2.18)
Where X,Y ∈ G and t ∈ R. Differentiating with respect to the parameter t, we find,
da(t)
dt
= etX [X,Y ]e−tX = [X, a(t)] (2.19)
Since a(0) = Y we find,
a(t) = etadXY (2.20)
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Now consider a path,
b(t) = etY etXe−t(Y+X) (2.21)
Differentiating, we find,
db(t)
dt
= etY etX(e−tXY etX − Y )et(Y+X) = etY etX(a(−t)− Y )et(Y+X) (2.22)
Now we restrict ourselves to the special case where the commutator, [X,Y ], itself commutes with
the two generators X and Y , i.e. [X, [X,Y ]] = [Y, [X,Y ]] = 0. In particular this means that the
expression for a(−t) terminates quickly,
a(−t) = Y − t[X,Y ] (2.23)
So that,
db(t)
dt
= etY etXt[Y,X]et(Y+X) = t[Y,X]b(t) (2.24)
And,
b(t) = e
1
2 t
2[Y,X] (2.25)
Since [Y,X] commutes with Y and X we may rearrange this expression for b(t) for the case when
t = 1 to find,
eY eX = e(Y+X)+
1
2 [Y,X] = eY+Xe
1
2 [Y,X] (2.26)
Swapping X and Y gives,
eXeY = eX+Y e−
1
2 [Y,X] (2.27)
And combining these two we find,
eY eX = eXeY e[Y,X] (2.28)
This is an expression we will use frequently throughout this thesis. If we had not insisted on [X,Y ]
commuting with X and Y and had taken a lengthier route we would have found a more complex
expression for combining multiple exponentials into a single exponential. This expression is called
the Baker-Campbell-Hausdorff formula,
Definition 2.15 The Campbell-Baker-Hausdorff formula for combining the product of two matrix
exponentials, eX and eY , into a single exponential is
eXeY = eX+
R 1
0 dtf(e
adX etadY )(Y ) (2.29)
Where,
f(X) = I +
∞∑
i=1
(−1)i+1
i(i+ 1)
(X − I)i (2.30)
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In particular the first few terms in the series expansion are,
eXeY = eX+Y+
1
2 [X,Y ]+
1
12 [X,[X,Y ]]− 112 [Y,[X,Y ]]+... (2.31)
Where no pattern in the series is inferred by the dots, just missing higher order terms.
2.7 Representations of SU(2)
The algebra of the two-dimensional special unitary group will be the prototype group used for the
classification of the semisimple Lie algebras. Let us spend some time looking at the representations
of SU(2) and its algebra, su(2) and their classification. A particularly illuminating set of repre-
sentations of SU(2) acts on the space of homogeneous polynomials of degree m in two complex
variables, z1, z2, which we denote, Vm+1 and whose prototype ”vector” is,
f = a0zm1 + a1z
m−1
1 z2 + . . .+ amz
m
2 (2.32)
Now elements U of SU(2) are automorphisms of C2. So we may define a linear transformation
acting on the space of polynomials described above by the action of SU(2) upon the two dimensional
complex space spanned by {z1, z2}. The representation Π of SU(2) is explicitly,
[Π(U)f ](z) = f(U−1z) (2.33)
Where z = (z1, z2). This is indeed a homomorphism since,
Π(U)[Π(V )f ](z) = Π(V )f(U−1z) = f(V −1U−1z) = [Π(UV )f ](z) (2.34)
The description of the representation is in no way dependent on the degree m of the polynomial
and in fact we could pick any value of m and we would find a new representation of SU(2) which
we denote Πm. None of these representations for different m are equivalent since they act on vector
spaces of different dimension, m+ 1, but each one is classified uniquely by the integer m. We can
derive a representation of the algebra from a representation of the group. If we denote by pim a
representation of the algebra su(2), then,
pim(X) =
d
dt
Πm(etX)
∣∣∣∣
t=0
(2.35)
The representation pim acts on the same space as Πm. We will need an explicit basis for su(2), we
recall that an element X of su(2) must satisfy the following conditions,
(eX)(eX)† = I det(eX) = 1 (2.36)
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These turn into constraints on the Lie algebra,
X = −X† Tr(X) = 0 (2.37)
Where Tr is the trace. A suitable basis is,
H =
 i 0
0 −i
 , X =
 0 i
i 0
 , Y =
 0 1
−1 0
 (2.38)
We are now in a position to explicitly write down our representation of su(2) on the space of
complex polynomials of degree m. Let W ∈ {X,Y,H}, then,
[pim(W )f ](z) =
d
dt
([Π(etW )f ](z))
∣∣∣∣
t=0
=
d
dt
(f(e−tW z))
∣∣∣∣
t=0
= (f ′
d
dt
(e−tW )z)
∣∣∣∣
t=0
= − ∂f
∂z1
(W11z1 +W12z2)− ∂f
∂z2
(W21z1 +W22z2) (2.39)
And,
pim(H) = −iz1 ∂
∂z1
+ iz2
∂
∂z2
pim(X) = −iz2 ∂
∂z1
− iz1 ∂
∂z2
pim(Y ) = −z2 ∂
∂z1
+ z1
∂
∂z2
(2.40)
Let us see how this representation acts on a generic term of f which takes the form akzm1 z
k−m
2 ,
pim(H)akzm1 z
k−m
2 = iak(m− 2k)zk1zm−k2
pim(X)akzm1 z
k−m
2 = iak(−kzk−11 zm−(k−1)2 − (m− k)zk+11 zm−(k+1)2 )
pim(Y )akzm1 z
k−m
2 = ak(−kzk−11 zm−(k−1)2 + (m− k)zk+11 zm−(k+1)2 ) (2.41)
From looking at how the representations of X and Y act on f we deduce that a more convenient
set of operators to work with are pim(X)+ipim(Y ) = pim(X+iY ) ≡ pim(Xˆ) and pim(X)−ipim(Y ) =
pim(X − iY ) ≡ pim(Yˆ ) since,
pim(Xˆ)akzm1 z
k−m
2 = −2ikakzk−11 zm−(k−1)2
pim(Yˆ )akzm1 z
k−m
2 = 2(m− k)akzk+11 zm−(k+1)2 (2.42)
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Now we see that a single term in f , zk1z
m−k
2 acts as an eigenvector for pim(H) in the space Vm+1,
and that the action of pim(Xˆ) and pim(Yˆ ) transform f into an eigenfunction of pim(H). These are
results that we are very familiar with, although we are, perhaps, more used to working with the
bare Lie algebra in order to see them. Having looked at a concrete example of a representation of
su(2) let us now look at the more abstract, yet more familiar, version of the same situation using
the commutator relations of the Lie algebra. We will need the commutators,
[H,X] = −2Y, [H,Y ] = 2X, [X,Y ] = −2H (2.43)
Let us make the change of variables that we made above, i.e. Xˆ = X + iY , Yˆ = X − iY , we find
the new commutators,
[H, Xˆ] = [H,X + iY ] = −2Y + i2X = 2iXˆ
[H, Yˆ ] = [H,X − iY ] = −2Y − i2X = −2iYˆ
[Xˆ, Yˆ ] = [X + iY,X − iY ] = −2i[X,Y ] = 4iH (2.44)
After rescaling H ′ = iH, Xˆ ′ = 12Xˆ and Yˆ
′ = 12 Yˆ , we find the familiar set of commutators,
[H ′, Xˆ ′] = −2Xˆ ′, [H ′, Yˆ ′] = 2Yˆ ′, [Xˆ ′, Yˆ ′] = H ′ (2.45)
We assert that every set of generators whose commutators take this form carry an irreducible
representation of su(2), that is uniquely characterised by its dimension m + 1. Let us see how
this comes about. Every representation of H, pi(H) at least has some eigenvalue λ ∈ C and a
corresponding eigenvector v such that,
pi(H)v = λv (2.46)
Just from the commutator relations we find,
pi(H ′)pi(Xˆ ′)v = pi(Xˆ ′)pi(H ′)v + [pi(H ′), pi(Xˆ ′)]v = (λ− 2)pi(Xˆ ′)v
pi(H ′)pi(Yˆ ′)v = pi(Yˆ ′)pi(H ′)v + [pi(H ′), pi(Yˆ ′)]v = (λ+ 2)pi(Yˆ ′)v
We see that pi(Xˆ ′) is the lowering operator and pi(Yˆ ′) is the raising operator. And, in general,
pi(H ′)pi(Xˆ ′)nv = (λ− 2n)pi(Xˆ ′)nv
pi(H ′)pi(Yˆ ′)nv = (λ+ 2n)pi(Yˆ ′)nv
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At this point λ may well be a complex number and we have an infinite string of eigenvectors. Let
us return to our particular representation, pim on the space Vm+1 and see what more we can learn.
We have already observed that an eigenvector exists for pi(H), that is, v = zk1z
m−k
2 , and we find,
pim(H ′)zk1z
m−k
2 = −(m− 2k)zk1zm−k2 ≡ λv
pim(H ′)pim(Xˆ ′)zk1z
m−k
2 = ik(m− 2(k − 1))zk−11 zm−(k−1)2
= −(m− 2(k − 1))pim(Xˆ ′)zk1zm−k2 = (λ− 2)pim(Xˆ ′)v
pim(H ′)pim(Yˆ ′)zk1z
m−k
2 = i(m− k)(m− 2(k + 1))zk+11 zm−(k+1)2
= −(m− 2(k + 1))pim(Yˆ ′)zk1zm−k2 = (λ+ 2)pim(Yˆ ′)v (2.47)
We see the expected pattern of eigenvectors but now we are working on an m+1 dimensional space
and the action of the raising and lowering generators is to shift the eigenvector as indicated here,
pim(Xˆ
′)−→
zm1 z
m−1
1 z2 . . . . . . z1z
m−1
2 z
m
2
←−
pim(Yˆ ′) (2.48)
We have m+ 1 eigenvectors which span the space Vm+1. Consequently the only invariant subspace
of Vm+1 under the action of pim(H ′), pim(Xˆ ′) and pim(Yˆ ′) is the whole of Vm+1, hence the repre-
sentation is irreducible. Furthermore we have found that λ = m − 2k ∈ R and that the sequence
of eigenvectors terminates when k = 0, with eigenvector zm1 (λ = m), or k = m, with eigenvector
zm2 (λ = −m). Therefore irreducible representations of su(2) are uniquely characterised by their
highest eigenvalue, m. This is the cornerstone of classifying representations of larger algebras, such
as su(n) representations which will be classified by n− 1 such highest eigenvalues.
2.8 Weights and Roots
The classification of the semisimple Lie groups was completed over half a century ago and the
accomplishment itself was achieved within about half a century of its inception. The problem was
worked on by many mathematicians, but notable contributors include Leonard Eugene Dickson
(1874-1954), Elie Cartan (1869-1951), Wilhelm Killing (1847-1923) and Claude Chevalley (1909-
1984), who completed the most satisfying version of the classification. The modern approach
classifies the groups by their Dynkin diagrams, an approach that requires us to generalise our
notion of classifying a representation of su(2) by its highest eigenvector to larger groups. The
generalisation of the eigenvector is called the weight and a special case of the weight is called a
root, and it is the properties of the simple roots of a semisimple Lie algebra that are encoded in
its Dynkin diagram.
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The strategy for su(2) began by finding an eigenvalue and eigenvector for a representation of
its commuting element H. When we work with larger algebras, we will find that the generators
are for the mostpart multiple copies of the generators of su(2). Importantly there may be more
than one such element that commutes with the rest of the algebra. The largest set of commuting
generators forms the Cartan sub-algebra.
Definition 2.16 The Cartan sub-algebra is an abelian sub-algebra, h ⊂ g, whose adjoint represen-
tation has as its eigenvectors the rest of the generators of the algebra, g.
The Cartan sub-algebra of su(2) only contained the element H ′. Any commutating set of matrices
on a complex vector space has at least one simultaneous eigenvector. Suppose that pi(H1) and
pi(H2) are representations of elements of a Cartan sub-algebra. Certainly pi(H1) has an eigenvalue,
λ, (since we are working over the complex numbers) and an eigenvector, v. So we find,
pi(H2)pi(H1)v = λ[pi(H2)v] = pi(H1)[pi(H2)v] (2.49)
So that pi(H2)v is another eigenvector, with the same eigenvalue, for pi(H1) - i.e. it acts as
an endomorphism of the eigenspace of pi(H1) the subspace spanned by the eigenvectors having
eigenvalue λ for pi(H1). If we now look at the action of pi(H2) on this eigenspace we can find a
new eigenvector, u, of pi(H2), simply because we are working with a complex space. This new
eigenvector, u, of pi(H2) by construction is in the eigenspace of pi(H1) and hence is a simultaneous
eigenvector of both pi(H1) and pi(H2). For any set of commuting generators we can always find at
least one simultaneous eigenvector. Now let Hi ∈ h and let u be the simultaneous eigenvector for
the Cartan sub-algebra then we find,
pi(Hi)u = λiu (2.50)
The eigenvalue λi is a function of the Cartan sub-algebra element acting on u in its representation;
λi is a weight of pi.
Definition 2.17 A weight, λi, is a set of simultaneous eigenvalues for the representation pi of
a commuting set of generators such that there exists an associated non-zero simultaneous
eigenvector, u, called the weight vector,
pi(Hi)u = λiu (2.51)
A special case of a weight applied to the adjoint representation of the Cartan sub-algebra is called
a root.
Definition 2.18 A root, αi, is a set of simultaneous eigenvalues for the adjoint representation
adH of the Cartan sub-algebra, H ∈ h, such that there exists an associated non-zero element,
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X ∈ g, called the root vector,
[Hi, X] = αiX (2.52)
For example, a root of su(2) is two (it is single valued since there is only one element in the Cartan
sub-algebra of su(2), namely H ′ = h) and the corresponding root vector is Yˆ ′. The root, αi, carries
an index, i, that runs over the elements of the Cartan sub-algebra. If we specify a particular value
for the index, say i = H1, then the root gives us a number, αH1 . In other words a root, or a
weight, is an element of the dual space, h∗, of the Cartan sub-algebra (i.e. a map whose domain is
the Cartan sub-algebra and whose image is R). A familiar map with these properties is the inner
product on the Cartan sub-algebra, which we denote < ·, · >, which identifies elements of h∗ with
elements in the space spanned by the Cartan sub-algebra, h. With this in mind we rewrite our
definitions for the weight and the root as,
pi(H)u =< λ,H > u, [H,X] =< α,H > X (2.53)
Where α and λ are vectors in the space spanned by the Cartan sub-algebra. It is useful to work
through an example, we will look at the algebra so(5).
2.8.1 The roots of so(5)
We find a basis for the algebra so(5), g, by applying the defining relation of the group as follows,
eX(eX)T = I =⇒ X = −XT (2.54)
The determinant being equal to one implies that the matrices representing the algebra are traceless.
A basis of so(5) is provided by the skew-symmetric 5-by-5 matrices with real components, these
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have zeroes along the leading diagonal and so are automatically traceless. We denote our basis,
H1 =

0 1 0 0 0
−1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

, H2 =

0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 −1 0 0
0 0 0 0 0

,
S =

0 0 1 0 0
0 0 0 0 0
−1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

, T =

0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0
0 0 0 0 0

,
U =

0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0

, V =

0 0 0 0 0
0 0 1 0 0
0 −1 0 0 0
0 0 0 0 0
0 0 0 0 0

,
W =

0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 −1 0 0 0
0 0 0 0 0

, X =

0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 −1 0 0 0

,
Y =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 −1 0 0

, Z =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 −1 0

(2.55)
We compute the following commutator relations,
[H1, H2] = 0
[H1, S] = −V, [H1, T ] = −W, [H1, U ] = −X, [H1, V ] = S
[H1,W ] = T, [H1, X] = U, [H1, Y ] = 0, [H1, Z] = 0
[H2, S] = −T, [H2, T ] = S, [H2, U ] = 0, [H2, V ] = −W
[H2,W ] = V, [H2, X] = 0, [H2, Y ] = −Z, [H2, Z] = Y (2.56)
29
2.8 Weights and Roots
After much thought we find a set of eight Lie algebra elements which act as eigenvectors under the
adjoint action of iH1 and iH2. In full, we compute,
[iH1, V + T + i(S −W )] = V + T + i(S −W )
[iH2, V + T + i(S −W )] = V + T + i(S −W )
[iH1, V + T − i(S −W )] = −(V + T − i(S −W ))
[iH2, V + T − i(S −W )] = −(V + T − i(S −W ))
[iH1, V − T − i(S +W )] = −(V − T − i(S +W ))
[iH2, V − T − i(S +W )] = (V − T − i(S +W ))
[iH1, V − T + i(S +W )] = V − T + i(S +W )
[iH2, V − T + i(S +W )] = −(V − T + i(S +W ))
[iH1, X + iU ] = X + iU
[iH2, X + iU ] = 0
[iH1, X − iU ] = −(X − iU)
[iH2, X − iU ] = 0
[iH1, Z + iY ] = 0
[iH2, Z + iY ] = Z + iY
[iH1, Z − iY ] = 0
[iH2, Z − iY ] = −(Z + iY ) (2.57)
We read off the roots from the above relations, and they are listed for reference in table 5. We pick
Root, α Root vector
(1, 1) V + T + i(S −W )
(−1,−1) V + T − i(S −W )
(−1, 1) V − T − i(S +W )
(1,−1) V − T + i(S −W )
(1, 0) X + iU
(−1, 0) X − iU
(0, 1) Z + iY
(0,−1) Z − iY
Table 5: The roots and root vectors of so(5)
two roots to act as basis for the root space, and the convention is to pick the simple positive roots,
which have the property that the remaining roots are either all negative or all positive multiples of
the simple positive roots. We pick as basis the roots α1 = (1, 1) and α2 = (−1, 0). At this juncture
it is worth noting, in passing, a general trend exhibited by our example: There is an element of
the algebra, or generator, associated to the positive and the negative of the simple roots. We
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will, later, in this thesis denote the generators of the positive simple roots by Eα and the negative
simple roots by Fα, so that for every simple root of an algebra we will find a set of generators,
{Hα, Eα, Fα}, of su(2). In the so(5) case we have
Eα1 = V + T + i(S −W ), Fα1 = V + T − i(S −W )
Eα2 = X − iU, Fα2 = X + iU (2.58)
With our choice we have the roots given in table 6. Our next step is to define an appropriate
Root, α Expansion in α1 and α2 basis
(1, 1) α1
(−1,−1) −α1
(−1, 1) α1 + 2α2
(1,−1) −α1 − 2α2
(1, 0) −α2
(−1, 0) α2
(0, 1) α1 + α2
(0,−1) −α1 − α2
Table 6: The roots of so(5)
inner product and express the roots as elements of the space spanned by the Cartan sub-algebra.
Even though we are working with traceless matrices we can make use of the Hilbert-Schmidt inner
product whose sum is restricted to the diagonal elements of our matrix space, that is,
< A,B >≡ Trace(AB) (2.59)
Using this inner product we can find two 5-by-5 matrices in the Cartan sub-algebra to represent
the simple roots, they are,
α1 =
1
2

0 i 0 0 0
−i 0 0 0 0
0 0 0 i 0
0 0 −i 0 0
0 0 0 0 0

, α2 =
1
2

0 −i 0 0 0
i 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

The inner product gives us a way of directly evaluating the root lengths and the orientation of the
roots - in more complicated scenarios this may not be so obvious. For example,
< α1, α1 > = 1 = |α1|2
< α2, α2 > =
1
2
= |α2|2
< α1, α2 > = −12 (2.60)
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We deduce that the positive simple roots are at an angle of 3pi4 , or, 145 degrees, to each other. We
draw the root diagram of so(5) in figure 2. Also indicated on the diagram are the fundamental
Figure 2: The root diagram of so(5) with the fundamental weights superposed
weights of so(5). The symmetry of the root diagram is an important property and we will later
make use of the fact that if we know the simple roots of a group we will be able to generate the
full set of roots by insisting that the skeleton root diagram of the simple roots generates the full
root diagram under reflections in the planes perpendicular to the simple roots. Such a reflection is
called a Weyl reflection and we will define it explicitly in chapter 3.
Definition 2.19 The fundamental weights, µi, of an algebra are the objects in the root space
satisfying,
< µi, αj >= δij (2.61)
Where αi are the positive simple roots of the algebra.
Hence for so(5) we find,
µ1 = 2α1 + 2α2 µ2 = 2α1 + 4α2 (2.62)
In the su(2) case we considered earlier we were able to classify representations uniquely by spec-
ifying a positive eigenvalue for its single Cartan sub-algebra element. For more general cases we
are able to classify a representation in the same way if we specify a highest weight, for irreducible
representations the highest weight will be a positive sum of the fundamental weights. In figure 2
we have indicated the fundamental weights, µ1 and µ2. For so(5) every irreducible representation
has a highest weight that occurs inside or on the triangle spanned by µ1 and µ2. The action of
the generators on the root vectors is almost identical to the su(2) prototype. Specifically if u is a
weight vector with weight λi then,
Hiu = λiu (2.63)
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So that if Eα denotes a generator of a positive simple root and Fα denotes a generator of a negative
simple root then,
HiEαu = EαHiu+ [Hi, Eα]u = (λi + α)Eαu
HiFαu = FαHiu+ [Hi, Fα]u = (λi − α)Fαu (2.64)
The major difference to the su(2) case is that we have multiple roots, and given a weight vector, u,
we are able to ”raise” and ”lower” the weight in a number of different directions in the root space.
There is another useful fact that we can see in this example and this is that the simple roots are
multiples of the corresponding elements of the Cartan sub-algebra, we find, in fact,
Hα = 2
α
< α,α >
(2.65)
which allows us to write, for future use, that,
[Hα, Eβ ] = 2
< α, β >
< α,α >
Eβ
[Hα, Fβ ] = −2< α, β >
< α,α >
Fβ (2.66)
2.9 Semisimple Lie Algebras
In this section we will give a summary of the classification of the semisimple Lie algebras. But we
need a few more definitions before we list all the classes of semisimple Lie algebras.
Definition 2.20 The Cartan matrix, Aab, of an algebra is defined to be,
Aab = 2
< αa, αb >
< αa, αa >
(2.67)
Where αa are the positive simple roots of the algebra.
The diagonal elements of Aab are all 2 and the off-diagonal elements are negative integers, with
the zeroes being symmetrically distributed. For our example of so(5) we have,
Aab(so(5)) =
 2 −2
−1 2
 (2.68)
We can now write the commutators of the generators {Ha, Ea, Fa} in the compact notation,
[Ea, Fb] = δabHb
[Ha, Eb] = AabEb [Ha, Fb] = −AabFb (2.69)
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It is now clear that when a = b these generators span a sub-algebra isomorphic to su(2).
The ratio of off-diagonal components is the ratio of the length-squared of the simple roots,
Aab
Aba
=
< αa, αb >< αb, αb >
< αa, αa >< αb, αa >
=
α2b
α2a
(2.70)
The semisimple Lie algebras are classified by their Dynkin diagrams, which are a useful way of
encoding the properties of the roots and their relations to each other. Let us now set down the
rules for drawing Dynkin diagrams from the Cartan matrix.
1. Draw r nodes, where r is the rank of the Cartan matrix.
2. Connect node a to node b by AabAba lines.
3. If AabAba < 1 then indicate that αa is longer than αb by drawing a larger than, >, symbol along
the lines connecting node a and node b.
The Dynkin diagram of so(5) is shown in figure 3.
Figure 3: The Dynkin diagram of so(5)
Definition 2.21 A Lie algebra is simple if it has no non-trivial ideals and has dimension greater
than or equal to two.
We recall that an ideal is a sub-algebra h ∈ g with the property that if H ∈ h then for all X ∈ g,
[X,H] ∈ h, and that every algebra has two trivial ideals, {0} and g.
Definition 2.22 A Lie algebra is semisimple if it is isomorphic to a direct sum of simple Lie
algebras.
There are a number of equivalent definitions of a semisimple Lie algebra, a useful alternative
definition is the following.
Definition 2.23 A complex Lie algebra is semisimple if and only if it is isomorphic to the com-
plexification of the Lie algebra of a simply-connected, compact matrix Lie group.
Examples of semisimple Lie algebras are so(n), sl(n) and sp(n). Returning to the Dynkin diagrams
we observe that
AabAba = 4
< αa, αb >
2
< αa, αa >< αb, αb >
= 4 cos2 θab (2.71)
Therefore the number of lines joining any two nodes in a Dynkin diagram must be less than, or
equal to, four. This immediately limits the possible Dynkin diagrams that may exist. It will not be
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beneficial to list further restrictions on possible allowed Dynkin diagrams here, the reader can read
about the classification elsewhere [31, 36, 32]. The result, which should not appear too surprising
at this stage, is that there are only a finite class of Dynkin diagrams, or root systems that exist.
They are classified An, Bn, Cn, Dn, E6, E7, E8, F4 and G2; we give their Dynkin diagrams in
figures 4 and 5. The Dynkin diagrams of arbitrary length are called the classical groups and the
remainder, which were discovered later, are the exceptional groups. From the Dynkin diagrams we
notice that the example algebra we have been considering, so(5) has the same Dynkin diagram as
sp(2), and indeed so(5) ∼= sp(2). Without proof, the classification of the semisimple Lie algebras
Figure 4: The classical Lie groups
Figure 5: The exceptional Lie groups
is equivalent to the classification of the Dynkin diagrams shown in figures 4 and 5, which is a
remarkable result made clear by the work of Chevalley.
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2.10 From Semisimple Lie Groups to Kac-Moody Algebras
Finally we arrive at the central purpose of this chapter: the defining properties of a Kac-Moody
algebra. A Kac-Moody algebra may be thought of as a generalisation of the semisimple Lie algebras.
For a thorough review and references to the original literature see [41]. It is defined in terms of a
Cartan matrix and the generators of the positive Ea and negative Fa simple roots. Here the index
a runs over the simple roots of the algebra. A Kac-Moody algebra is uniquely constructed from
the commutators of Ea, Fa and the Cartan sub-algebra generators, Ha, subject to the following
relations
[Ha, Hb] = 0
[Ha, Eb] = AabEb [Ha, Fb] = −AabFb
[Ea, Fb] = δabHb
[Ea, . . . [Ea, Eb]] = 0 [Fa, . . . [Fa, Fb]] = 0 (2.72)
In the final line there are (1− Aab) Ea’s in the first equation and the same number of Fa’s in the
second equation. These relations are called the Serre relations.
Any set of generators satisfying these conditions is a Kac-Moody algebra. Most such algebras are
infinite dimensional, in the sense that the string of weights associated to a particular representation
will not generally terminate in both ”up” and ”down” directions and also in the sense that the
set of generators do not close in on themselves after a finite number of applications of the adjoint
action. In fact they are not comparatively well understood, and one of the aims of this thesis is to
get some insight into a particular class of Kac-Moody algebras which are thought to be relevant
to physics. In the next chapter we shall see why these algebras might turn up in an extension of
eleven dimensional supergravity (or M-Theory) and string theory.
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3 Symmetries of M-theory
In this chapter we look at the motivations for the conjecture that the Kac-Moody group E11 is a
global symmetry of M-theory. Much of the material reviewed in this chapter has also been reviewed
in detail in the excellent masters thesis of Ling Bao [46], which is recommended as a complementary
resource when reading the original literature and this chapter.
We review the steps in the literature that lead up to the conjecture that the Kac-Moody algebra
E11 encodes the symmetries of M-theory commencing by describing nonlinear realisations on coset
spaces [47, 48, 49], a technique used to encode group symmetries in a Lagrangian formulation, and
which is the cornerstone of connecting any group symmetries with a physical formulation of a theory.
Having familiarised ourselves with the main technique, we describe an old observation [50] for
generating the infinite dimensional diffeomorphism group as the closure of an affine group with the
conformal group. We then review essential parts of [51] and find the closure of a group G11, which is
an enlargement of the affine group IGL(11) to include two generators whose associated gauge fields
are those of the M2 and the M5 branes, with the conformal group. As a result of the nonlinear
realisation we find the field equations of the bosonic sector of eleven dimensional supergravity.
Having gained confidence in the nonlinear realisation of eleven dimensional supergravity, we review
[3] where the argument that an E8 symmetry of a nonlinear realisation of supergravity ought to be
manifest before compactification to three dimensions encourages the extension of the group G11 by
including a generator associated to the dual gravity field, and the subsequent conjecture of an E11
symmetry underlying M-theory [3]. We finish the chapter by reviewing the elegant work of [52]
associating a coset symmetry in three dimensions with terms appearing directly in the dimensional
reduction. By reviewing this topic we gain an understanding of when it is possible to formulate a
coset symmetry of a theory, as well as observing the hidden E8 symmetry in eleven-dimensional
supergravity, two topics which are pillars of the E11 conjecture, and we begin to see the outline of
a direct bridge connecting group theory and M-theory.
3.1 Nonlinear Realisations on a Coset Space
A nonlinear realisation [47, 48, 49] is a means of expressing a theory such that its Lagrangian
and equations of motion are manifestly invariant under the action of a specified group. Crucial to
writing a nonlinear realisation of a theory is the Maurer-Cartan form, νg, which is a map that takes
the tangent space at g for some G to the tangent space at the identity, which is the Lie algebra.
For matrix Lie groups we may write the Maurer-Cartan form explicitly as,
νg = g−1dg (3.1)
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Where g is an element of G and we have used the exterior derivative d ≡ dxµ∧∂µ, and in particular
we have introduced space-time coordinates, let us now define some space-time dependent group
elements. Recall that we demonstrated in chapter two that any connected Lie algebra we may
express any element of the group by
g0 = eX1eX2 . . . eXr (3.2)
Where Xi are the generators of the group. This is an example of a rigid group element, since
it does not depend upon the space-time coordinates. We may express a general path through a
connected Lie group by the group element,
g = et1X1et2X2 . . . etrXr (3.3)
Where ti parameterise the path through the group. Physically the ti will be functions dependent
on the space-time coordinates of our theory - they will become the gauge fields, and in general will
have a more complex index structure than indicated here, as will the associated generators. This
will be our prototype group element. We shall use the left-action of the group G upon itself so that
the action of a rigid group element, g0 on a general group element, g is given by,
g0g = etˆ1X1etˆ2X2 . . . etˆrXr = g′ (3.4)
Under this action of a rigid group element, g0, the Maurer-Cartan form is invariant,
νg → g−1g−10 g0dg = νg (3.5)
A Lagrangian constructed from the Maurer-Cartan one-form is,
L = −Tr(g−1∂µg)(g−1∂µg) (3.6)
By constructing a Lagrangian from the Maurer-Cartan one-forms we have arrived at a formulation
of a theory invariant under the rigid action of the group G. In practise we also wish for some
symmetries of the action to be local, i.e. non-rigid, for example the action may be Lorentz invari-
ant. We can incorporate such a symmetry by modifying the Maurer-Cartan form and letting our
nonlinear realisation act on a coset space.
A coset model is a special type of nonlinear theory, where the scalars in the theory parameterise
elements of a coset space GH , where G is a Lie group and H is a sub-group of G. One may think
of this as a fibre, H, over a base manifold, GH , so that the total space is G. An element of G, that
is neither the identity map nor a member of H, uniquely specifies each coset. The group H is a
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local symmetry of the model and the group G is a global symmetry. It is convenient to take the H
action on G to be the adjoint action:
g → hgh−1 (3.7)
Our group elements are now the representatives of the coset space, we have one such element
defining each unique orbit under the action of H. Consequently our local group elements are
now modulo the subgroup H, and the action of a generic rigid group element will incorporate the
generators of H ⊂ G,
g0g = etˆ1X1etˆ2X2 . . . etˆrXr = g′h (3.8)
We define the action of the group on the coset representative to be given by,
g → g0gh−1 = g′ (3.9)
Under this coset action the Maurer-Cartan form transforms as,
νg → (g0gh−1)−1d(g0gh−1) = hg−1dgh−1 + hdh−1 = hνgh−1 + νh (3.10)
The Maurer-Cartan form is no longer invariant, but its transformation is determined entirely by
h ∈ H. If we extend the Maurer-Cartan form by subtracting a term w which transforms under the
full group as,
w → hwh−1 + νh (3.11)
Then we find that the extended form Vg ≡ νg − w is invariant modulo an adjoint transformation
under an element of the local group H,
Vg → hνgh−1 − hwh−1 = hVgh−1 (3.12)
Since we are now considering a theory on a coset space we would like to construct a Lagrangian
which is invariant under the rigid group transformation but which may transform under the local
group. Using the extended Maurer-Cartan form this is exactly what we have achieved with the
Lagrangian,
L = −Tr(g−1∂µg − wµ)(g−1∂µg − wµ)→ hLh−1 (3.13)
The subtraction of a term w is simply compensating for part of the rigid transformation of the
full group that occurs in the local group, and may be interpreted as the promotion of the partial
derivative in the original Maurer-Cartan form to a covariant derivative Dµ where Dµg = ∂µg+gwµ
and,
L = −Tr(g−1Dµg)(g−1Dµg) (3.14)
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If the local group H is the Lorentz group then w is the Lorentz connection. If there were only a
single generator for the local group, i.e. h = ehX , then w ≡ dxµ(∂µh) ≡ dxµhµ.
3.2 The Diffeomorphism Group and Bosonic Supergravity
Let us consider the arguments for a hidden superconformal symmetry being encoded in the eleven
dimensional supergravity algebra given in [51]. The argument rests upon the observation that in
the bosonic case, the closure of the conformal algebra and the affine algebra results in the full
diffeomorphism group [50] in eleven dimensions which we require for general relativity. The affine
group and conformal group have three generators in common (the dilation, Lorentz and translation
generators) and two generators not in common, namely the symmetric and traceless part of Kab
in the affine group and the generator of special conformal transformations. It is the commutator
of these two generators that forms the generators of the diffeomorphism group [46].
In fact in [51] the closure of a group larger than the affine group was considered, which includes
the affine algebra {Kab, Pa} as a subgroup as well as generators of rank three Rc1...c3 and rank six
Rc1...c6 whose associated gauge fields are those of the membrane and the fivebrane, this group is
denoted G11. The motivation for working with this group is given in [53] where it was shown that
the sub-algebra formed by Rc1...c3 and Rc1...c6 are a symmetry of the fivebrane equations of motion.
This same sub-algebra has also been used in the nonlinear realisation of the fivebrane [54], where
it is argued that such an enlargement of the algebra is to be expected in a theory that includes
superbranes alongside the superparticle - it is pointed out that the full automorphism group of the
supercharges (i.e. the general linear group mixing the supercharges, which is GL(32,R) in eleven
dimensions) is the natural generalisation to include branes of the spin group for the point particle.
The enlargement of the Poincare group by the three-form and the six-form involves a restriction
of the full automorphism group, which has previously appeared as a symmetry of the covariant
fivebrane equations of motion [53]. Hence this group generated by this algebra is a reasonable
starting point to begin the search for an enlarged symmetry group relevant to M-theory. G11 has
non-vanishing commutators,
[Kab,Kcd] = δcbK
a
d − δadKcb
[Kab, Pc] = −δacPb
[Kab, Rc1c2c3 ] = δc1b R
ac2c3 + . . .
[Kab, Rc1...c6 ] = δc1b R
ac2...c6 + . . .
[Rc1c2c3 , Rc4c5c6 ] = 2Rc1...c6 (3.15)
Where + . . . denotes the appropriate permutation of the delta function on the indices of the rele-
vant tensor in each case. We will consider the closure of this finite dimensional algebra with the
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conformal group. Let us recall that the conformal group has the defining property that the action
of its generators preserve the metric up to a scale factor:
g′µν = e
φgµν (3.16)
To give a sense of the conformal group we outline how one finds the generators of the conformal
group from this relation. Following the review in [55], we apply a change of coordinates xµ →
x′µ = xµ + µ where µ is an infinitesimal translation, which alters the metrics accordingly,
gµν =
∂x′µ
∂xµ
∂x′ν
∂xν
g′µν
= (1 + ∂µµ)(1 + ∂νν)g′µν
= (gµν + ∂µν + ∂νµ)eφ +O(2) (3.17)
Where we have used (3.16) in the final line. Herein we drop the terms of order 2. We are seeking
a constraint on the form of µ, so we premultiply by gµν to find,
(e−φ − 1)D = 2∂ ·  (3.18)
Where we have used the notation ∂ ·  ≡ ∂µµ. If we now use this expression to eliminate eφ from
(3.17) we obtain,
2
D
∂ · gµν = ∂µν + ∂νµ (3.19)
Finally if we act on this equation with ∂ν∂µ we have,
(
2
D
− 2)∂2(∂ · ) = 0 (3.20)
That is, µ is at most quadratic in xµ,
µ = aµ + λxµ + bµνxν − cµx2 + 2xµc · x (3.21)
These may be classified as four types of transformation:
1. Translations
x′µ = xµ + aµ (3.22)
2. Dilations
x′µ = λxµ (3.23)
3. Lorentz transformations
x′µ = bµνxν (3.24)
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4. Special conformal transformations
x′µ = 2xµc · x− cµx2 (3.25)
The generators of the conformal group, Xν are defined by x′µ = xµ + νXνxµ, and so for the
conformal group transformations classified above we have,
1. Translations
Pµ = ∂µ (3.26)
2. Dilations
D = xµ∂µ (3.27)
3. Lorentz transformations
Jµν = xµ∂ν − xν∂µ (3.28)
4. Special conformal transformations
Kµ = 2xµxν∂ν − x2∂µ (3.29)
Therefore we have the non-vanishing commutators for the conformal group,
[Pµ, D] = Pµ
[Pµ, Jνρ] = ηµνPρ − ηµρPν
[Pµ,Kν ] = 2ηµνD − 2Jµν
[D,Kµ] = Kµ
[Jµν ,Kρ] = ηνρKµ − ηρµKν
[Jµν , Jρσ] = ηµσJνρ + ηνρJµσ − ηµρJνσ − ηνσJµρ (3.30)
The self-evident way to find the closure of G11 and the conformal algebra is to write down all the
possible permutations of commutators for the full set of generators and then find the nonlinear
realisation of the infinite set of generators. However since it will be useful to familiarise ourselves
with the nonlinear realisation we shall repeat the efficient method of [51] which was to write down
the nonlinear realisation for coset models of G11 and the conformal group independently and then
construct a theory that contains forms which are invariant under each realisation.
For G11 we consider the the local group H to be the Lorentz group, whose generators are
Jab = ηacKcb − ηbcKca = Kab −Kba so that h = e 12wabJab and so w = 12dxµωµabJab. The local
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group element takes the generic form,
g = ex
µPµeha
bKabe
1
3!Ac1c2c3R
c1c2c3
e
1
6!Ad1...d6R
d1...d6 (3.31)
Where xµ, hab, Ac1c2c3 and Ad1...d6 are the generalisation of our ti which parameterise the path
through our group and are dependent upon the space-time coordinates which we choose to be xµ
due to their association with the generator of translations, although the natural choice would be
to generalise the notion of coordinate to apply equally to all the gauge fields. It is suggested in [51]
that this would be achieved by allowing the fields to be specified by D parameters of space-time,
but we can proceed equally well by choosing the D parameters xµ to specify the coordinates. We
can now write down the Maurer-Cartan form,
Vg = dxµ[(g−1∂µg)− wµ]
= dxµ[g−1(Pµg + ex
µPµ(∂µhab)Kabe
1
3!Ac1c2c3R
c1c2c3
e
1
6!Ad1...d6R
d1...d6
+ ex
µPµeha
bKab
1
3!
(∂µAc1c2c3)R
c1c2c3e
1
3!Ac1c2c3R
c1c2c3
e
1
6!Ad1...d6R
d1...d6
+ ex
µPµeha
bKabe
1
3!Ac1c2c3R
c1c2c3 1
6!
(∂µAd1...d6)R
d1...d6e
1
6!Ad1...d6R
d1...d6 )− wµ] (3.32)
We may rearrange and simplify this equation using equations (2.18) and (2.20) from chapter two.
As an example, let us concentrate on simplifying the first term above,
dxµg−1Pµg = dxµe−ha
bKabPµe
ha
bKab
= dxµe−ha
b[Kab,·]Pµ
= dxµ(1 + habδaµPb +
1
2!
hc
dha
bδcbδ
a
µPd + . . .)
= dxµ(eh)µ
a
Pa (3.33)
The naturally appearing object (eh)µ
a is the vielbein, which we denote eµa. Carrying out the same
simplification for the other generators we find,
e−
1
6!Ad1...d6R
d1...d6
e−
1
3!Ac1c2c3R
c1c2c3
∂µ(hab)Kabe
1
3!Ac1c2c3R
c1c2c3
e
1
6!Ad1...d6R
d1...d6
= e−
1
6!Ad1...d6R
d1...d6
∂µ(hab)[Kab +
1
3!
Ac1c2c3(δ
c1
b R
ac2c3 + . . .)
− 1
3!
Ac1c2c3Ac4c5c6(δ
c1
b R
ac2c3c4c5c6 + . . .)]e
1
6!Ad1...d6R
d1...d6
= ∂µ(hab)[Kab +
1
3!
Ac1c2c3(δ
c1
b R
ac2c3 + . . .)
− 1
(3!)2
Ac1c2c3Ac4c5c6(δ
c1
b R
ac2c3c4c5c6 + . . .) +
1
6!
Ad1...d6(δ
d1
b R
ad2...d6 + . . .)]
(3.34)
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e−
1
6!Ad1...d6R
d1...d6
e−
1
3!Ac4c5c6R
c4c5c6 1
3!
(∂µAc1c2c3)R
c1c2c3e
1
3!Ac4c5c6R
c4c5c6
e
1
6!Ad1...d6R
d1...d6
=
1
3!
(∂µAc1c2c3)[R
c1c2c3 +
2
3!
Ac4c5c6R
c1...c6 ] (3.35)
We may write, using the notation of [51],
Vg = dxµ[eµaPa + ΩµabKab + 13!(D˜µAc1c2c3)R
c1c2c3 +
1
6!
(D˜µAd1...d6)R
d1...d6 ] (3.36)
Where,
eµ
a = (eh)µ
a
Ωµab = ∂µ(hab)− wµab
D˜µAc1c2c3 = (∂µAc1c2c3) + ∂µ(hc1
b)(Abc2c3 + . . .)
D˜µAd1...d6 = (∂µAd1...d6) + ∂µ(hd1
b)(Abd2...d6 + . . .)
− 20∂µ(hd1b)(Abd2d3 + . . .)Ad4d5d6 − 20Ad1d2d3(∂µAd4d5d6)
= (∂µAd1...d6) + ∂µ(hd1
b)(Abd2...d6 + . . .)−A[d1d2d3(D˜|µ|Ad4d5d6]) (3.37)
Where the ”+. . . ” denote the symmetrised application of ∂µ(hc1)
b to all the indices of the associated
field, e.g. Abc2c3 . We note that we have neglected terms of order h
2 and higher, and for comparison
with the literature we observe that ∂µhab = (e−1∂µe)a
b where e ≡ (eh). To find the covariant
derivatives of the fields we convert the spacetime index to a tangent space index by applying
(e−1)a
µ to each of the derivatives above.
We now do the same for the conformal algebra, where H is taken to be the Lorentz group and
for the conformal symmetry we take the Lorentz symmetries to be rigid, so that Vg = g−1dg. The
representative element of the coset is formed from the remaining generators,
g = ex
µPµeφ
bKbeσD (3.38)
Only one term in the Maurer-Cartan form takes any time to simplify, and we calculate it explicitly
here,
dxµg−1Pµg = e−σD[Pµ − φa[Ka, Pµ] + 12! [Kc, [Ka, Pµ]]]e
σD
= dxµe−σD[Pµ − φaδbµ(2ηabD − 2Jba)− φcφaδbµ[Kc, (2ηabD − 2Jba)]]eσD
= dxµe−σD[Pµ − φaδbµ(2ηabD − 2Jba) + φcφaδbµ(ηabKc + ηbcKa − ηacKb)]eσD
= dxµe−σD[Pb − 2φbD − 2φaJba + 2φbφaKa − φaφaKb]δbµeσD
= dxµ[eσPb − 2φbD − 2φaJba + 2φbφae−σKa − φaφae−σKb]δbµ (3.39)
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The Maurer-Cartan form is then,
Vg = dxµ[eσPb + e−σ(2φbφa − φcφcδab + ∂bφa)Ka + (2φb + ∂bσ)D + 2φaJab]δbµ (3.40)
As we did for G11 we may find the covariant derivatives of the fields by applying the inverse
coefficient of the translation generator in the Maurer-Cartan form to the coefficients of the other
generators, the term that takes the expressions back to the tangent space is e−σ for the conformal
group. The covariant derivatives for the fields of the conformal group are explicitly,
∆µφa = e−2σ(2φbφa − φcφcδab + ∂bφa)δbµ
∆µσ = e−σ(2φb + ∂bσ)δbµ (3.41)
The covariant derivative of the dilaton field σ is set to zero yielding the identity,
∂aσ = −2φa (3.42)
With this identity we may eliminate φa as an independent field, leaving only σ as an independent
field of the conformal group.
Now we wish to find the closure of the groups G11 and the conformal group, and we achieve
this by placing conditions on the fields so that the G11 covariant derivatives are identical to the
conformal covariant derivatives. We start by relating the fundamental fields hab and σ, since the
dilation is a scaling of the diagonal of the metric we write,
ha
b = h¯ba + σδa
b (3.43)
Where h¯ba is the off-diagonal part of hb
a and σδab is the diagonal. So that,
(eh)µ
a
= (eh¯)µ
a
eσ ≡ (e¯)µaeσ (3.44)
With this new notation we write out the G11 covariant derivative for the field Aa1a2a3 ,
D˜aAc1c2c3 = (e
−h)a
µ
[(∂µAc1c2c3) + (∂µ(h¯
b
c1 + δc1
bσ)Abc2c3 + . . .)]
= (e¯)a
µ[e−σ∂µAc1c2c3 + e
−σ((∂µ(h¯ bc1 ) + δ
b
c1∂µσ)Abc2c3 + . . .)] (3.45)
How does the conformal covariant derivative act on the field Aa1a2a3? From the Maurer-Cartan
form we see that representations of the Lorentz group pick up an extra contribution, which must
be taken account of when writing down the covariant derivative with respect to the conformal
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transformations of an arbitrary field, A, carrying a Lorentz representation, Σab3,
∆aA = e−σ[∂a − 2φbΣab]A
= e−σ[∂a + ∂bσΣab]A (3.46)
In particular for Ab1b2b3
∆aAb1b2b3 = e
−σ[∂aAb1b2b3 + (ηab1∂
cσAcb2b3 + . . .)− (∂b1σAab2b3 + . . .)] (3.47)
We now substitute this expression into equation (3.45) and can now relate the G11 and the con-
formal covariant derivatives,
D˜aAb1b2b3 = (e¯)a
µ[∆µAb1b2b3 − e−σ{(ηµb1∂cσAcb2b3 + . . .)− (∂b1σAµb2b3 + . . .)
− (∂µ(h¯cb1)Acb2b3 + . . .)− (δcb1∂µσAcb2b3 + . . .)}] (3.48)
Our aim is to equate the two covariant derivatives by means of a constraint on the field Aa1a2a3 . At
level h¯0 we have only three sets of terms that remain and distinguish the two covariant derivatives,
we would like these terms to vanish, they are,
e−σ{(ηµb1∂cσAcb2b3 + . . .)− (∂b1σAµb2b3 + . . .)− (δcb1∂µσAcb2b3 + . . .)} (3.49)
If we were to antisymmetrise the indices {µ, b1, b2, b3} then we would find that the first term
vanishes identically, since ηab is symmetric, and the remaining two terms cancel each other out due
to the ordering of their indices, so that all these terms vanish as desired. We find,
D˜[aAb1b2b3] = ∆[aAb1b2b3] (3.50)
The object that is covariant under both the conformal and the G11 groups is,
F˜a1...a4 ≡ 4(e[a1µ∂µAa2...a4] + 3e[a1µ(∂|µ|h)a2bAba3a4]) (3.51)
Following the same procedure for the field Aa1...a6 we find,
F˜a1...a7 ≡ 7e[a1µ(∂|µ|Aa2...a7]) + 6e[a1µ∂µ(h[a2b)(A|b|a3...a7])− e[a1µA[a2a3a4(D˜|µ|Aa5a6a7]) (3.52)
The closure of the conformal group with the extension of the affine group G11 is enough to ensure
the antisymmetrisation of the field strengths formed from the potentials and as a result of the
3By Σab we effectively mean 2η[a|µ1|Ab]µ2...µn + . . .
46
3.3 An Awfully Big Conjecture
constraint we find [51],
F˜a1...a4 =
1
7!
a1...a11 F˜
a5...a11 (3.53)
This is the equation of motion of the field Aa1...a3 in eleven dimensional supergravity as given in
equation (1.4) and we see that it occurs in the nonlinear realisation as an identity between fields
which are simultaneously covariant under the conformal group and the extended affine group, G11.
Following the literature [51] we have looked at just the bosonic part of eleven dimensional su-
pergravity, but have not paid any attention to the fermionic sector. The reason for this is that the
treatment for the supersymmetric theory would involve the closure of G11 and the superconformal
group. Since there exists a unique extension of the conformal group that also contains the super-
algebra [56], being the group denoted Osp(1/64), we are able to conclude that the supersymmetric
version of the nonlinear realisation involves the closure of Osp(1/64), or a group which contains it
as a subgroup, with G11, or again some group containing it as a subgroup. This expectation, in
part, motivates us to concentrate on the bosonic sector of the theory and consider some very large
algebraic constructions, under which the full theory is invariant.
3.3 An Awfully Big Conjecture
In the introduction we reviewed the various hidden symmetries that emerge upon a dimensional
reduction of eleven dimensional supergravity. Such hidden symmetries do not have an obvious
higher-dimensional origin. The approach of [51] that we have described in the previous section,
while it demonstrates the success of the nonlinear realisation does not involve a group which con-
tains the the hidden symmetry groups as subgroups. The cosets, GH , which arise in the dimensional
reduction and reveal the hidden symmetries are such that H is the maximal compact subgroup of
G and that G and H have the same rank. The coset representatives, which correspond to the scalar
fields of the theory, may be chosen to be in the exponentiation of the Borel sub-algebra of G.
Definition 3.1 The Borel sub-algebra is the set of generators of positive roots and the Cartan
sub-algebra.
There are as many scalar fields as there are generators of the Borel sub-algebra.
The coset model of [51] does not take the same form as that used to reveal hidden symmetries
[6, 13, 7]. Consequently in [3] the approach was altered by enlarging the group G11. The additional
generators may occur in the local subgroup H of the coset model, in which case their effect on
the resulting theory is limited, as the form of Maurer-Cartan form is unaltered, but the local
transformations of the theory are of course enlarged and the field equations may no longer be
invariant under the local group. Our aim in this section is to follow [3] and see if we are able to
enlarge G11 to manifestly contain the exceptional Lie algebras, En, thereby recreating the known
coset symmetries that appear in the reduction to four and three dimensions.
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We commence by looking for an E7 coset symmetry and our first step is to split the generators
of G11 into distinguished sets. The first set contains the generators of the Cartan sub-algebra, and
the second set the generators of the positive roots of SL(11) as well as the three form and the six
form from G11, and the final set contains the remaining negative root generators of SL(11):
G011 ≡ {Ha = Kaa −Ka+1a+1, D =
11∑
b=1
Kbb | a = 1 . . . 10}
G+11 ≡ {Kab, Rc1c2c3 , Rc1...c6 | b > a; a, b = 1 . . . 11}
G−11 ≡ {Kab | b < a; a, b = 1 . . . 11} (3.54)
The Borel sub-algebra is contained in the union G011∪G+11 ≡ G0+11 . Our hope is that we can construct
a group containing G11 that can be written as a coset in the same format as the cosets found from
dimensional reduction by adding generators to G−11, which will correspond to an enlargement of
the local group. Or, in other words, we work with the coset space G11
G−11
. Our next step is to identify
the generators in G0+11 that correspond to the Borel sub-algebra of E7, which we may calculate by
applying all possible Weyl reflections in the simple roots to the set of simple roots. Doing this we
find that the positive root generators of E7 are,
Kab, R
a1a2a3 , Ra1...a6 b > a (3.55)
There are 21 + 35 + 7 = 63 positive roots and generators. They satisfy the same commutators
as the equivalent objects in G11 as given in equation (3.15). A convenient basis for the Cartan
sub-algebra of E7 is,
Hˆi = Kii −Ki+1i+1 i = 5 . . . 10
Hˆ11 = −13(K
5
5 + . . .+K88) +
2
3
(K99 + . . .+K1111) (3.56)
The dimension of the adjoint representation of the Borel sub-algebra is 7 + (7 + 21 + 35) = 70. It is
possible therefore by restricting the generators of G0+11 to a seven-dimensional subspace to find the
algebra satisfied by the Borel sub-algebra of E7. We observe that if we number the nodes on the
E7 Dynkin diagram 5 . . . 11 left to right along the SU(7) sub-algebra, the remaining node being
labelled 11, then we find the restricted G0+11 content is,
{Kij , Rk1k2k3 , Rk1...k6 , Dˆ =
11∑
l=5
Kll | i, j, k = 5 . . . 11, j ≥ i} (3.57)
Instead of the generator Dˆ we make use of the variable H11 ≡ K99 +K1010 +K1111− 13Dˆ and then
since the generators and the commutators of the restricted subspace of G0+11 are identical to those of
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the Borel sub-algebra of E7 we are content that we have identified the E7 Borel sub-algebra within
G0+11 . But this is not enough to conclude that the full E7 symmetry is present in G11 for we have
not identified the generators of the negative roots. As proposed above we will simply add in the
missing generators as generators of a local symmetry and then check to see if the field equations
are satisfied. For notational convenience we will relabel Rk1...k6 by Sj where,
Sj ≡ 16!jk1...k6R
k1...k6 (3.58)
By counting the degrees of freedom we can deduce the missing generators, since we know that the
adjoint representation of E7 is 133 dimensional, we have,
133 = 6(Hi)+1(H11)+21(Kij , j > i)+21(Kji, j > i)+35(Rk1k2k3)+7¯Sj+3¯5(Rk1k2k3)+7S
j (3.59)
Where to find the full set of E7 generators we have systematically added two extra generators
Rk1k2k3 and S
j associated to the generator of the negative roots, −α11 and −(α6 + 2α7 + 3α8 +
2α9 + α10 + 2α11)4. These generators together with the commutator action form the dual to the
generators associated to α11. Thus to incorporate the full E7 symmetry in our algebra we are
lead to enlarge G11 to include these two extra generators, and in particular to enlarge the local
symmetry group to include these generators as well as the Lorentz group. Our sole concern with our
adhoc approach is that the equations of motion are invariant under the new local subgroup action.
As observed in [3], the 63 degrees of freedom of SU(8) decompose naturally into representations
of SO(7) as
63 = 21(K(ij)) + 3¯5(Rk1k2k3) + 7(S
j) (3.60)
So that the field equations of eleven dimensional supergravity are unaltered by the enlargement of
G11 reviewed above.
Having suggested a way to include an E7 sub-algebra into supergravity it is now a short step to
conjecturing an E11 symmetry. In the enlarged G˜11 we have a set of generators for SL(11), Kab, as
well as the generators for an E7 sub-algebra. The algorithm for finding the diffeomorphism group
requires finding the closure of the set of generators G˜11 with the conformal group, so at the very
least we are looking for an infinite-dimensional symmetry having both E7 and A10 sub-algebras.
The ”simplest” algebra of satisfying these conditions and naturally giving rise to a three form field
when decomposed with respect to the A10 sub-algebra is the very-extended Kac-Moody algebra
E+++8 ≡ E11, which has Dynkin diagram, E11, and falls into a class of Kac-Moody algebras which
are called Lorentzian [66]. This means that the deletion of at least one node of the diagram leads
to a finite dimensional Lie group. In the case of E11 deletion of the node corresponding to α11
leads to A10 which is given by the string of roots coloured in red in figure 6.
4These roots are those associated to the specific generators R91011 and R67891011, or. equivalently, S5.
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Figure 6: The Dynkin Diagram of E11
Continuing our review of [3] we address the question of whether a similar scheme can be
employed to enlarge G11 and find the Borel sub-algebra of E8 which is the symmetry group that
reveals itself upon dimensional reduction to three dimensions. We will find that it cannot. To
see that this scheme will not extend to E8 in a similar manner we require a little familiarity with
the Borel sub-algebra of E8. The Cartan sub-algebra presents us with no problems, it is trivially
extended as,
Hˆi = Kii −Ki+1i+1 i = 4 . . . 10
Hˆ11 = −13(K
4
4 + . . .+K88) +
2
3
(K99 + . . .+K1111) (3.61)
The generators of the positive positive roots are not so straightforward. As before we can find all
these generators by finding all the Weyl reflections of the positive simple root system. It may be
worthwhile carrying this process out in detail to convince ourselves that the field content of E8
differs from E7 in one significant way. The interesting set of generators are those associated to
the distinguished root, α11 since the Weyl reflections of the root system associated to the gravity
line {α4, . . . , α10} gives the roots associated to the generators Kij where j > i and i, j = 4 . . . 11.
Commencing with α11 the only Weyl reflection that is not inert is the reflection in the root α8,
which we denote S8. We recall that the Weyl reflection is defined to act as
Saβ ≡ β − 2 < αa, β >
< αa, αa >
αa (3.62)
It can be convenient to write the coefficients of a particular sum of simple roots over the Dynkin
diagram as a visual aid to following the Weyl reflections, thus α11 and its associated generator,
decomposed with respect to an SL(8) sub-algebra, are written,
1
0 0 0 0 0 0 R91011
The use of this approach is that we may quickly write down the Weyl reflections, which translate
into the rule that a Weyl reflection in αi subtracts twice the value of the αi coefficient and adds
the value of all the coefficients that it is attached to on the Dynkin diagram to the coefficient of
αi. This may sound cumbersome but it often speeds calculations. The addition of a simple root
acts as the adjoint action of the generator of the added simple root upon the generator of the root
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that we Weyl reflected. In particular by applying all possible Weyl reflections we find, amongst
many others, the generators,
2
0 0 1 2 3 2 1 R67891011
3
1 2 3 4 5 4 2 R4567891011,9
We deduce from the Weyl reflections that the peculiar generator with nine indices must be
antisymmetrised over the first eight indices before the comma and symmetrised in the index fol-
lowing the comma. The new object acts like a vector and has dimension 8. The dimension of E8
is therefore
64(Kij) + 56(Rk1k2k3) + 28(Rk1...k6) + 8(Rk1...k8,j) + 5¯6(Rk1k2k3) + 2¯8(Rk1...k6) + 8¯(Rk1...k8,j) = 248
(3.63)
It is the presence of this new object Rk1...k8,j in the Borel sub-algebra of E8 that is the problem.
It is not present in the restriction of G0+11 to an appropriate eight-dimensional subspace. In order
to find a higher dimensional origin of the hidden E8 symmetry, which we know is present after
the dimensional reduction, we must enlarge G11 to include Rk1...k8,j as well as add the missing
generators of the negative roots to the local sub-algebra G−11 in our coset formulation. The effect
of enlarging the Borel sub-algebra is non-trivial, a new field is introduced into supergravity. As
explained in [3], the field associated to the generator is ha1...a8,b. If we were to treat its b index as
an internal index and then form a field strength from it we would find,
Fa1...a9,b = 9∂[a1ha2...a9],b (3.64)
This field strength is dual to
F a10a11b ≡ 19!
a1...a11Fa1...a9,b (3.65)
Which is the field strength we would find if we treated hab, the field associated to the vielbein, as
a gauge potential with an internal index b. This observation is aesthetically very satisfying, since
it results in all the gauge fields of the enlarged G11 having a dual counterpart in the algebra.
The incorporation of an E8 symmetry into supergravity again puts us back on the trail of an
E11 symmetry in M-theory. Let us call our enlarged set of supergravity generators Gˆ11, and record
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here for completeness the upgraded set of commutators [3],
[Kab,Kcd] = δcbK
a
d − δadKcb
[Kab, Pc] = −δacPb
[Kab, Rc1c2c3 ] = δc1b R
ac2c3 + . . .
[Kab, Rc1...c6 ] = δc1b R
ac2...c6 + . . .
[Kab, Rc1...c8,d] = δc1b R
ac2...c8,d + . . .+ δdbR
c1c2...c8,a
[Rc1c2c3 , Rc4c5c6 ] = 2Rc1...c6
[Rc1...c6 , Rc7c8c9 ] = 3Rc1...[c7c8,c9] (3.66)
The remaining commutators being zero.
The enlargement of the bosonic part of the supergravity algebra to find subsequently E7 and
E8 algebras which are present prior to dimensional reduction and are no longer hidden symmetries
emboldens the conjecture discussed earlier, namely that there is an E11 symmetry algebra underly-
ing M-theory. The approach in the subsequent chapters of this thesis will be to commence with the
algebra of E11 and see what top-down connections can be made between this algebraic approach
and M-theory that may shed light on the status of this conjecture. But it will be encouraging first
of all to look at the role of the scalar fields and their association with the coset symmetries, which
were historically the first indicators of hidden symmetries, in three dimensions.
3.4 A Return to Three Dimensions
In three dimensions the entire field content of a theory may be described by the scalar fields. There
exist only four types of tensorial object, and all those which carry information about the theory are
directly derived from the scalars. The tensors have at most three antisymmetrised indices, these
being a scalar, the vector field strength of a scalar, the dualised field strength of a scalar and the
completely antisymmetric epsilon tensor. In the coset model the scalars are used to parameterise
the cosets and enhanced symmetries are observed.
There is an elegant formulation of the Kac-Moody symmetries which comes from identifying
the scalars in a reduced theory with the simple roots of an algebra [52]. This approach goes some
way towards identifying an E11 theory, in that it identifies an E8 symmetry amongst the scalars
resulting from the dimensional reduction of a pure gravitational theory coupled to a four form.
This approach will be illuminating to review briefly. The paper [52] concentrates on a number of
cases including those of pure gravity, the bosonic string, eleven dimensional supergravity. We will
concentrate on the pure gravity and eleven dimensional theory dimensional reductions and state
the conjectured symmetry, partly uncovered by the same process, of bosonic string theory.
To commence we must be familiar with the notion of dimensional reduction. We shall use the
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conventions detailed in the excellent lecture notes of Chris Pope [57]. Dimensional reduction is
a process whereby the metric and all the fields of the theory are made to be independent of the
coordinates spanning the reduced dimension. Frequently one may imagine the reduced dimensions
to be wrapped into circles, this is a toroidal compactification, whose circumferences are so small that
variations in their coordinates have negligible effect upon the fields which they depend upon. The
metric becomes decomposed into an infinite number of modes, all bar the zero mode having a very
large associated mass. The scale of the massive fields is large due to the radius of compactification
being so small, thus the opportunities to excite these modes lie above the energy realms of modern
day particle physics. Consequently it is interesting enough simply to concentrate on the massless
sector and truncate the infinite set of fields to only the massless sector. This is normally implicit
in dimensional reduction.
Consider the effect of a one-dimensional reduction upon the degrees of freedom of a D + 1
dimensional metric, gˆµν . We have three different choices, depending upon whether the metric
component is dependent upon zero, one or two dimensionally reduced parameters. If we allow z
to denote the reduced dimension, then we find a new metric gµν where the missing hat indicates
that µ, ν = 1 . . . D, a column vector Aµ coming from the components of the metric of the form gˆµz
and a scalar, φ arising from the component gˆzz. When we reduce over more than one dimension
we repeat this process and find more complex fields arising from the dimensional reduction. To
summarise we find that when we dimensionally reduce a pure gravity theory we find field content
of a more complex theory plus a lower dimensional gravity theory. This remarkable observation
was originally made by Theodore Kaluza and Oskar Klein and [58, 59] for the reduction of a five-
dimensional gravitational theory on a circle to arrive at a four-dimensional unified theory of gravity
and the electromagnetic force.
As described above the line element is decomposed into
dsˆ2 = ds2 + 2Aµdzdxµ + φdz2 (3.67)
However for computational convenience we prefer to use the decomposition ansatz of [57],
dsˆ2 = e2αφds2 + e2βφ(dz +Aµdxµ)2 (3.68)
Using this ansatz and taking β = −(D− 2)α as well as α2 = 12(D−2)(D−1) , choices which ensure we
find a familiar gravity action and scalar kinetic term, we find that a pure gravity action decomposes
into, √
−gˆRˆ = √−g{R− 1
2
∂µφ∂
µφ− 1
4
e−2(D−1)αφFµνFµν} (3.69)
The one-dimensional reduction of an m-form field strength Fm = dAm−1 proceeds similarly. We
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first note that,
Fˆ(m) = dA(m−1) + dA(m−2) ∧ dz (3.70)
Which we rewrite to fit our line element ansatz as,
Fˆ(m) = dA(m−1) + dA(m−2) ∧ dz + dA(m−2) ∧A(1) − dA(m−2) ∧A(1)
= dA(m−1) − dA(m−2) ∧A(1) + dA(m−2) ∧ (dz +A(1))
≡ F(m) + F(m−1) ∧ (dz +A(1)) (3.71)
Where we have defined arbitrarily,
F(m) = dA(m−1) − dA(m−2) ∧A(1), F(m−1) = dA(m−2) (3.72)
The vielbein for our ansatz is read off from the line element as eˆa = eαφea and eˆz = e−(D−2)φ(dz+A)
so that upon reduction the form becomes
Fˆ(m) =
1
m!
Fˆa1...am(eˆ
a1 ∧ . . . ∧ eˆam) + 1
(m− 1)! Fˆa1...am−1z ∧ (eˆ
a1 ∧ . . . ∧ eˆam−1 ∧ eˆz)
=
emαφ
m!
Fˆa1...am(e
a1 ∧ . . . ∧ eam) + e
(m−D+1)αφ
(m− 1)! Fˆa1...am−1z ∧ (e
a1 ∧ . . . ∧ eam−1 ∧ ez) (3.73)
We therefore find for the reduced components,
Fˆa1...am = e
−mαφFa1...am , Fˆa1...a(m−1)z = e
(D−m−1)αφFa1...am−1z (3.74)
In terms of the reduction of a kinetic term formed from the m-form, we bear in mind that
√−gˆ =√
−ge2Dαe−2(D−2)αφ = e2αφ√−g, we find,
√−gˆ
2m!
Fˆ 2(m) =
√−g{e
2(1−m)αφ
2m!
F 2(m) +
e2(D−m)αφ
2(m− 1)! F
2
(m−1)} (3.75)
We are interested in finding the largest coset symmetry in the dimensional reduction, and since
the scalars in the theory will parameterise the cosets we must generate as many scalars as possible,
this means we must also consider scalars that arise from dualisation of the m-forms. In a D
dimensional spacetime the dual of an m-form is a (D −m)-form, which is the exterior derivative
of a (D −m− 1)-form. Consequently when D = m+ 1 we find an extra scalar.
Let us look at the reduction of pure gravity theory to get an understanding of the appearance
of scalars. Commencing in D + 1 dimensions and applying a reduction on a two-torus we find the
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the following Lagrangian in D − 1,
∫
dD+1x
√−gR =
∫
dDx
√−g{R(D) − 1
2
∂µφ(D)∂
µφ(D) − 12.2!e
−2(D−1)αDφDF (D)µν F
(D)µν}
=
∫
d(D−1)x
√−g{R(D−1) − 1
2
∂µφ(D−1)∂µφ(D−1)
− 1
2.2!
e−2(D−2)α(D−1)φ(D−1)F (D−1)µν F
(D−1)µν − 1
2
∂µφ(D)∂
µφ(D)
− 1
2.2!
e−2(D−1)αDφDe−2α(D−1)φ(D−1)F (D)µν F
(D)µν
− 1
2
e−2(D−1)αDφDe2(D−3)α(D−1)φ(D−1)F (D)µ F
(D)µ} (3.76)
Where we indicate the dimension the scalars and forms appeared in brackets, e.g. F (D)µ is a
one-form reduced from the two-form that appeared upon reduction to D dimensions. We have
also used the notation αD =
√
1
2(D−2)(D−1) . We could continue on but the notation becomes
cumbersome. Instead, following [52], we observe that upon each reduction we obtain a new αd
and φd which appear together and which we may write as components of a scalar product of
vectors α and φ whose dimension increases by one upon each dimensional reduction. That is,
upon compactification on a 2-torus to D−1 dimensions we have the natural 2-dimensional vectors,
α(j,k) ≡ (2(D − j − 3)αD−1,−2(D − k − 1)α(D)) and φ ≡ (φD−1, φ(D)). We may rewrite equation
(3.76) as,
∫
dD+1x
√−gR =
∫
d(D−1)x
√−g{R(D−1) − 1
2
∂µφ · ∂µφ− 12.2!e
α(2D−5,D−1)·φF (D−1)µν F
(D−1)µν
− 1
2.2!
eα(D−2,0)·φF (D)µν F
(D)µν − 1
2
eα(0,0)·φF (D)µ F
(D)µ} (3.77)
We note that the vectors that arise satisfy the linear relation α(2D−5,D−1) + α(0,0) = α(D−2,0)5.
Now we note that we commence finding a second class of scalars, besides φ, when we reduce the
scalar curvature, R, on a 2-torus. In the above reduced Lagrangian the first additional scalar is
revealed, where it appears as a one-form field strength, Fµ = ∂µψ. In general, for a reduction
from D+ 1 dimensions to D+ 1− r dimensions on an r-torus, we will find r− 2 additional scalars
and we will construct vectors, characterising these scalars, in an r-dimensional space such that
φ ≡ (φ(D+1−r), . . . , φ(D)) and we will find we are able to write the reduced Lagrangian using the
general vectors,
α(k1,...kr) ≡ −2((D− k1− 1)αD, (D− k2− 3)αD−1, (D− k3− 4)αD−2, . . . , (D− kr − r− 1)αD−r+1)
(3.78)
Using vectors in this format we can write out the reduced Lagrangian, as we did when we reduced
5We will appreciate this linear relation between the vectors appearing at each stage of the dimensional reduction
as being identical to the linear relations between the positive roots of a Lie algebra, which itself may be classified
by identifying solely its simple roots, of which here there are two associated to α(0,0) and α(2D−5,D−1).
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on the two-torus above. A suitable basis for these vectors which characterise the scalars is given by
the vectors used in the expression for the one-forms which originate in different dimensions, these
all take the form,
αk ≡ (0, . . . , 0,−2(D − k − 1)αD−k, 2(D − k − 3)αD−k−1, 0, . . . , 0) (3.79)
Where there are k zeroes on the left and r − 2− k zeroes on the right, and k = 0, . . . , r − 2. Our
expression differs from that given in [52] because we began our reduction in D+ 1 dimensions, and
if we replace D with D − 1 in our expression we find the same basis vectors as given in [52]. The
vectors satisfy the relations,
αk · αk = 4
αk · αk−1 = −2
αk · αk+n = 0 |n| > 1 (3.80)
Vectors of this type span r − 1 dimensions of the r-dimensional vector space, but our experience
of the notation in the reduction on the 2-torus leads us to expect that the full Lagrangian is
characterised by r(r+1)2 vectors and that in addition to the r − 1 vectors, αk, we find one further
vector associated to the terms formed in the reduction whose scalar association has yet to be made
manifest by reduction. For example, in the reduction on the two torus, we would have found one
vector of the type αk which in the notation of equation (3.77) is the vector α(0,0), in addition to
this vector we found one further linearly independent vector, α(2D−5,D−1), which was associated to
the two-form which appeared in the last stage of the reduction to dimension (D− 1). Similarly in
the general case when we reduce on an r-torus there will arise a two-form F (D+1−r)µν upon reduction
of the r’th coordinate.
The coefficient of this term is,
− 1
2.2!
e−2(D−r)αD+1−rφ(D+1−r) (3.81)
So that we find an additional vector,
αr−1 = (0, . . . , 0,−2(D − r)αD+1−r) (3.82)
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Which satisfies the following relations,
αr−1 · αr−1 = 2(D − r)(D − r − 1)
αr−1 · αr = −2
αr−1 · αr−n = 0 n ≥ 2 (3.83)
In particular we observe that only when we have reduced to a dimension where it is possible to
dualise the two-form to a scalar, namely when we are in three dimensions, do the inner products of
this final vector take the same form as the others. Specifically, when we reduce to three dimensions,
D + 1− r = 3, so that
αr−1 · αr−1 = 2(2)(1) = 4 (3.84)
We emphasise that only when the pure gravity theory is reduced to three dimensions do the basis
vectors all have the same length, in all higher dimensions the final basis vector is shorter. These
vectors that we have directly identified with the scalars of the theory may now be associated to
roots of a Dynkin diagram and we find the simple roots of Ar = AD−4 have an obvious one-to-one
correspondence with the scalars. The remaining other roots that occurred in our reduction, which
we could have chosen as basis vectors, are associated with the positive roots of the algebra, of which
there are r(r+1)2 as anticipated. We note that had we commenced our reduction in D dimensions,
instead of D + 1, we would have ended up with the simple roots of AD−3.
Finally we apply the same approach to uncovering the coset symmetries of a pure gravity
action in eleven dimensions and an additional four-form field strength, which is the bosonic sector
of M-theory. ∫
dDx
√−g{R− 1
2.4!
Fµ1...µ4F
µ1...µ4} (3.85)
From the pure gravity sector we clearly obtain the same vectors parameterising an AD−3 symmetry
as before, but we also find an additional vector coming from the reduction of the four-form. For
simplicity we consider the effect of a reduction on a 3-torus and find that the one-form term that
remains is
∫
dD−3x
√−g 1
2
e2(D−5)αD−1φD−1e2(D−5)αD−2φD−2e2(D−5)αD−3φD−3FµFµ (3.86)
The vector associated with this additional scalar upon reduction to three dimensions is α7 =
(2(D − 5)αD−1, 2(D − 5)αD−2, 2(D − 5)αD−3, 0 . . . 0), the vector being 8-dimensional. It has the
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properties,
α7 · α7 = 2(D − 5)2{ 1(D − 3)(D − 2) +
1
(D − 4)(D − 3) +
1
(D − 5)(D − 4)}
=
6(D − 5)
(D − 2)
α7 · α2 = −2
α7 · αi = 0 i 6= 2, 7 (3.87)
Where we have set D → D − 1 in equation (3.79) and now we have a set of vectors {α0, . . . α7}
which obey the defining relations of the simple roots of the exceptional group E8.
A similar analysis is applied in [52] to the bosonic string theory in twenty-six dimension and
the symmetry group paramaterised by the scalars in three dimensions is D24.
Figure 7: The Dynkin diagrams of A+++D−3 and K27
We now have confidence that the dimensional reduction procedure uncovers a hidden E8 sym-
metry in the bosonic sector of M-theory. Indeed in [52] it is shown that the reduction of the
enlarged algebra, that leads to the E11 conjecture, does reduce to the coset symmetries that have
been demonstrated above, as well as to an old and well known SL(2,R) symmetry [60, 61]. It may
appear that it would be sensible to reduce the theory to two dimensions and see how the symme-
try of the gravitational degrees of freedom are encoded in the scalars that then appear, however
in two dimensions the only rank two object is the anti-symmetric tensor, µν , and so we can no
longer study the gravity theory in less than three dimensions. It has however been argued that the
expected enlarged symmetry in two dimensions has an affine algebra [62]. The affine extensions
of the coset symmetry groups lead to A+D−3, E9 and D
+
24, for pure gravity, the bosonic part of
M-theory, and the bosonic string respectively. The symmetries are expected to be enlarged in the
reduction to zero dimensions to A+++D−3 , E
+++
8 ≡ E11 and D+++24 ≡ K27. The Dynkin diagrams for
E11 was given earlier in figure 6, the other Dynkin diagrams are shown in figure 7.
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Thus far we have familiarised ourselves with the tools of our work and motivated the study of Kac-
Moody algebras within theoretical physics. In this chapter we work with the Kac-Moody algebras
directly and produce tables of roots appearing in the algebra. Our method will be to decompose
roots in the Kac-Moody algebras into representations of semisimple Lie groups by deleting nodes
from the Dynkin diagram. Using the properties of the semisimple Lie groups we will find the
algebraic equations that must be solved with integer valued solutions for a root to exist in the
Kac-Moody algebra. Since the algebras are Kac-Moody there are an infinite number of such roots
and we will label classes of roots by the coefficients of the deleted roots in the decomposition. We
will concentrate on the algebras relevant to M-theory and bosonic string theory, these being E11
and K27 respectively.
4.1 The Algebra of M-theory
Although the problem of identifying all the roots existing in an infinite dimensional algebra, is
probably best left as a computational problem, there are a number of good reasons for beginning
the search by hand. For example one quickly arrives at some governing rules which vastly reduce
the number of potential candidate roots which will save computational power at a later stage and
secondly one becomes familiar with patterns that proliferate the algebra. We commence with the
Dynkin diagram of E11 given in figure 6.
The setting for our calculations is an eleven-dimensional vector space with basis elements
{e1 . . . e11} endowed with an inner product,
< a, b >= a · b− 1
9
∑
i
(ai)
∑
j
(bj) (4.1)
We construct vectors in this space which represent the roots of our algebra such that the inner
product relations between the roots as encoded in the Dynkin diagram is carried over to the inner
product on our vector space. The largest algebra we will consider is E11 and all sub-algebras
relevant to M-theory will be formed by deleting the appropriate root vector. The roots of E11 in
this basis are,
αi = ei − ei+1 i = 1, 2 . . . 10
α11 = e9 + e10 + e11 (4.2)
A generic root of E11 is,
β =
11∑
i=1
miαi (4.3)
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Where αi are the simple roots of E11 and the coefficients mi are referred to as the Dynkin labels.
By deleting the distinguished node, corresponding to α11, of the Dynkin diagram we find repre-
sentations of the A10 sub-algebra. In particular we may write the deleted root as being composed
of a part orthogonal to the ten dimensional vector space of A10 and a vector in the A10 lattice. It
is clear from the inner product relations of α11 with the roots of A10 namely,
< α11, αi >= −δi8 1 < i ≤ 10 (4.4)
that the part of α11 lying in the A10 lattice is the negative of the fundamental weight, ν8 of A10.
Where νi, 1 < i ≤ 10, are the fundamental weights of A10 which we recall have the defining relation,
< νi, αj >= δij (4.5)
So we may write,
α11 = z − ν8 (4.6)
Where z is some vector orthogonal to the A10 lattice. We may determine z, an eleven dimensional
vector, explicitly by imposing the condition that it is by design orthogonal to the roots of A10 and
that α211 = 2. Let us carry out this process once in detail. Let,
z ≡
11∑
i=1
aiei (4.7)
Where ai are real coefficients. Now,
< z, αi >=<
11∑
i=1
aiei, ei − ei+1 >= 0⇒ z = a11(e1 + . . .+ e11) (4.8)
To make use of the condition on the length of α11 we need the fact that the fundamental weights,
νi of any Lie algebra are related to its Cartan matrix, A, by
< νi, νj >= A−1ij (4.9)
Inverting the Cartan matrix may seen like a cumbersome task but we are able to make use of
several very nice formulae calculated in [66] giving closed expressions for the inverted matrix. For
the case of the An Lie groups we have the simple result,
A−1ij =
i(n+ 1− j)
n+ 1
i ≤ j (4.10)
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Consequently we find from equation (4.6) that,
2 = z2 +
24
11
⇒ z2 = − 2
11
(4.11)
Using equation (4.8) this gives a11 = ± 311 . To decide whether the coefficient is plus or minus we
may repeat the process and find the weight ν8 in our vector space basis. In fact for an An algebra
we find the fundamental weights are,
νi =
n+ 1− i
n+ 1
(e1 + . . .+ ei)− i
n+ 1
(ei+1 + . . .+ en+1) (4.12)
So that,
ν8 =
3
11
(e1 + . . .+ e8)− 811(e9 + . . .+ e11) (4.13)
Then from equation (4.6) we find that,
z =
3
11
(e1 + . . .+ e11) (4.14)
Finally we are now able to write β a general root of E11 in terms of weights of its A10 sub-algebra
and an orthogonal part, z,
β = m11(z − ν8) +
10∑
i=1
miαi ≡ m11z − Λ (4.15)
Where,
Λ = m11ν8 −
10∑
i=1
miαi ≡
10∑
i=1
piνi (4.16)
Λ is a weight of A10 which we have written in terms of the fundamental weights of A10 which span
the weight space. The important and useful point is that m11 is related to the weights of the A10
sub-algebra, and although we have ten unknowns on the right hand side of the equation and eleven
on the right hand side, we will be able to find a relation that gives strict conditions that the mi
and must satisfy once m11 is specified. The important role played by the coefficient of the deleted
root has led to it being called the level in the literature.
Taking the inner product of equation (4.16) with a fundamental weight of A10, νj , we find,
mj = m11 < ν8, νj > −
10∑
i=1
pi < νi, νj > j ≤ 10 (4.17)
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Using equations (4.10) and (4.9) we simplify this to,
mj =
m11
3j
11 −
∑j
i=1 ipi − j
∑10
i=j+1 pi +
j
11
∑10
i=1 ipi ≡ j11 (3m11 +A)−Bj , j ≤ 8
m11
8(11−j)
11 −
∑j
i=1 ipi − j
∑10
i=j+1 pi +
j
11
∑10
i=1 ipi ≡ j11 (−8m11 +A)−Bj + 8m11, j > 8
(4.18)
Where we have defined the useful, positive, integer quantities,
A ≡
10∑
i=1
ipi
Bj ≡
j∑
i=1
ipi + j
10∑
i=j+1
pi (4.19)
Observe that B as a function of j satisfies B10 = A and B1 =
∑10
i=1 pi ≤ A. We are motivated to
expressmj in the form given in equation (4.18) by some group theoretical conditions. In chapter two
we observed the symmetry of the root diagrams of the semisimple Lie algebras; for every positive
root there exists a negative root, which is its negative. Consequently by finding simply the positive
roots we also identify the negative roots of the algebra. The triangle decomposition of an algebra
tells us we can specify the entire algebra from the generators of the positive and negative roots and
the Cartan sub-algebra. We may deduce the Cartan sub-algebra from its Dynkin diagram, and
hence if we are able to find all the positive roots we can deduce the rest of the algebraic content.
The positive roots have integer valued non-negative coefficients mi, this means equation (4.18)
places strong restrictions on the values A and B may take such that mj ∈ Z0+.
From (4.18) we see that a general solution is given by,
m11 =
1
3
(−A+ 11k) (4.20)
Where k ∈ Z and satisfies k ≥ A11 . At this stage we ought to be concerned that we have discarded
solutions such as m11 = −4A + 113 k or m11 = 7A + 113 k, but it is obvious that we can relate
these solutions by adjusting the constant k since they differ by some multiple of eleven. We may
always rescale A upwards by multiplying the coefficients pi by some integer positive constant. The
solutions that we have singled out above may thus be rescaled to coincide with the chain of solutions
are discussing here, e.g. rescaling pi → 12pi gives m11 = −4A+ 113 k. Since pi are positive integers
to find the most general set of solutions means minimising the magnitude of the coefficient of A in
our solution, which is why we have singled out the solution in (4.20). We must of course be worried
that unless −A+11k is a multiple of three m11 will not be an integer. As we will see −A+11k will
be forced to be a multiple of three by the constraints on the root length in a Kac-Moody algebra.
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Plugging the solution in equation (4.20) into equation (4.18) gives,
mj =
jk −Bj , j ≤ 8j
3 (A− 8k) + 83 (−A+ 11k)−Bj , j > 8
(4.21)
These are integers again if m11 is an integer. To ensure positivity of the coefficients we find from
m10 ≥ 0 that
m10 = m11 − k ⇒ k ≤ m11 (4.22)
Let us now write out the root corresponding to this solution in our vector space basis,
β =
8∑
i=1
(ik −Bi)αi +
10∑
i=9
{ i
3
(A− 8k) + 8
3
(−A+ 11k)−Bi}αi + 13(−A+ 11k)α11
=
10∑
n=1
(k −
10∑
i=n
pi)en + ke11 (4.23)
A root which has connected support on a Dynkin diagram is one whose non-zero Dynkin coefficients
are all connected if we write them out in their appropriate place on the Dynkin diagram. Roots
with connected support are those which give rise to irreducible representations of the full algebra,
for imagine a root of E11 of the form α1 + α11 + 2α8 + α7 + α9 the root α1 is disconnected from
the rest of the root, so it forms an invariant subspace carrying a representation of SU(2). We are
interested in irreducible representation of E11, and consequently the roots all have length squared
less than or equal to two [41]. This is a necessary condition for a root that comes from the Serre
relations. Consider the simple case that β ≡ αj + αk is a root, where {αi} are positive simple
roots. Then we note that,
[Ej , Ek] ≡ Ej+k 6= 0 (4.24)
Where Ei are the generators associated to the simple roots αi. The Serre relations tell us that
(1−Ajk) > 1⇒ Aij ≤ −1. This places restrictions on the length squared of β,
β2 = (αj + αk)2 = 2 + 2(1 +Ajk) ≤ 2 (4.25)
The example for three roots better illustrates the more general case. Suppose γ ≡ αi + αj + αk is
also a root, then,
[Ei, [Ej , Ek]] = [[Ei, Ej ], Ek] + [Ej , [Ei, Ek]] ≡ Ei+j+k 6= 0 (4.26)
Where we have permuted the commutators using the Jacobi identity. The Serre relations tell
us that Aij ≤ −1 or Aik ≤ −1 or even both, and also that Ajk ≤ −1 since β is also a root.
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Consequently, the root length squared of γ satisfies,
γ2 = 2(3 +Ajk +Aik +Aij) ≤ 2 (4.27)
Now let us generalise this observation to a more general example. Consider a string of roots
containing β and γ = β + αi. Let β =
∑
imiαi, having a generator formed of the appropriate
multiple commutators of the simple roots, which we denote, Eβ = [En1 , [En2 , . . . , [Enj−1 , Enj ] . . .]].
Since γ is a root then,
[Ei, [En1 , [En2 , . . . , [Enj−1 , Enj ] . . .]]] 6= 0 (4.28)
For this general case we can play the same trick as with the three root case and using the Jacobi
identity and the Serre relations find that at least one element of the Cartan matrix, Aink is less
than or equal to −1. Now,
γ2 = 2 + β2 + 2
∑
j
mjAij ≤ β2 (4.29)
Of course somewhere in our string of roots is a simple root, which is normalised to two, so by
induction we find that for a general root γ in our algebra the Serre relations imply that,
γ2 ≤ 2 (4.30)
This condition on the root length is necessary but not sufficient to find roots of the algebra, but it
is as much as we will use in this thesis. Explicit computation of the Serre relations, and knowledge
of the higher level commutators is required to exactly determine the roots of an algebra. For a
simply-laced algebra, one whose simple roots all have the same length, such as E11 the length
squared, β2 is always even. This condition on the length of the roots appearing in our algebra is
really the second criterion that we will use to generate the algebra, the first condition being that
the Dynkin coefficients are non-negative integers. Let us square our root,
β2 =
10∑
n=1
(k −
10∑
n
pi)2 + k2 − 19(11k −A)
2
=
10∑
n=1
(k −
10∑
n
pi)2 + k2 − (m11)2 (4.31)
We see we are bound by our solution to restrict −A+11k = 3m11 to multiples of 3 if β2 is to be an
integer. It is a little more involved to realise that our constraint of the root length squared being
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even leads to no further restrictions on our variables. In order to see that β2 is even, we write,
β2 =
10∑
n=1
(k2 − 2k
10∑
n
pi + (
10∑
n
pi)2) + k2 −m211
= 20kA+ 8m211 − 110k2 + [
10∑
n=1
(
10∑
i=n
pi)2 −A2] (4.32)
In the last line it is clear that all terms apart from those in the square brackets are even. Expanding,
we note that,
A2 =
∑
i
i2p2i + 2
∑
j>i
ijpipj (4.33)
Similarly,
10∑
n=1
(
10∑
i=n
pi)2 =
∑
i
ip2i + 2
∑
j>i
jpipj (4.34)
Therefore,
β2 = 20kA+ 8m211 − 110k2 +
∑
i
i(i− 1)p2i + 2
∑
j>i
j(i− 1)pipj (4.35)
So we see explicitly that each term in the expression is even. From requiring that m11 ≥ 0 we have
the requirement that A ≤ 11k, and we noted earlier that k ≤ m11. We are now ready to construct
the algebra of E11. Really this is a computational problem, we have to find roots that satisfy the
bounds on k for a given m11 such that β2 ≤ 2, but we shall go through the first few solutions by
hand so as to familiarise ourselves with the algorithm before we use a computer.
At level m11 = 0 we find that k = 0 and so we must solve the equation A = 0 which we can
only solve trivially such that all pi are zero, so we do not find a root. At level m11 = 1, we consider
k = 0, 1 in the first instance we find that A = −3 and so has no solution, and in the second case
we find A = 8. We have a useful restriction on the number of ways we may solve this equation
coming from requiring non-negativity of the Dynkin coefficient m1 ≥ 0, which implies that,
10∑
i=1
pi ≤ k (4.36)
In this case, therefore, there is only one putative solution where p8 = 1. We are not yet sure this is
a root since we have yet to check that the root length squared is less than or equal to two. Making
use of equation (4.31) we find that β2 = 2 and it is indeed a root of E11. Generating the rest
of the roots is a tedious process best done by computer. The computation itself is carried out as
described in this first example, and, with use of equation (4.36), takes very little time to generate
the lower level roots. We list the roots below level eight in table 7 and the roots to level twelve in
appendix A. These low level roots were originally computed in [63].
The field content associated to the algebra may be interpreted with respect to its spacetime
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decomposition from the A10 weights. We refer the interested reader to [31], and offer a short-
hand rule for beginning to interpret the field content. The fundamental weights of the form
[0, . . . , 0, 1, 0, . . . 0], where there are n− 1 zeroes on the left, are identical to n copies of the vector
representation [1, 0, . . . , 0], antisymmetrised under the tensor product. Consequently, the example
representation corresponds to a field with n antisymmetrised indices. The same analysis can be
carried out by counting from the right, for our example, there are D− 1 components in our weight
vector, where D is the spacetime dimension. If we had counted from the right we would have
found a representation with D − n antisymmetric indices. We will use lowered indices on fields to
indicate we are counting from the right, and raised indices to indicate a count from the left, and it
is natural to associate these different fields using the totally-antisymmetric tensor with D indices,
Aa1...an =
1
(D − n)!a1...anb1...bD−nA
b1...bD−n (4.37)
Hence at low levels of E11 we find a three-form field, Aa1a2a3 , a six-form field, Aa1... 6, a nine-
form field, Aa1...a9 and a field with eight antisymmetrised indices and a vector index, Aa1...a8,b.
In our analysis we have not calculated the multiplicities of the root spaces, but this has been
carried out in [64] and we see that of this low-level content only the nine-form has multiplicity
zero. Consequently the remaining field content at low levels are the bosonic fields of nonlinear
realisation of supergravity discussed in chapter three. The algebra has an infinite number of roots,
and while the low-level roots do correspond to the fields of bosonic supergravity it is not clear how
to interpret the higher level fields nor if they have any role to play in M -theory. We postpone the
interpretation of the higher-level roots until the next chapter.
4.2 The Bosonic String Theory Algebra
In this section we repeat the hands-on approach to constructing the algebra that we applied to
E11 in the previous section. The Kac-Moody algebra that is conjectured to underpin the theory of
the twenty-six dimensional bosonic string is D+++24 ≡ K27, its Dynkin diagram is shown in figure
7. Due to the structure of the Dynkin diagram we will not be able to exactly replicate the process
of the previous section. We work in a twenty-seven dimensional vector space with basis elements
ei as before, except we will make use of the inner product,
< a, b >≡
26∑
i=1
aibi − a27b27 (4.38)
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k A A10 Weights β (αi basis) β (ei basis) β2
1 8 [0, 0, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1) (0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1) 2
1 5 [0, 0, 0, 0, 1, 0, 0, 0, 0, 0] (0, 0, 0, 0, 0, 1, 2, 3, 2, 1, 2) (0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1) 2
1 2 [0, 1, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 1, 2, 3, 4, 5, 6, 4, 2, 3) (0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1) 0
2 13 [0, 0, 1, 0, 0, 0, 0, 0, 0, 1] (0, 0, 0, 1, 2, 3, 4, 5, 3, 1, 3) (0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 2) 2
2 10 [0, 0, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 4) (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2) −2
2 10 [0, 1, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 1, 2, 3, 4, 5, 6, 4, 2, 4) (0, 0, 1, 1, 1, 1, 1, 1, 2, 2, 2) 2
2 10 [1, 0, 0, 0, 0, 0, 0, 0, 1, 0] (0, 1, 2, 3, 4, 5, 6, 7, 4, 2, 4) (0, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2) 0
3 21 [1, 0, 0, 0, 0, 0, 0, 0, 0, 2] (0, 1, 2, 3, 4, 5, 6, 7, 4, 1, 4) (0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 3) 2
2 7 [0, 0, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 3, 4, 5, 6, 7, 9, 6, 3, 5) (1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2) −2
2 7 [0, 1, 0, 0, 1, 0, 0, 0, 0, 0] (0, 0, 1, 2, 3, 5, 7, 9, 6, 3, 5) (0, 0, 1, 1, 1, 2, 2, 2, 2, 2, 2) 2
2 7 [1, 0, 0, 0, 0, 1, 0, 0, 0, 0] (0, 1, 2, 3, 4, 5, 7, 9, 6, 3, 5) (0, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2) 0
3 18 [0, 0, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 3, 4, 5, 6, 7, 8, 4, 2, 5) (1, 1, 1, 1, 1, 1, 1, 1, 1, 3, 3) 2
3 18 [0, 0, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 5) (1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 3) 0
3 18 [1, 0, 0, 0, 0, 0, 1, 0, 0, 1] (0, 1, 2, 3, 4, 5, 6, 8, 5, 2, 5) (0, 1, 1, 1, 1, 1, 1, 2, 2, 2, 3) 2
2 4 [0, 0, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 3, 4, 6, 8, 10, 12, 8, 4, 6) (1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2) −4
2 4 [0, 2, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 2, 4, 6, 8, 10, 12, 8, 4, 6) (0, 0, 2, 2, 2, 2, 2, 2, 2, 2, 2) 0
2 4 [1, 0, 1, 0, 0, 0, 0, 0, 0, 0] (0, 1, 2, 4, 6, 8, 10, 12, 8, 4, 6) (0, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2) −2
3 15 [0, 0, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 3, 4, 5, 6, 7, 9, 6, 3, 6) (1, 1, 1, 1, 1, 1, 1, 2, 3, 3, 3) 2
3 15 [0, 0, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 3, 4, 5, 6, 8, 10, 6, 3, 6) (1, 1, 1, 1, 1, 1, 2, 2, 2, 3, 3) 0
3 15 [0, 0, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 7, 9, 11, 7, 3, 6) (1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3) −2
3 15 [0, 1, 1, 0, 0, 0, 0, 0, 0, 1] (0, 0, 1, 3, 5, 7, 9, 11, 7, 3, 6) (0, 0, 1, 2, 2, 2, 2, 2, 2, 2, 3) 2
3 15 [1, 0, 0, 0, 1, 0, 0, 0, 1, 0] (0, 1, 2, 3, 4, 6, 8, 10, 6, 3, 6) (0, 1, 1, 1, 1, 2, 2, 2, 2, 3, 3) 2
3 15 [1, 0, 0, 1, 0, 0, 0, 0, 0, 1] (0, 1, 2, 3, 5, 7, 9, 11, 7, 3, 6) (0, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3) 0
4 26 [0, 0, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 3, 4, 5, 6, 8, 10, 6, 2, 6) (1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 4) 2
2 1 [1, 0, 0, 0, 0, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 7) (1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) −8
3 12 [0, 0, 0, 0, 0, 2, 0, 0, 0, 0] (1, 2, 3, 4, 5, 6, 9, 12, 8, 4, 7) (1, 1, 1, 1, 1, 1, 3, 3, 3, 3, 3) 2
3 12 [0, 0, 0, 0, 1, 0, 1, 0, 0, 0] (1, 2, 3, 4, 5, 7, 9, 12, 8, 4, 7) (1, 1, 1, 1, 1, 2, 2, 3, 3, 3, 3) 0
3 12 [0, 0, 0, 1, 0, 0, 0, 1, 0, 0] (1, 2, 3, 4, 6, 8, 10, 12, 8, 4, 7) (1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3) −2
3 12 [0, 0, 1, 0, 0, 0, 0, 0, 1, 0] (1, 2, 3, 5, 7, 9, 11, 13, 8, 4, 7) (1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3) −4
3 12 [0, 1, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 7) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 3) −6
3 12 [0, 2, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 2, 4, 6, 8, 10, 12, 8, 4, 7) (0, 0, 2, 2, 2, 2, 2, 2, 3, 3, 3) 2
3 12 [1, 0, 0, 1, 0, 0, 1, 0, 0, 0] (0, 1, 2, 3, 5, 7, 9, 12, 8, 4, 7) (0, 1, 1, 1, 2, 2, 2, 3, 3, 3, 3) 2
3 12 [1, 0, 1, 0, 0, 0, 0, 1, 0, 0] (0, 1, 2, 4, 6, 8, 10, 12, 8, 4, 7) (0, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3) 0
3 12 [1, 1, 0, 0, 0, 0, 0, 0, 1, 0] (0, 1, 3, 5, 7, 9, 11, 13, 8, 4, 7) (0, 1, 2, 2, 2, 2, 2, 2, 2, 3, 3) −2
3 12 [2, 0, 0, 0, 0, 0, 0, 0, 0, 1] (0, 2, 4, 6, 8, 10, 12, 14, 9, 4, 7) (0, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3) −4
4 23 [0, 0, 0, 0, 1, 0, 0, 1, 0, 1] (1, 2, 3, 4, 5, 7, 9, 11, 7, 3, 7) (1, 1, 1, 1, 1, 2, 2, 2, 3, 3, 4) 2
4 23 [0, 0, 0, 1, 0, 0, 0, 0, 1, 1] (1, 2, 3, 4, 6, 8, 10, 12, 7, 3, 7) (1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 4) 0
4 23 [0, 0, 1, 0, 0, 0, 0, 0, 0, 2] (1, 2, 3, 5, 7, 9, 11, 13, 8, 3, 7) (1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 4) −2
4 23 [1, 0, 1, 0, 0, 0, 0, 0, 1, 1] (0, 1, 2, 4, 6, 8, 10, 12, 7, 3, 7) (0, 1, 1, 2, 2, 2, 2, 2, 2, 3, 4) 2
4 23 [1, 1, 0, 0, 0, 0, 0, 0, 0, 2] (0, 1, 3, 5, 7, 9, 11, 13, 8, 3, 7) (0, 1, 2, 2, 2, 2, 2, 2, 2, 2, 4) 0
Table 7: The low level roots of E11
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In this basis the simple roots of K27 are,
αi = ei − ei+1, 1 ≤ i ≤ 25
α26 = e25 + e26
α27 = −(e1 + . . .+ e4) +
√
2e27 (4.39)
Our aim is to decompose the algebra into representations of an A25 algebra, which will correspond
to the twenty-six dimensional spacetime.6 The A25 algebra may be chosen in two symmetric ways,
we choose to delete nodes 26 and 27 as indicated on the diagram of figure 7. We delete first
node 27, which leaves the classical algebra D26, then we delete node 26, leaving the A25 algebra.
Consequently,
α27 = z − µ4 = z − 2y − ν4, α26 = y − ν24 (4.40)
Where we use µi to denote the fundamental weights of D26 and νi those of A25. The vector z
is orthogonal to the root lattices of D26 and A25, while y lies in the root lattice of D26 and is
orthogonal to the roots of A25. In the first expression we have used µ4 = ν4 + 2y. The explicit
expression for z and y are,
z =
√
2e27
y =
1
13
(e1 + . . .+ e26) (4.41)
Consequently a general root of K27 is given by
β = m26y +m27(z − 2y)− Λ (4.42)
Where Λ lies in the weight lattice of A26,
Λ = −
25∑
i=1
miαi +m26ν24 +m27ν4 ≡
25∑
i=1
piνi (4.43)
Therefore we find the following equations which must be integers,
mj =

j
13 (m26 + 11m27 +
A
2 )−Bj j ≤ 4
j
13 (m26 − 2m27 + A2 ) + 4m27 −Bj 5 ≤ j ≤ 24
1
13 (12m26 + 2m27 − A2 ) j = 25
(4.44)
6In the literature the singled out An sub-algebra into which the Kac-Moody algebra is decomposed is often called
the ”gravity line” for obvious reasons.
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Where we have used the equivalent expressions of those given in equation (4.19) for A and Bj ,
namely,
A ≡
25∑
i=1
ipi
Bj ≡
j∑
i=1
ipi + j
25∑
i=j+1
pi (4.45)
A fine grained set of solutions is given by,
m26 = −11m27 − A2 + 13k (4.46)
It is clear that we will only find representations such that A is even-valued. This solution corre-
sponds to Dynkin coefficients,
mj =

kj −Bj j ≤ 4
j(k −m27) + 4m27 −Bj 5 ≤ j ≤ 24
−10m27 − A2 + 12k j = 25
(4.47)
From the condition m1 ≥ 0 we see that
∑25
i=1 pi ≤ k and from observing that m25 = m26+m27−k ≥
0 we find an upper bound for our parameter is k ≤ m26 +m27. The prototype root is,
β =
4∑
i=1
(k −Bi)αi +
24∑
i=5
(i(k −m27) + 4m27 −Bi)αi + (−10m27 − A2 + 12k)α25
+ (−11m27 − A2 + 13k)α26 +m27α27
=
25∑
n=1
(k −m27 −
25∑
i=n
pi)en + (k −m27)e26 +
√
2m27e27 (4.48)
We note the root has a relatively simple form in our basis, and has essentially the same structure
of the generic E11 root. In contrast to the E11 case our root is parameterised by two variables, k
and m27 (corresponding to the two deleted roots) as well as the twenty-five coefficients of the A25
fundamental weights. Finally, we find an expression for the square of the root,
β2 =
25∑
n=1
(k −m27 −
25∑
i=n
pi)2 + (k −m27)2 − 2m227 (4.49)
At this stage we turn to our computational algorithm which simply searches for weights of A25
satisfying β2 ≤ 2 for specified values of m27 and m26, or equivalently k. Upto level (m26,m27) =
(1, 1) we find the following roots,
These low level roots and others were found in [64] for a generic D+++n−3 algebra. In the appendix,
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(m26,m27) A25 Weights β (αi basis) β (ei basis) β2
(1, 0) [0, . . . , 0, 1, 0] (0, . . . , 0, 1, 0) (0, . . . , 0, 1, 1, 0) 2
(0, 1) [0, 0, 0, 1, 0, . . . , 0] (0, . . . , 0, 1) (−1,−1,−1,−1, 0, . . . , 0,√2) 2
(1, 1) [0, 1, 0, . . . , 0] (0, 0, 1, 2, . . . , 2, 1, 1, 1) (−1,−1, 0, . . . , 0, 1√2) 0
(1, 1) [0, 0, 1, 0, . . . , 0, 1] (0, 0, 0, 1, . . . , 1, 0, 1, 1) (−1,−1,−1, 0, . . . , 0, 1, 1√2) 2
Table 8: The first few roots of K27
in table 33 the roots of K27 up to level (3, 3), which to the best of my belief are not given elsewhere
in the literature. The gauge field in the space-time decomposition associated to these roots may
be deduced from the weights of A25. Specifically, we find at low levels a two-form Aa1a2 , a four-
form Aa1...a4 , a second two-form Aˆa1a2 , and a field with three antisymmetrised indices and one
symmetric index, Aa1a2a3,b [64].
4.3 The Translation Generator
Turning our attention back to E11 and the motivations given in chapter three for considering it
as a symmetry of M-theory, we notice that a crucial part of our nonlinear construction has not
appeared in the algebra of E11 namely the translation generator Pa is absent. Addressing this
point is the main aim of this section, but first we should comment on some other generators that
have also not appeared so far in this chapter.
The keen reader will have noted that the Kab generators occurring in the nonlinear construction
have not appeared explicitly and neither has the dilaton field, φ, of string theory. Their absence
in the constructions of this chapter has a straightforward explanation, namely, that we have only
looked for positive roots associated to multiples of the deleted roots which were used to go between
our Kac-Moody algebra and our representations of A10 or A25 - we have not sought to generate
the well-understood finite algebra of these gravity lines themselves. The Kab are the generators of
these algebras and have roots in the ei basis, ea − eb = (0, . . . , 0, 1, 0, . . . , 0,−1, 0, . . . , 0) where the
+1 entry occurs as the ath component and the −1 entry as the bth component. Now let us account
for the dilaton of string theory. So far, we have been concerned with finding the positive roots of the
algebra and their generators, but as we mentioned earlier the full algebra may be decomposed into
three parts, as a triangular decomposition, G ≡ Π+⊕Π0⊕Π−. As discussed once we have identified
the positive root and their generators Ea, the negative roots follow straightforwardly. The trivial
missing generators are all contained in the Cartan sub-algebra, Π0, which we may determine from
the Dynkin diagram. For the case of E11 we find the elements of the Cartan sub-algebra are,
Ha = Kaa −Ka+1a+1 a = 1 . . . 10
H11 = −13(K
1
1 + . . .+K88) +
2
3
(K99 +K1010 +K1111) (4.50)
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The complexification7 of the algebra of su(D) is isomorphic to sl(D), for a review see [30]. The
additional element of the Cartan sub-algebra in the case of E11 enlarges sl(11) to gl(11) - it adds
an additional scalar to the algebra [70]. In the case of K27 we find the Cartan sub-algebra,
Ha = Kaa −Ka+1a+1 a = 1 . . . 25
H26 = − 112(K
1
1 + . . .+K2424) +
11
12
(K2525 +K2626) +
1√
3
R
H27 = −1112(K
1
1 + . . .+K44) +
1
12
(K55 + . . .+K2626)− 1√
3
R (4.51)
For K27 we deleted two nodes to arrive at the preferred A25 sub-algebra, one of the extra elements
of the Cartan sub-algebra naturally enlarges the preferred sub-algebra to gl(26), the extra scalar
further enlarges the preferred sub-algebra to gl(26) + R where R is an additional scalar field,
associated to the dilaton, φ, of string theory.
Having made these comments let us turn our attention to the more serious ”missing” generator,
that is the translation generator, Pa. To address this issue we will concentrate on the E11 algebra.
Our first reaction ought to be one of surprise since the translation generator, which has A10 weights
[1, 0, . . . , 0], does actually appear in the algebra of E11. Specifically, using our variables from section
4.1, we must solve A = 1, which has an apparent string of solutions parameterised by,
m11 =
1
3
(−1 + 11k) = 7 + 11m (4.52)
To ensure this is a positive integer we have set k = 2 + 3m, where m ∈ Z+. Applying the root
length condition, we have,
β2 = −2[(3m+ 2)2 + 2m(m+ 2)] ≤ −8 (4.53)
Subject to the roots having a non-zero multiplicity, which is reported to be the case [63], it appears
we have very many translation generators. Incidentally, this kind of repetition of generators at
higher levels happens for all representations that we find in the algebra. The content of the algebra
may be thought of as being defined by the set of generators which appear at the lowest levels of
such a string of generators; these generators are akin to the prime numbers in that they are the
basic building blocks of the algebra, and one might refer to such generators as prime generators.
The problem with the translation generator is that its prime generator occurs at a level in the
algebra which is above the dual gravity field. Since we are dealing with a physical theory the
content that we are concerned with might be reasonably expected to occur before the dual gravity
field, which would be expected to have the largest index structure that we may be able to interpret
7This means simply allowing the coefficients of the generators to take complex values instead of just real values.
In our example in chapter two we already took this as the standard when discussing the representations of su(2).
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as a form in a D dimensional spacetime theory. Indeed if we truncate the theory to the generators
occurring at levels below that of the dual gravity field we find all the fields of bosonic supergravity
that occurred in the nonlinear realisation of chapter three. It is natural, in terms of the index
structure of the generator, to expect the translation generator to occur at low levels. Nevertheless
it has been suggested that the level 7 translation generator may still be used to generate spacetime
translations [72]. Later in this thesis we will argue for the relevancy of some of the higher level
fields of E11 and consequently it is difficult here to dismiss the level 7 translation generator.
However, we will adopt the proposal of [80], which is to enlarge the algebra to include its l1 rep-
resentation as well as adjoint representation of E11 which we constructed above. The associations
between the l1 representation and the adjoint representation of E11 as well as other very-extended
algebras has been studied in detail in [65]. The l1 representation of E11 has highest weight l1,
which is our notation for the first fundamental weight of E11 and hence when decomposed to
representations of A10 corresponds to the translation generator. It is found by attaching another
node, which we denote with a ∗, to node 1 of the Dynkin diagram of E11 by a single line, to give
E12, see figure (8), and then restricting the full E12 to just those roots with the Dynkin coefficient
of α∗ set to one. This is clearly a representation of E11 and if we were to label the fundamental
Figure 8: The Dynkin Diagram of E12
weights of E11 as li where 1 ≤ i ≤ 11, then we would find α∗ = x− l1, so that a generic weight in
the l1 representation therefore takes the form,
l1 −
11∑
i=1
miαi (4.54)
Hence we see the origin of the name ”l1 representation”. If we had set m∗ = 0 we would have found
the adjoint representation of E11 that was discussed earlier. The advantage of this representation
is that we find the translation generator for free at level zero. But that is not all, it turns out
[80, 65] that the content of the l1 representation may be interpreted as the central charges derived
from the gauge fields of E11.
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4.4 The Central Charges of M-theory
Let us now explicitly construct the low level generators of the l1 representation of E11. We extend
the notation of equation (4.2) so that the i index runs over {∗, 1, . . . 10} and we use a similar
extension of the components in the inner product of equation (4.1). The deleted roots are,
α∗ = x+
3
2
z − ν1
α11 = z − ν8 (4.55)
Where νi are fundamental weights of A10 given in our vector space basis by equation (4.12), and
the orthogonal vectors are,
x = e∗ − 12(e1 + . . .+ e11), x
2 =
3
2
z =
3
11
(e1 + . . .+ e11), z2 = − 211 (4.56)
A generic root in the l1 representation, having m∗ = 1, takes the form,
β = x+
3
2
z +m11z − Λ (4.57)
Where Λ is,
Λ = ν1 +m11ν8 −
10∑
i=1
miαi ≡
10∑
i=1
piνi (4.58)
We find as Dynkin coefficients,
mj =

j
11 (3m11 +A− 1)−Bj + 1, j ≤ 8
j
11 (−8m11 +A− 1)−Bj + 8m11 + 1, j > 8
(4.59)
We find a set of solutions given by
m11 =
1
3
(−A+ 1 + 11k) (4.60)
Such that,
mj =
jk −Bj + 1, j ≤ 8j
3 (A− 1− 8k)−Bj + 1 + 83 (−A+ 1 + 11k), j > 8
(4.61)
We find that A→ A+ 1, Bj → Bj + 1 maps our l1 representations into those of the adjoint found
earlier. This is to be expected since we have simply shifted our representations by the A10 weight
[1, 0, . . . 0]. The question of when representations of the An sub-algebra occur in both the adjoint
and l1 representations of G+++ with this one-to-one relationship is addressed in [65]. The generic
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root of the l1 representation is,
β = e∗ +
10∑
n=1
(k −
10∑
i=n
pi)en + ke11 (4.62)
Its length squared is,
β2 = 1 +
10∑
n=1
(k −
10∑
n
pi)2 + k2 − (m11)2 (4.63)
The roots of the l1 representation of E11 are given up to level 12 in table 34 in appendix A, where
we have dropped the α∗ or the e∗ in each basis.
Let us now offer some interpretation of the content of this representation. By comparing the
tables of roots of the l1 representation and the adjoint representation one may observe that for every
A10 weight occurring in the l1 representation one can find a weight in the adjoint representation
whose A10 weight, (p1, p2, . . . , p10), is simply shifted one place to the left in our notation to give
(p2, . . . , p10, 0). Let us denote the variables referring to the l1 representation with a hat. Specifically,
if we denote the weights appearing in the adjoint by pi, one is led to conjecture that if pˆi appears
in the l1 representation then pi = pˆi+1, p10 = 0 occurs in the adjoint. Let us check.
First we look to see if m11 is an integer,
m11 =
1
3
(−A+ 11k)
=
1
3
(−
10∑
i=1
(i− 1)pˆi + 11k)
=
1
3
(−Aˆ+
10∑
i=1
pˆi + 11k) (4.64)
Comparing this expression with equation (4.60), we conclude that m11 will be an integer if it is
possible to express
∑10
i=1 pˆi in the following form,
10∑
i=1
pˆi = 1 + 3n+ 11m (4.65)
Where n,m ∈ Z. This is true since the pˆi could sum to any integer and so we must be able to find
a unit grading on the right hand side, and we can see that by taking n = 4r and m = −r, where
r ∈ Z, this is satisfied, as,
10∑
i=1
pˆi = 1 + r (4.66)
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If we now substitute this back into our expression for m11 we find,
m11 =
1
3
(−Aˆ+ 1 + 11(k − r)) + 4r
= mˆ11 + 4r (4.67)
In the last line we have shifted our variable such that k− r = kˆ, and we see that we find a putative
root in the adjoint representation corresponding to every root of the l1 representation, but occurring
at a shifted, higher level. One can work through the tables of the l1 representation and check this
relation explicitly. We note in particular that if r = 0, that is if we are considering a fundamental
weight of A10 then the corresponding roots occur at the same level. We have not checked the root
length condition here, but such a check can be found in [65], where one can also finds results of this
nature, although presented somewhat differently than here, applied to very-extended Kac-Moody
algebras other than E11.
The consequence of this injection, relating l1 roots to adjoint roots, by shifting the A10 weights
one place lower in the weight vector allows to say that for every field arising in the l1 there is a
related field in the adjoint whose index structure is enlarged by one index for each representation
of A10 that it carries. For the simple cases we find that [0, . . . , 0, 1, 0], corresponding to a two-form
field Za1a2 , in the l1 representation is mapped to [0, . . . 0, 1, 0, 0] in the adjoint, corresponding to
the three-form gauge field of the M2-brane, Aa1...a3 . The natural interpretation is that Za1a2 is
the charge associated to the M2-brane. The same is true for [0, . . . , 0, 1, 0, 0, 0, 0], Za1...a5 which we
interpret as the central charge of the M5-brane. For these simple cases it is as if the l1 representation
simply adds an index to the gauge fields of the adjoint representation. The change in the index
structure is more complex for the non-fundamental representations. Nevertheless, we are able to
interpret the fields introduced to our algebra from the l1 representation as being associated to the
central charges of M-theory [65], should the E11 conjecture be established beyond doubt. It is quite
a surprising consequence of simply introducing the translation generator to the fields of the theory
that one finds a full set of central charges, and one must take it to imply that the coordinates of
spacetime are on an equal footing with all the fields associated to the central charges. In fact due
to the level shift in relating roots of the l1 representation and the adjoint, one can hope to learn
about the higher level fields of E11 from studying the central charges at low levels. The full algebra
constructed from both the adjoint representation of E11 and its l1 representation is the semidirect
product, l1 n E11.
The reader encouraged by aesthetic considerations might take the construction employed for
the l1 representation as hinting at an underlying E12 symmetry, simply because its construction
would be much more elegant than the semidirect product of l1 n E11, and one would find the
desired representations occurring at levels m∗ = 0, 1. If one were to specify the extra coordinate to
be timelike one would also be able to recognise the Lorentz group SO(2, 10), which is isomorphic
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to the conformal group in a Minkowski spacetime of signature (1, 9), immediately.
4.5 The l1 Representation of the Bosonic String
We finish this chapter by constructing the l1 algebra of K27, for which explicit tables of roots have
not been provided in the literature. We use the extension of the inner product of equation (4.38),
Figure 9: The Dynkin Diagram of K28
so that the simple roots are represented by the following vectors,
α∗ = e∗ − e1
α26 = e25 − e26
α27 = −(e∗ + e1 + . . .+ e4) +
√
3e27 (4.68)
The algebra is decomposed into representations of A25 by deleting the nodes labelled ∗, 26 and 27
of the Dynkin diagram in figure 9. The deleted roots may be expressed as,
α∗ = x− ν1
α26 = y − 227x− ν24
α27 = z − 527y −
22
27
x− ν4 (4.69)
Where νi are the fundamental weights of A25 and x, y and z are vectors orthogonal to the root
spaces of A25, A26 and D27 encountered in the decomposition. They are explicitly,
x = e∗ − 126(e1 + . . .+ e26), x
2 =
27
26
y =
2
27
(e∗ + e1 + . . .+ e26), y2 =
4
27
z =
√
3e27, z2 = −3 (4.70)
A general root of the l1 representation, having m∗ = 1 is therefore,
β = x+m26(y − 227x) +m27(z −
5
27
y − 22
27
x)− Λ (4.71)
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Where,
Λ = ν1 +m26ν24 +m27ν4 −
25∑
i=1
miαi ≡
25∑
i=1
piνi (4.72)
As usual, we look for solutions so that the following are non-negative integers,
mj =

j
26 (−1 + 2m26 + 22m27 +A)−Bj + 1 j ≤ 4
j
26 (−1 + 2m26 − 4m27 +A) + 4m27 −Bj + 1 5 ≤ j ≤ 24
1
26 (1 + 24m26 + 4m27 −A) j = 25
(4.73)
A general set of solutions is given by
m26 = −11m27 + 12(1−A) + 13k (4.74)
In the case of the adjoint representation of K27 we were restricted to representations of A25 such
that A was even, here, we find the complementary representations since A must be an odd number.
The other Dynkin coefficients become,
mj =

jk −Bj + 1 j ≤ 4
j(k −m27) + 4m27 −Bj + 1 5 ≤ j ≤ 24
1
2 (1−A)− 10m27 + 12k j = 25
(4.75)
These are integers with the proviso that A is odd, and give the general root,
β = e∗ +
25∑
n=1
(k −m27 −
25∑
i=n
pi)en + (k −m27)e26 +
√
2m27e27 (4.76)
Which has length squared,
β2 = 1 +
25∑
n=1
(k −m27 −
25∑
i=n
pi)2 + (k −m27)2 − 2m227 (4.77)
Using these expressions we may generate the root system with the help of a computer program,
and we list the low level content of the l1 representation of K27 in table 35 of appendix A.
As for the E11 algebra we can check to see if we can interpret the fields of the l1 representation as
central charges related to the fields of the K27 theory. We switch to using hatted indices to indicate
variables associated to the l1 representation, and repeat the analysis of the previous section. We
are curious to find if the following m26 is integer valued, for some root of the l1 representation,
encoded in Aˆ and pˆi,
m26 = −11m27 − 12(
25∑
i=1
pˆi − Aˆ) + 13k (4.78)
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Allowing for shifts in the parameters we may require,
25∑
i=1
pˆi = 1 + 22n+ 26m+ 2q = 1 + 2r (4.79)
We see that we can only find associated representations in the adjoint if
∑25
i=1 pi is odd. This is to
be expected due to the complementary even-odd parity of the sum, A, that was used to construct
the two algebras. The associated roots in the adjoint occur at level,
m27 = mˆ27
m26 = mˆ26 + r (4.80)
For example in the tables of appendix A, we may identify a number of such associations which
occur at the same level. There are some examples where a shift in the level m26 can be seen even
in our low order tables. For example the weight [2, 0, 0, 0, 1, 0, . . . , 0] at level (mˆ26, mˆ27) = (1, 2),
so that r = 1 and indeed we do find the A25 representation [0, 0, 0, 1, 0, . . . , 0] in the adjoint at
level (m26,m27) = (2, 2) of our tables. Between the same levels we can also find the related roots
with A25 weights [0, 1, 0, 0, 0, 1, 0, . . . , 0, 1] → [1, 0, 0, 0, 1, 0, . . . , 0, 1, 0] as expected from the above
analysis.
We leave open the question of how to interpret the remaining roots of the l1 representation,
those with even values for
∑25
i=1 pi, and indeed do not address the interesting question of how to
physically interpret the higher order gauge fields in the K27 algebra.
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In this chapter we discover a group element of a special form that encodes the algebra of E11 as
well as other so-called very-extended Kac-Moody algebras [66], in such a way that the roots of the
adjoint representation can be readily identified with brane solutions from M -theory. The reader is
referred to appendix D for the Dynkin diagrams of the very-extended algebras considered in this
chapter. We will describe the results published originally in [85] and [28].
In section 3.4 we demonstrated the process of dimensional reduction and observed that in
a reduction to three dimensions one obtains a generic theory containing gravity, gauge fields of
various rank and possibly a dilaton that is described by the properties of its scalars. In the
cases we looked at the scalars belonged to a nonlinear realisation of AD−3 and E8. It is sensible
to ask the reverse question, that is if we start with a theory in three dimensions and allow the
scalars to parameterise a coset with the symmetry of an arbitrary semisimple Lie group, what
is the related higher dimensional theory? Such a set of theories whose dimensional reduction to
three dimensions yield every possible semisimple Lie group, G, was found in [73]. The process
of reversing the dimensional reduction takes its name from chemistry and is called oxidation.
For a detailed discussion of oxidation in the context of group theory the reader is referred to
[84]. Furthermore a correspondence between the low-level fields in the adjoint representation of a
very-extended Lie group, G+++, and the maximally oxidised theory associated with G has been
demonstrated in reference [64]. There is a substantial literature deriving single brane solutions
in generic supergravity theories [90], for a review see [77, 78]. The solutions for the oxidised
theories mentioned above were considered in [71]. In this chapter we will prove by construction
that there exists a group element, which is a modification of that found in [85], which encodes brane
solutions of the corresponding maximally oxidised supergravity theories in a universal manner. We
commence by reviewing the results of [85].
5.1 M-theory, IIA and IIB brane solutions
It was shown in [85] that the usual half-BPS solutions of the type IIA and type IIB ten dimensional
supergravity theories and the eleven dimensional theory possess a general formulation in terms of
E11 group elements, namely,
g = exp(−1
2
lnNβ ·H) exp((1−N)Eβ) (5.1)
Where, β is a root in the adjoint representation of E11, Eβ is its corresponding generator, H is a
vector consisting of the elements of the Cartan sub-algebra and N is a harmonic function related
to the gauge field, A, such that A = N−1 − 1. In the literature concerning brane solutions in
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supergravity [77, 78] one finds harmonic functions, N , having the form,
N = 1 +
k
rD−p−3
(5.2)
Where k is a constant dependent upon the space-time dimension, the dimension of the brane,
dilaton coupling (if a dilaton is present) and the charge carried by the brane, an explicit form is
given in equation (6.5) later in this thesis. The variable r is the usual notion of distance defined
over the coordinates transverse to the brane worldvolume, i.e. r2 = gabxaxb where the indices
a, b are transverse to the brane worldvolume. It is possible to write the harmonic function of
equation (5.2) in terms of group theoretical quantities. The assertion, that we will demonstrate by
construction, is that for simply-laced groups,
p+ 1 =
D∑
i=1
(i−D) < αi, β >= D
D∑
i=1
pi − A˜ (5.3)
Where we have used the notation from chapter 4, that is A˜ ≡∑Di=1 ipi (as oppose to A which we
have used in this chapter to denote a gauge field) and pi indicate the weights along the gravity
line, AD−1. We may write the harmonic function N in the group theoretic notation,
N = 1 +
k
rD−2−
PD
i=1(i−D)<αi,β>
(5.4)
In fact the results of [28] demonstrated that the group element of equation (5.1) should be gener-
alised to take account of the varying root lengths of E11 to,
g = exp(− 1
β2
lnNβ ·H) exp((1−N)Eβ) (5.5)
And similarly the expression for the harmonic function becomes,
N = 1 +
k
r
D−2−PDi=1(i−D)<αi,β> <β,β><αi,αi> (5.6)
We will use these latter expressions throughout.
Let us consider the well-known solutions of M-theory, the M2-brane, the M5-brane and the
pp-wave, we demonstrate that these are solutions of the Einstein equations of a truncated form
of the eleven dimensional supergravity action in appendix B, and now we turn our attention to
demonstrating that they are contained in the E11 algebra by a group element of the form of equation
(5.5). Before we commence it will be helpful to write down the elements of the Cartan sub-algebra
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of E11 which we find using equation (2.72),
Hi = Kii −Ki+1i+1, i = 1 . . . 10
H11 = −13(K
1
1 + . . .+K88) +
2
3
(K99 +K1010 +K1111) (5.7)
Now, using table 32 as our reference, we take the first few roots and substitute them into our group
element to see how the brane solutions are encoded. Taking β = α11 we find that,
g = exp(−1
2
lnNH11) exp((1−N)R91011)
= exp(−1
2
lnN [−1
3
(K11 + . . .+K88) +
2
3
(K99 +K1010 +K1111)]) exp((1−N)R91011) (5.8)
Where R91011 is the generator associated to the root α11. Recalling from chapter three that the
coefficients, hab, of the generators Kab give the vielbein as (eh)µ
a we can read off the line element
corresponding to this element, it is,
ds2 = N
1
3 (dt12 + . . .+ dy28) +N
− 23 (dx29 + dx
2
10 − dt2) (5.9)
Where we have imposed the signature of spacetime upon our solution by Wick rotating x11 → −it
we will not worry about the consequences of this process at this stage since it is the subject of
chapter six, but we will mention in passing that it is simply a matter of choosing a particular real
form of the A10 sub-algebra that we are working with. We read off our gauge field too,
AT91011 = 1−N (5.10)
Where the ”T” is used to indicate that its indices are the flat tangent space indices of the group.
To find a familiar gauge field we must transform the tangent space indices to world volume indices
using the vielbein on the relevant coordinates, i.e. e99 = e1010 = e1111 = N−
1
3 . We find the
familiar relation between the gauge field and harmonic function, namely,
A91011 = N−1 − 1 (5.11)
From equation (5.6) we find that,
N = 1 +
k
r6
(5.12)
In other words we have reproduced the familiar M2 brane solution. We can repeat the process for
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the next root in table 32 β = (0, . . . , 0, 1, 2, 3, 2, 1, 2), we find that,
β ·H = H6 + 2H7 + 3H8 + 2H9 +H10 + 2H11
= −2
3
(K11 + . . .+K55) +
1
3
(K66 + . . .+K1111) (5.13)
Giving the line element of the M5-brane,
ds2 = N
2
3 (dt21 + . . .+ dy
2
5) +N
− 13 (dx26 + . . .+ dx
2
10 − dt2) (5.14)
The gauge field and harmonic function are those of the M5 solution. The pp-wave solution follows
similarly as can be see in [85].
An interesting property of the E11 algebra, that was reported earlier in [64], is also demon-
strated in [85] using the group element of equation (5.5). This is the interesting observation that
upon dimensional reduction to ten dimensions, which corresponds in the algebra decomposition to
deleting a node on the gravity line so that the diagram remains connected, there are two different
ways to decompose to an A9 sub-algebra. One way gives rise to all the bosonic fields of IIA super-
gravity and the second choice leads to the bosonic fields of IIB supergravity. The group element
then encodes the well-known brane solutions of each theory. Dimensional reduction of eleven di-
mensional supergravity gives rise to a non-chiral IIA theory, and to construct the IIB chiral theory
requires a little premeditation. Given that much of the motivation for an E11 symmetry has been
based upon the symmetries that appear in dimensional reduction, but that the IIB theory is not
derived in such a straightforward manner, it must be viewed as a minor success that the three
supergravity theories in eleven and ten dimensions may be united in such a satisfying scheme to
the reader sympathetic to the E11 conjecture.
5.2 The Commutators
In order to work with the nonlinear realisation of a particular very-extended group, G+++ we will
need to construct the commutators of the algebra at low orders. While this will be a useful process
to go through it will also transpire that there is a delicate aspect to finding brane solutions encoded
in the group element of equation (5.5), for which knowledge of the algebras commutators will be
crucial. The delicate point is that ordering of the generators in the group element is important. We
will see this most clearly in the diverse examples that occur when finding the solution content of
the maximally oxidised supergravity theories, and in particular with the role of the dilaton, whose
generator R0 will occur in the first exponential of the group element, coming from β ·H, but we
will find that we only find the expected brane solutions when we group together the dilaton fields
into their own exponential. This aspect of the dilaton in the non-linear realisation is discussed in
section 5.3. In order to manoeuvre the dilaton generator we will use the identities of section 2.6,
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so that knowledge of the commutators of the dilaton will be crucial.
By definition a Kac-Moody algebra is the multiple commutators of the simple root generators,
Ea and separately those of Fa, subject to the Serre relations (2.72). However as a matter of practise
this is very difficult to carry out, in this section we explain how to construct the commutators of the
G+++ algebra using the tables of low-order generators in [64]. If we consider two An representations
with root coefficients (a1, a2, . . . , an) and (b1, b2, . . . , bn) then their commutator has a root which
is the sum, i.e. it has root coefficients ((a1 + b1), (a2 + b2), . . . , (an + bn)).
The Borel sub-algebra is formed from the Cartan sub-algebra generators, Ha, where a = 1 . . . n,
the positive root generators, Kab, where a < b and a, b = 1 . . . n, and the generators, Ra1...anb1...bm
which arise from our decomposition of G+++. The generators of the Cartan sub-algebra are con-
structed from the Kaa generators where a = 1 . . . n and a dilaton generator, which we label R0,
although some of the theories we are interested in have no dilaton. The Kab and Ra1...anb1...bm
obey the commutation rules
[Kab,Kcd] =δbcK
a
d − δadKbc
[Kab, Rc1...cnd1...dm ] =δ
c1
b R
ac2...cn
d1...dm + . . .+ δ
cn
b R
c1...cn−1a
d1...dm (5.15)
− δad1Rc1...cnbd2...dm − . . .− δadmRc1...cnd1...dm−1b
Where the second equation includes a contribution from the trace of Kab, which is really a GL(n)
generator. Let us make use of the following notation for a generic commutator
[Rn1n2...na(s1) , R
n1n2...nb
(s2)
] = cs1,s2a,b R
n1n2...na+b
(s1+s2)
(5.16)
The s labels are the levels associated with the elimination of one of the simple roots in theories
where the decomposition involves the elimination of more than one simple root. It is used to
differentiate different types of generators, and can be simply read off from the root. We define
which root is associated with the s labels in each of the G+++ that we consider. In G+++ theories
where only one root is eliminated the s label is redundant and will be dropped.
Some general restrictions on cs1,s2a,b are determined from the general Jacobi identity, where we
simplify our notation so that the figure in square brackets is the number of antisymmetrised indices
on each operator
[R[a]s1 , [R
[b]
s2 , R
[c]
s3 ]] + [R
[b]
s2 , [R
[c]
s3 , R
[a]
s1 ]] + [R
[c]
s3 , [R
[a]
s1 , R
[b]
s2 ]] = 0
⇒ cs1,s2+s3a,b+c cs2,s3b,c + cs2,s3+s1b,c+a cs3,s1c,a + cs3,s1+s2c,a+b cs1,s2a,b = 0 (5.17)
Having commenced with the generators associated with the simple roots, we construct new gener-
ators by taking their commutators as we proceed. Subsequently by taking a commutator with a
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third generator we find restrictions on our commutator coefficients, cs1,s2a,b , using the Jacobi identity
given above.
We will be particularly interested in finding how the dilaton commutes with other generators,
which is denoted by R[a]s1 = R0 to be the dilaton generator. The dilaton generator appears as
a member of the Cartan sub-algebra, so it doesn’t change the An representation of the operator
it commutes with. Of particular use are the following specific cases of (5.17) which give the
commutator coefficients for the general commutator [R0, R
[m]
s ] = c0,s0,mR
[m]
s in a recursive form
which we have found by setting b = 1 and c = m− 1 for the following values of s2 and s3 in (5.17)
s2 = 0, s3 = 0 ⇒ c0,00,m = c0,00,m−1 + c0,00,1 (5.18)
s2 = 0, s3 = 1 ⇒ c0,10,m = c0,10,m−1 + c0,00,1 (5.19)
s2 = 1, s3 = 0 ⇒ c0,10,m = c0,00,m−1 + c0,10,1 (5.20)
s2 = 1, s3 = 1 ⇒ c0,20,m = c0,10,m−1 + c0,10,1 (5.21)
These relations allow us to find all the commutators with the dilaton, R0, up to low orders, and
we only need to specify one unknown which we choose to be (c0,00,1).
8 Similar recursive commutator
relations can be found for higher order generators by considering s labels which are greater than
one in equation (5.17).
Let us consider the example of F+++4 to demonstrate how we build the algebra. The low order
generators of F+++4 are given in reference [64] and we list them here with their associated root
coefficients in brackets after them.
R0(0000000) R1(0000001)
R60(0000010) R
6
1(0000011)
R560 (0000120) R
56
1 (0000121) R
56
2 (0000122) (5.22)
R4561 (0001231) R
456
2 (0001232)
R34561 (0012341) R
456,6
2 (0001242)
R34562 (0012342)
The seven generators associated with the simple roots are Ea = Kaa+1 for a = 1 . . . 5, E6 = R60
and E7 = R1. The subscript s labels are the levels corresponding to the simple root generator R1.
We read off the following commutation relations for the dilaton R0 with the other generators from
8The relation between c0,10,1 and c
0,0
0,1 can be found by considering the commutation any of the Cartan elements,
e.g. Hn, that contain R0 with the generator for the simple root corresponding the second eliminated root, e.g. for
the F+++4 algebra this is E7, which can be seen in appendix D on the Dynkin diagram.
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the root coefficients
[R0, Ra0 ] = c
0,0
0,1R
a
0 [R0, R
a
1 ] = c
0,1
0,1R
a
1
[R0, Rab0 ] = c
0,0
0,2R
ab
0 [R0, R
ab
1 ] = c
0,1
0,2R
ab
1 [R0, R
ab
2 ] = c
0,2
0,2R
ab
2
[R0, Rabc1 ] = c
0,1
0,3R
abc
1 [R0, R
abc
2 ] = c
0,2
0,3R
abc
2 (5.23)
[R0, Rabcd1 ] = c
0,1
0,4R
abcd
1 [R0, R
abc,d
2 ] = c
0,2
0,4R
abc,d
2
By considering [H7, E7] = 2E7 and [H7, E6] = −E6, from equation (2.72), we find that c0,10,1 = −c0,00,1
and using equations (5.18)-(5.21) we find that in terms of c0,00,1 the commutation relations above are
[R0, Ra0 ] = c
0,0
0,1R
a
0 [R0, R
a
1 ] = −c0,00,1Ra1
[R0, Rab0 ] = 2c
0,0
0,1R
ab
0 [R0, R
ab
1 ] = 0 [R0, R
ab
2 ] = −2c0,00,1Rab2
[R0, Rabc1 ] = c
0,0
0,1R
abc
1 [R0, R
abc
2 ] = −c0,00,1Rabc2 (5.24)
[R0, Rabcd1 ] = 2c
0,0
0,1R
abcd
1 [R0, R
abc,d
2 ] = 0
We fix c0,10,0 to be
1√
8
and obtain the relations given later in equation (5.93). Other commutators
can easily be found using the table of roots given in [64] together with the Jacobi identity (5.17)
and the Serre relations (2.72).
5.3 The Dilaton Generator
Equation (5.5) plays a central role in our work and may contain the dilaton generator, R0, through
β ·H for particular algebras. The non-linear realisation allows us to write down the most generally
covariant field equations, as carried out in chapter two, for the field content arising from a particular
G+++ in which the dilaton field, A appears within a factor in the field strength. The procedure
for finding the field equations is given in [67, 3, 51] and, using the above commutator relations, in
the non-linear realisation of G+++ the field strengths take the form
Fa1a2...aps1 = pe
−c0,s10,p−1A(∂[a1Aa2...ap]s1 + . . .) (5.25)
Where ”+ . . .” indicates terms which are not total derivatives but have the correct number of
indices and within which the sum of s labels matches the s label of the field strength. The required
dual field strength in the non-linear realisation is found to take the form
Fa1a2...a(D−p)s2
= (D − p)e−c
0,s2
0,D−(p−1)A(∂[a1Aa2...aD−p]s2 + . . .) (5.26)
Where D is the number of background spacetime dimensions, and we construct the remaining field
strengths similarly. Having constructed the field strengths for a particular theory, we follow the
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process in [67, 3, 51] and write down the equations relating a field strength and its Hodge dual,
which take the general form
∗ Fa1a2...a(D−p)s1 ≡ Fa1a2...aps1 =
1
p!
a1a2...aDF
a(p+1)...aD
s2 (5.27)
Where the Hodge dual is indicated by ∗, and a1a2...aD is the usual completely antisymmetric
tensor. We then substitute our expressions for Fa1a2...aps1 and Fa1a2...aD−ps2 into this equation.
The second order field equations are obtained by bringing all factors containing the dilaton field
ekA together as a coefficient of the field strength appearing in the Lagrangian and differentiating
the equation. Any total derivatives vanish by the Bianchi identity and we obtain an equation of
the form
∂[am ∗ (pe(−c
0,s1
0,p−1+c
0,s2
0,D−(p−1))A(∂a1Aa2...ap]s1) + . . .) = ∂[am(+ . . .)] (5.28)
The ”+ . . .” correspond to the non-total derivative terms coming from our non-linear formulation
of the field strengths. The coefficient of the total derivative on the left-hand-side is now exactly
that which appears in a Lagrangian formulation of this system, where the field strength is just
the total derivative, p∂[a1Aa2...ap]. These considerations are useful in making comparisons with the
literature, in particular with [73]. The reader may see a fully worked example of this method for
D+++n−3 in section 5.5.1.
5.4 Solutions in Generic Gravity Theories
We use the notation of [77] to express the general equations of motion, line element and dilaton
that arise from a theory containing gravity, a gauge field and a dilaton, which is the truncation of
the full supergravity action, and allows us to investigate single brane solutions. The generic action
integral is
A =
1
16piGD
∫
dDx
√−g(R− 1
2
∂µφ∂
µφ− 1
2.ni!
eaiφFa1...aniF
a1...ani ) (5.29)
Where D is the dimension of the background spacetime, ai is the dilaton coupling constant, Fa1...ani
is a general ni-form field strength. We note here that the equations of motion derived from a
truncated action, as above, is always consistent with the single electric brane solutions presented
here. Chern-Simons terms in the full action will alter the equation of motion obtained from varying
the gauge potentials. For our solutions the only non-zero gauge potentials possess a timelike index,
any remaining Chern-Simons-like terms in the gauge equation will be a wedge product of such
gauge fields and so are identically zero. Consequently the Chern-Simons terms do not effect our
single electric brane solutions as they vanish at the level of the equations of motion. The equations
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of motion coming from the general action above are
Rµν =
1
2
∂µφ∂νφ+
1
2ni!
eaiφ(niFµa2...aniFνa2...ani −
ni − 1
D − 2 δ
µ
νFa1...aniF
a1...ani )
∂µ(
√−g∂µφ) =
√−g.ai
2.ni!
eaiφFa1...aniF
a1...ani
∂µ(
√−geaiφFµa2...ani ) = 0 (5.30)
A theory containing such field strengths, Fa1...ani , has conserved charges which are associated with
(ni−2)-branes, and their dual field strengths are associated to (D−ni−2)-branes. A BPS p-brane
solution with arbitrary dilaton coupling has line element
ds2 = N−2(
D−p−3
∆ )
p (−dt21 + dx22 + . . . dx2p+1) +N2(
p+1
∆ )
p (dy2p+2 + . . . dy
2
D) (5.31)
Where ∆ = (p+ 1)(D − p− 3) + 12a2i (D − 2), ai is the dilaton coupling constant of the associated
field strength, Fa1...ani , and Np is an harmonic function, equal to (5.6), and taking the general
form
Np = 1 +
1
D − p− 3
√
∆
2(D − 2)
‖Q‖
r(D−p−3)
(5.32)
Where Q is the conserved charge associated with the p-brane solution, and r2 = y2p+2 + . . . y
2
D.
We are able to read from any given line element the value of the dilaton coupling constant, ai, to
within a minus sign. The associated dilaton, for coupling constant ai, is
eφ = Nai
D−2
∆
p (5.33)
A second brane solution is associated with the dual of the field strength that gives rise to the
p-brane solution. This is a (D− p− 4)-brane, where the dilaton coupling constant, −ai, is now the
negative of that for the p-brane. We find that for the (D − p− 4)-brane
∆′ = (D − p− 3)(p+ 1) + 1
2
a2i (D − 2) = ∆ (5.34)
And the line element for the brane associated with the dual field strength is
ds2 = N−2(
p+1
∆ )
D−p−4 (−dt21 + dx22 + . . . dx2D−p−3) +N
2(D−p−3∆ )
D−p−4 (dy
2
D−p−2 + . . . dy
2
D) (5.35)
The associated dilaton is
eφ = N−ai
D−2
∆
D−p−4 (5.36)
Ensuring that the line elements are related as (5.31) is to (5.35) and confirmation of a change of
sign in the power of the harmonic function N in the dilaton, as between (5.33) and (5.36), enables
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us to recognise which field strengths are dual to each other in the G+++ considered in the remainder
of this chapter.
5.5 Simply Laced Groups
Having established the background material and tools we now proceed to check that our group
element of equation (5.5) does indeed encode the electric brane solutions of G+++. We commence
with simply-laced groups. A simply laced group has simple roots which all have the same length,
here our roots are normalised such that α2a = 2.
We also change our convention for picking out the timelike coordinate in our spacetime. In the
earlier examples from E11 we chose x11 to be our timelike coordinate. As we will see in chapter
six, all such choices of timelike coordinate are equivalent for the algebra, and are related by Weyl
reflections in roots along the gravity line. Consequently in the remainder of this chapter we stick
to the more conventional choice of singling out x1 as a time coordinate. In terms of the generators,
those that appear in the decompositions of chapter four and in the literature [64], are highest
weight generators, whose indices are the highest sequential coordinates of the spacetime, one of
which is the time coordinate. We may lower the indices of such generators using commutators with
the generators, Kab of the An sub-algebra, or by applying Weyl reflections in the roots of the An
sub-algebra. We will highlight such a shift to a lowest weight generator in the following examples.
5.5.1 Very Extended Dn−3
D+++24 ≡ K27 is the conjectured symmetry underlying the effective action of the bosonic string
theory [3], and the analogous n-dimensional generalisation is D+++n−3 [3, 70], these are maximally
oxidised theories. The Dynkin diagram for D+++n−3 is shown in appendix D, where the red nodes
indicate the gravity line we shall consider, which is an An−2 sub-algebra.
We decompose the D+++n−3 algebra with respect to its An−2 sub-algebra, the simple roots whose
nodes we delete are αn−1 and αn, as enumerated in appendix D and we associate the levels l1 and
l2 with these respectively. Our s labels are chosen to be the l2 level that the generator appears at.
We find the generators Kab at level (0, 0), corresponding to the An−2 sub-algebra of the gravity
line, and the following other generators up to level (1, 1)
l1 −→ 0 1
l2 ↓ 0 R0 Ra1a2...a(n−5)1
1 Rab0 R
a1a2...a(n−4),b
1
R
a1a2...a(n−3)
1 (5.37)
The so-called dual to gravity Ra1a2...a(n−4),b1 is listed amongst our low-level generators for com-
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pleteness but it is not as well understood as the other listed generators and we will not consider
it here, nor throughout this chapter in any of the G+++ theories that we consider, as a starting
point generator for finding the encoded brane solutions via equation (5.5). Each of the generators
is associated with a root, β, such that β2 = 2 except for the dilaton generator R0 and the generator
R
a1a2...a(n−3)
1 , for which β
2 = 0. That β2 = 0 for these generators means that we cannot commence
with the generators R0 and R
a1a2...a(n−3)
1 and use the group element in equation (5.5) to deduce
an electric brane associated with them, as we would have a singularity coming from the 1β2 for
these generators. As such they are discarded as starting points for our method, as are all such
generators which possess such a singularity. It would be interesting to understand this obstruction
to finding a brane solution by the method advocated in this chapter, as it would certainly provide
information relating the root length to the physical spectrum. Since in the nonlinear realisations
of Kac-Moody algebras we have very many more roots than physical branes, any information that
can be gleamed about such a property of the algebra could be invaluable.
We make use of the following commutators, where we have chosen the coefficient 24D−2 in keeping
with [3] and the other commutator has been determined from the Serre relations (2.72)
[R0, Rab0 ] =
24
D − 2R
ab
0
[R0, R
a1a2...an−5
1 ] = −
24
D − 2R
a1a2...an−5
1 (5.38)
The simple root generators of D+++n−3 are
Ea = Kaa+1, a = 1, . . . (n− 2)
E(n−1) = R
(n−2)(n−1)
0
En = R
56...(n−1)
1 (5.39)
and the Cartan sub-algebra generators, Ha, are given by
Ha = Kaa −Ka+1a+1, a = 1, . . . (n− 2),
H(n−1) = − 2
D − 2(K
1
1 + . . .Kn−3n−3) +
D − 4
D − 2(K
n−2
n−2 +Kn−1n−1) +
1
6
R0
Hn = −D − 4
D − 2(K
1
1 + . . .K44) +
2
D − 2(K
5
5 + . . .Kn−1n−1)− 16R0 (5.40)
The low-level field content [64] is hˆab, A, Aa1a2 and their field strengths have duals derived from
Aa1...an−4,b, Aa1...an−3 , Aa1...an−5 respectively. Our choice of local sub-algebra for the non-linear
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realisation allows us to write the group element as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
(n− 3)!Aa1a2...an−3R
a1a2...an−3
1 ) exp(
1
(n− 4)!Aa1a2...an−4,bR
a1a2...an−4,b
1 )
exp(
1
(n− 5)!Aa1a2...an−5R
a1a2...an−5
1 ) exp(
1
2!
AabR
ab
0 ) exp(AR0) (5.41)
The field content of the associated maximally oxidised theory given in [73] agrees with the low-order
D+++n−3 content given above. The Lagrangian for the oxidised theory, contains gravity, a dilaton, A,
and a 3-form field strength, Fµνρ = 3∂[µAνρ], and is given by
A =
1
16piGn−1
∫
dn−1x
√−g(R− 1
2
∂µφ∂
µφ− 1
2.3!
e
√
8
D−2φFµνρF
µνρ) (5.42)
Using the group element of equation (5.5) applied to the roots and generators listed in equation
(5.37), we find the following electric branes:
A String We commence by setting β in (5.5) to be the root associated with the generator,
R
(n−2)(n−1)
0 (00 . . . 010), the highest weight in the R
a1a2 representation, corresponding to the field
Aa1a2 in [64]. In order to use conventional notation we choose to associate time-like coordinate
with x1. This means finding the lowest weight of R(n−2)(n−1)0 using multiple commutation with
the appropriate Kab generators such that all the indices on our operator are lowered to the low-
est consecutive sequence of indices. Our corresponding lowest weight in this representation is
R120 (12 . . . 2110). The new root is found by adding a simple root αa for each K
a
a+1 that we
commute with R(n−2)(n−1)0 to lower its indices. We find (taking β = (12 . . . 2110)),
β ·H = D − 4
D − 2(K
1
1 +K22)− 2
D − 2(K
3
3 + . . .+Kn−1n−1) +
1
6
R0
We now substitute equation (5.43) into our group element given in equation (5.5),
g = exp(−1
2
lnN1(
D − 4
D − 2(K
1
1 +K22)− 2
D − 2(K
3
3 + . . .+Kn−1n−1) +
1
6
R0)) exp((1−N1)Eβ)
= exp(−1
2
lnN1(
D − 4
D − 2(K
1
1 +K22)− 2
D − 2(K
3
3 + . . .+Kn−1n−1)))
exp(N
− 2D−2
1 (1−N1)Eβ) exp(−
1
12
lnN1R0) (5.43)
Where we have moved the generator associated with the dilaton, R0, to the right so that it agrees
with the structure of the group element from which the non-linear realisation is constructed in
equation (5.41). We make use of [R0, Rab0 ] in equation (5.38) to do this
9 and by examining the
9We note that in this case the commutator takes the form [X,Y ] = kY where k is some constant so that eXeY =
eY eXe[X,Y ] appears to have defeated the object of moving the generator Y past X. But by the Serre relations,
[X, [X,Y ]] = [Y, [X,Y ]] = 0 so that eXeY = eY e[X,Y ]eX . Furthermore we also make use of the approximation
1 + lnNm ≈ Nm.
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resulting R0 term we find a dilaton which is given by
eA = N−
1
12
1 (5.44)
By reading off the coefficients of the Kaa in the group element we find a line element corresponding
to a string
ds2 = N
−D−4D−2
1 (−dt21 + dx22) +N
2
D−2
1 (dy
2
3 + . . .+ dy
2
n−1) (5.45)
The brane is derived from a gauge potential which we can also read off from equation (5.43) as the
coefficient of Eβ
AT12(0) = N
− 2D−2
1 (1−N1) (5.46)
To make the change to world volume indices we use the appropriate vielbein components which we
read from equation (5.45), (ehˆ)11 = (e
hˆ)22 = N
− D−42(D−2)
1 and find
A12(0) = N
−1
1 − 1 (5.47)
This gives rise to a 3-form field strength, which we label Fµνρ0.
An (n − 6) Brane Let us consider the representation Ra1a2...an−5 , corresponding to the field
Aa1a2...an−5 in [64] whose highest weight generator is R
5...(n−1)
1 (00 . . . 01). The lowest weight
generator in the representation is R1...(n−5)1 (1234 . . . 432101) and the corresponding element in the
Cartan sub-algebra is
β ·H = 2
D − 2(K
1
1 + . . .+Kn−5n−5)− D − 4
D − 2(K
n−4
n−4 + . . .+Kn−1n−1)− 16R0 (5.48)
Substituting this into equation (5.5), recalling that β2 = 2, we find the corresponding group element
is
g = exp(−1
2
lnNn−6(
2
D − 2(K
1
1 + . . .+Kn−5n−5)
− D − 4
D − 2(K
n−4
n−4 + . . .+Kn−1n−1))) exp(N
− 2D−2
n−6 (1−Nn−6)Eβ)
exp(
1
12
lnNn−6R0)
Where in the last line we have made use of [R0, R
a1...an−5
1 ], given in equation (5.38) to move the
dilaton generator, R0, to the far right of the expression in agreement with the group element from
which the non-linear realisation is constructed (5.41). By examining the R0 term we find a dilaton
given by
eA = N
1
12
n−6 (5.49)
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And a line element corresponding to an electric (n− 6)-brane
ds2 = N
− 2D−2
n−6 (−dt21 + . . . dx2n−5) +N
D−4
D−2
n−6 (dy
2
n−4 + . . .+ dy
2
n−1) (5.50)
The brane is derived from a gauge potential
AT12...(n−5)(1) = N
− 2D−2
n−6 (1−Nn−6) (5.51)
We use (ehˆ)11 = . . . (e
hˆ)n−5n−5 = N
− 1D−2
n−6 and make the change to world volume indices
A12...(n−5)(1) =N
− 2D−2
n−6 N
− n−5D−2
n−6 (1−Nn−6)
=N−1n−6 − 1 (5.52)
Where we have used D = n− 1 to get to the second line. This gauge potential is associated with
an (n− 4)-form field strength which we conclude is the dual of Fµνρ0.
We have reproduced all the usual BPS electric branes using the group element given in equation
(5.5). The formulae we have found above do indeed correspond to the solutions of the Lagrangian
(5.42). Let us now consider a fully worked example of the method outlined in section 5.3 to find a
relation between our dilaton generator A and φ. We have found the gauge potentials A(0), A(0)a1a2
and A(1)a1...an−5 and we have one 3-form field strength appearing in the Lagrangian of equation (5.42).
Using equation (5.25) we write down the most general equation for the 3-form field strength
Fa1a2a3 (0) = 3e
−c0,00,2A∂[a1Aa2a3](0) (5.53)
Its dual is an (n− 4)-form field strength which is most generally
Fa1...an−4 (1) = (n− 4)e−c
0,1
0,n−5A∂[a1Aa2...an−5](1) (5.54)
These are related by duality giving
∗ Fa1a2a3 (0) =
1
(n− 4)!a1a2a3b1...bn−4F
a1...a3
(0) = Fb1...bn−4 (1) (5.55)
Substituting equations (5.53) and (5.54) into equation (5.55) yields
∗ (3e−c0,00,2A∂[a1Aa2a3](0)) = (n− 4)e−c
0,1
0,n−5A∂[a1Aa2...an−4](1) (5.56)
If we bring the exponentials of A together on the left-hand-side with the 3-form and differentiate
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we obtain
∂[am ∗ (3e(−c
0,0
0,2+c
0,1
0,n−5)A∂a1Aa2a3](0)) = 0 (5.57)
Where the right-hand-side has vanished under differentiation by the Bianchi identity. The com-
mutation of Hn−1 given in equation (5.40) with the positive root generators En and En−1 enables
us to find a relation between c0,10,n−5 and c
0,0
0,2, we take l =
1
12 and we find
[Hn−1, En] = [Hn−1, R
56...(n−1)
1 ] = 0 ⇒ lc0,10,n−5 = −
4
D − 2
[Hn−1, En−1] = [Hn−1, R
(n−2)(n−1)
0 ] = 2R
(n−2)(n−1)
0 ⇒ lc0,00,2 =
4
D − 2
⇒ c0,00,2 = −c0,10,n−5 (5.58)
Substituting this identity into our field equation (5.57) gives
∂[am ∗ (3e(−2c
0,0
0,2)A∂a1Aa2a3](0)) = 0 (5.59)
We have fixed our structure constants such that c0,00,2 =
24
D−2 in accordance with reference [3] and
by comparison with (5.42) we find that
A = − 1
12
√
D − 2
2
φ (5.60)
We find the electric branes from the group element to E+++6 and E
+++
7 in appendix C and show
similarly that the low order field content derived from the group element (5.5) matches the field
content given in reference [73] for the corresponding oxidised theories.
5.6 Non-Simply Laced Groups
The general method is slightly less straightforward for non-simply laced groups in that it becomes
possible for the roots we find from the group theory to have a norm squared that differs from
two. This difference manifests itself in two places. The first arises when we find the element in
the Cartan sub-algebra corresponding to the lowest weight in a representation, at this point we
must be wary that we don’t have an identity between the root coefficients and the Cartan sub-
algebra coefficients but a proportionality factor of <α,α>2 . So that, for example, an element of the
Cartan sub-algebra corresponding to a root with norm squared half that of the gravity line has an
additional factor of 12 in front of it. The second place we must be wary of the varying size of the
simple roots comes when we make use of the group element where we must remember to put in
the correct value of β2 for the generator we are considering.
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5.6.1 Very Extended Bn−3
The Dynkin diagram for B+++n−3 is shown in appendix D, where the red nodes indicate the gravity
line we shall consider, which in this case is an An−2 sub-algebra. We decompose the B+++n−3 algebra
with respect to its An−2 sub-algebra by deleting the nodes corresponding to the simple roots αn and
αn−1 which have generators R
56...(n−1)
1 (00 . . . 01) and R
(n−1)
0 (00 . . . 10) respectively. We associate
the levels l1 and l2 with these and the s labels on our generators are chosen to be the l1 level
of that generator. From reference [64] we find the B+++n−3 algebra contains the generators K
a
b at
level (0, 0), corresponding to the An−2 sub-algebra of the gravity line. We have the following other
generators up to level (1, 2) [64]
l1 −→ 0 1
l2 ↓ 0 R0 Ra1a2...a(n−5)1
1 Ra0 R
a1a2...a(n−4)
1
2 Ra1a20 R
a1a2...a(n−4),b
1
R
a1a2...a(n−3)
1 (5.61)
The generators Ra0 and R
a1a2...an−4
1 have associated roots β such that β
2 = 1, the rest and the
gravity line nodes have β2 = 2, with the exception of the dilaton generator R0 and the generator
R
a1a2...a(n−3)
1 which have β
2 = 0. We cannot apply our method to R0 and R
a1a2...a(n−3)
1 so they
are discarded as starting points when we come to find the electric branes from the generators. We
make use of the following commutator relations where we have chosen the commutator coefficient
of [R0, Ra10 ] and the rest have followed from the relations (5.18)-(5.21) and the Serre relations (2.72)
[R0, Ra10 ] =
1
4
√
8
D − 2R
a1
0
[R0, Ra1a20 ] =
1
2
√
8
D − 2R
a1a2
0
[R0, R
a1a2...an−5
1 ] = −
1
2
√
8
D − 2R
a1a2...an−5
1
[R0, R
a1a2...an−4
1 ] = −
1
4
√
8
D − 2R
a1a2...an−4
1 (5.62)
We note from content of the table given in [64] for B+++n−3 that no higher order commutators are
needed. The simple root generators of B+++n−3 are
Ea = Kaa+1, a = 1, . . . (n− 2)
E(n−1) = R
(n−1)
0 ,
En = R
56...(n−1)
1 (5.63)
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and the Cartan sub-algebra generators, Ha are given by
Ha = Kaa −Ka+1a+1, a = 1, . . . (n− 2),
H(n−1) = − 2
D − 2(K
1
1 + . . .+Kn−2n−2) + 2
D − 3
D − 2(K
n−1
n−1) +
√
8
D − 2R0,
Hn = −D − 4
D − 2(K
1
1 + . . .+K44) +
2
D − 2(K
5
5 + . . .Kn−1n−1)−
√
8
D − 2R0 (5.64)
The low-level field content [64] is hˆab, A, Aa1 , Aa1a2 and their field strengths have duals derived
from Aa1...an−4,b, Aa1...an−3 , Aa1...an−4 , Aa1...an−5 respectively. Our choice of local sub-algebra for
the non-linear realisation allows us to write the group element of B+++n−3 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
(n− 3)!Aa1a2...an−3R
a1a2...an−3
1 ) exp(
1
(n− 4)!Aa1a2...an−4,bR
a1a2...an−4,b
1 )
exp(
1
(n− 4)!Aa1a2...an−4R
a1a2...an−4
1 ) exp(
1
(n− 5)!Aa1a2...an−5R
a1a2...an−5
1 )
exp(
1
2!
AabR
ab
0 ) exp(AaR
a
0) exp(AR0) (5.65)
The field content of the associated maximally oxidised theory given in [73] agrees with the low-
order B+++n−3 content given above. The Lagrangian for the oxidised theory, containing gravity, a
2-form field strength, Fµν0 = 2∂[µAν]0, a 3-form field strength, Fµνρ0 = 3(∂[µAνρ]0 + A[µ0∂νAρ]0)
and a dilaton, A, is
A =
1
16piGn−1
∫
dn−1x
√−g(R− 1
2
∂µφ∂
µφ− 1
2.2!
e
1
2
√
8
D−2φFµν0F
µν
0 −
1
2.3!
e
√
8
D−2φFµνρ0F
µνρ
0 )
(5.66)
We now demonstrate the use of the group element (5.5) to generate all of the usual BPS electric
branes of B+++n−3 starting from the generators given in equation (5.61). We find the following electric
branes
A Particle We wish to find the electric brane associated with the generator Ra0 that has highest
weight R(n−1)0 (00 . . . 010) and we note that β
2 = 1. The lowest weight generator is R10(11 . . . 110).
To find the corresponding element in the Cartan sub-algebra we observe from appendix D that
only the root corresponding to the (n−1)th node does not have norm squared equal to two. Indeed
α2n−1 = 1, so because we are working in the Cartan basis we have to effectively halve the Hn−1
generator contribution when we find β ·H from the root coefficients, αi, so that
β ·H =H1 + . . .+Hn−2 + 12Hn−1
=
D − 3
D − 2(K
1
1)− 1
D − 2(K
2
2 + . . .+Kn−1n−1) +
√
2
D − 2R0 (5.67)
95
5.6 Non-Simply Laced Groups
By substituting (5.67) into equation (5.5), and bearing in mind that β2 = 1 for R10, we find the
corresponding group element is
g = exp(− lnN0(D − 3
D − 2(K
1
1)− 1
D − 2(K
2
2 + . . .+Kn−1n−1)))
exp(N
− 1D−2
0 (1−N0)Eβ) exp(−
√
2
D − 2 lnN0R0) (5.68)
In the last line we have made use of [R0, Ra10 ] from equation (5.62) to move the dilaton generator
to the far right so that it agrees with the group element from which the non-linear realisation is
constructed. By examining the R0 term we find a dilaton given by
eA = N
−
√
2
D−2
0 (5.69)
And a line element corresponding to a particle
ds2 = N
− 2(D−3)D−2
0 (−dt21) +N
2
D−2
0 (dy
2
2 + . . .+ dy
2
n−1) (5.70)
The particle is derived from a gauge potential
AT1 (0) = N
− 1D−2
0 (1−N0) (5.71)
We complete the change to world volume indices using (ehˆ)11 = N
−D−3D−2
0
A1(0) = N
−1
1 − 1 (5.72)
This gives rise to a 2-form field strength, which we label Fµν0.
An (n−5) Brane Proceeding in the usual manner we find the electric brane associated with the
generator Ra1a2...a(n−4)1 whose lowest weight is R
12...(n−4)
1 (1234 . . . 43211) and the corresponding
element in the Cartan sub-algebra is, (recalling that the root associated with the (n − 1)th node
of the Dynkin diagram is short, being half the length of the other roots),
β ·H = 1
D − 2(K
1
1 + . . .Kn−4n−4)− D − 3
D − 2(K
n−3
n−3 + . . .Kn−1n−1)− 12
√
8
D − 2R0 (5.73)
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We note that β2 = 1 and substitute this expression into equation (5.5) to find that the group
element for the generator R45...(n−1)1 is
g = exp(− lnNn−5( 1
D − 2(K
1
1 + . . .Kn−4n−4)− D − 3
D − 2(K
n−3
n−3 + . . .Kn−1n−1)))
exp(N
− 1D−2
n−5 (1−Nn−5)Eβ) exp(
√
2
D − 2 lnNn−5R0) (5.74)
We find a dilaton given by
eA = N
√
2
D−2
n−5 (5.75)
And a line element corresponding to an (n− 5)-brane
ds2 = N
− 2D−2
n−5 (−dt21 + dx22 + . . .+ dx2n−4) +N
2(D−3)
D−2
n−5 (dy
2
n−3 + . . .+ dy
2
n−1) (5.76)
The particle is derived from a gauge potential
AT12...(n−4)(1) = N
− 1D−2
n−5 (1−Nn−5) (5.77)
We use (ehˆ)11 = . . . (e
hˆ)n−4n−4 = N
−1
D−2
n−5 to complete the change to world volume indices
A12...(n−4)(1) = N
−1
n−5 − 1 (5.78)
This gives rise to an (n− 3) form field strength, which we interpret to be the dual of Fµν0.
A String We wish to find the electric brane associated with the generator Ra1a20 whose lowest
weight generator is R120 (12 . . . 220) and the corresponding element in the Cartan sub-algebra is
β ·H = D − 4
D − 2(K
1
1 +K22)− 2
D − 2(K
3
3 + . . .Kn−1n−1) +
√
8
D − 2R0 (5.79)
The corresponding group element is
g = exp(−1
2
lnN1(
D − 4
D − 2(K
1
1 +K22)− 2
D − 2(K
3
3 + . . .Kn−1n−1)))
exp(N
− 2D−2
1 (1−N1)Eβ) exp(−
√
2
D − 2 lnN1R0) (5.80)
We find a dilaton given by
eA = N
−
√
2
D−2
0 (5.81)
And a line element corresponding to a string
ds2 = N
−D−4D−2
1 (−dt21 + dx22) +N
2
D−2
1 (dy
2
3 + . . .+ dy
2
n−1) (5.82)
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The string is derived from a gauge potential
AT12(0) = N
− 2D−2
1 (1−N1) (5.83)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− D−42(D−2)
1
A12(0) = N
−1
1 − 1 (5.84)
From this we derive a 3-form field strength, which we label Fµνρ0.
An (n− 6) Brane We wish to find the electric brane associated with the generator Ra1a2...an−51
whose lowest weight generator is R12...(n−5)1 (1234 . . . 432101) and the corresponding element in the
Cartan sub-algebra is
β ·H = 2
D − 2(K
1
1 + . . .+Kn−5n−5)− D − 4
D − 2(K
n−4
n−4 + . . .+Kn−1n−1)−
√
8
D − 2R0 (5.85)
The corresponding group element is
g = exp(−1
2
lnNn−6(
2
D − 2(K
1
1 + . . .+Kn−5n−5)− D − 4
D − 2(K
n−4
n−4 + . . .+Kn−1n−1)))
exp(N
− 2D−2
n−6 (1−Nn−6)Eβ) exp(
√
2
D − 2 lnNn−6R0) (5.86)
We find a dilaton given by
eA = N
√
2
D−2
n−6 (5.87)
And a line element corresponding to an (n− 6)-brane
ds2 = N
− 2D−2
n−6 (−dt21 + dx22 + . . .+ dx2n−5) +N
D−4
D−2
n−6 (dy
2
n−4 + . . .+ dy
2
n−1) (5.88)
The brane is derived from a gauge potential
AT12...(n−5)(1) = N
− 2D−2
n−6 (1−Nn−6) (5.89)
We use (ehˆ)11 = . . . (e
hˆ)n−5n−5 = N
− 1D−2
n−6 to complete the change to world volume indices
A12...(n−5)(1) = N
−1
n−6 − 1 (5.90)
This gives rise to an (n − 4)-form field strength, which we interpret to be the dual of Fµνρ0. We
have reproduced all the usual BPS electric branes using the group element given in equation (5.5).
The formulae we have found above do indeed correspond to the solutions of the Lagrangian (5.66).
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Our dilaton field A to be related to φ by
A = −φ (5.91)
5.6.2 Very Extended F4
The F4+++ Dynkin diagram is shown in appendix D, where the red nodes represent the gravity
line with respect to which we decompose our Kac-Moody algebra. The shorter roots, enumerated
as nodes 6 and 7 have α2 = 1 where the gravity line roots are normalised to have norm squared of
two.
The F+++4 algebra is decomposed with respect to its A5 sub-algebra, the simple roots whose
nodes we delete are α7 and α6 and their generators are R1(0000001) and R60(0000010). We associate
the levels l1 and l2 with these respectively. The s labels on our generators are chosen to be the l1
level of the generator. From reference [64] we find the F4+++ algebra decomposed with respect to
an A5 sub-algebra contains the generators Kab at level (0,0) and the following generators at levels
(l1, l2)
l1 −→ 0 1 2
l2 ↓ 0 R0 R1
1 Ra0 R
a
1
2 Rab0 R
ab
1 R2
ab
3 Rabc1 R2
abc
4 Rabcd1 R2
abc,d
R2
abcd (5.92)
The generators R0 and R2abcd have associated roots β such that β2 = 0 so we discard them as
starting points for our method in this section, and R2abc,d, R2ab, Rab0 have β
2 = 2, the other
generators all have β2 = 1. We make use of the following commutation relations where we have
chosen the commutator coefficient for [R0, Ra0 ] and the rest have been deduced from equations
(5.18)-(5.21) and the Serre relations (2.72)
[R0, Ra0 ] =
1√
8
Ra0 [R0, R
a
1 ] = −
1√
8
Ra1
[R0, Rab0 ] =
1√
2
Rab0 [R0, R
ab
1 ] = 0 [R0, R2
ab] = − 1√
2
R2
ab
[R0, Rabc1 ] =
1√
8
Rabc1 [R0, R2
abc] = − 1√
8
R2
abc
[R0, Rabcd1 ] =
1√
2
Rabcd1 [R0, R2
abc,d] = 0 (5.93)
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The simple root generators of F4+++ are
Ea = Kaa+1, a = 1, . . . 5
E6 = R60
E7 = R1 (5.94)
The Cartan sub-algebra generators, Ha, are given by [72]
Ha = Kaa −Ka+1a+1, a = 1, . . . 5,
H6 = −12(K
1
1 + . . .K55) +
3
2
K66 +
√
2R0,
H7 = −
√
8R0 (5.95)
The low-level field content [64] is hˆab, A, Aa10, Aa11, Aa1a22, Aa1a2a3a41 and their field strengths
have duals derived from Aa1a2a3,b2, Aa1a2a3a42 Aa1a2a32, Aa1a2a31, Aa1a20, A1, respectively, we also
have an Aa1a21 field without a dual listed above, so we treat it as a self-dual field. Our choice of
local sub-algebra for the non-linear realisation allows us to write the group element of F4+++ as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
4!
Aa1a2a3a41R
a1a2a3a4
1 ) exp(
1
4!
Aa1a2a3a42R2
a1a2a3a4)
exp(
1
3!
Aa1a2a3,b2R2
a1a2a3,b) exp(
1
3!
Aa1a2a32R2
a1a2a3)
exp(
1
3!
Aa1a2a31R
a1a2a3
1 ) exp(
1
2!
Aa1a22R2
a1a2)
exp(
1
2!
Aa1a21R
a1a2
1 ) exp(
1
2!
Aa1a2
0
Ra1a20 )
exp(Aa11R
a
1) exp(Aa10R
a1
0 ) exp(A1R1) exp(AR0) (5.96)
The field content of the associated maximally oxidised theory given in [73] agrees with the low-
order F+++4 content given above. The Lagrangian for the oxidised theory, contains two 2-form field
strengths Fµν0 = 2∂[µAν]0 +
√
2A1∂[µAν]1 and Fµν1 = 2∂[µAν]1, a 3-form field strength Fµνρ2 =
3(∂[µAνρ]2 + A[µ1∂νAρ]1), a self-dual 3-form field strength Fµνρ1 = 3(∂[µAνρ]1 − A[µ0∂νAρ]1) −
1√
2
A1Fµνρ2, a 1-form field strength Fµ1 = ∂µA1, and the dilaton A.
A =
1
16piG6
∫
d6x
√−g(R− 1
2
∂µφ∂
µφ− 1
2.2!
e
1√
2
φ
Fµν0F
µν
0 −
1
2.2!
e
− 1√
2
φ
Fµν1F
µν
1
− 1
2.3!
e−
√
2φFµνρ2F
µνρ
2 −
1
2
e
√
2φFµ1F
µ
1 )
−
∫
C.S.
d6xa1...a6(
1√
2.3!3!
A1Fa1a2a32Fa4a5a61 +
1
2.2!3!
Aa10Fa2a30Fa4a5a62
+
1
2.2!3!
Aa10Fa2a31Fa4a5a61) (5.97)
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The reader must remember that Fµνρ1 is self-dual and its kinetic term in the action integral
vanishes. We again use the group element (5.5) to generate all of the electric branes of F+++4
starting from the generators given in equation (5.92). We find the following electric branes
A Particle Commencing by setting β to be the root lowest weight generator R10 (1111110) and
taking account of the shorter root on the sixth node of the F4+++ Dynkin diagram, we find the
element corresponding to R10 in the Cartan sub-algebra
β ·H = 3
4
(K11)− 14(K
2
2 + . . .+K66) +
1√
2
R0 (5.98)
And from equation (5.5) we find the corresponding group element is
g = exp(− lnN0(34(K
1
1)− 14(K
2
2 + . . .+K66))) exp(N
− 14
0 (1−N0)Eβ) exp(−
1√
2
lnN0R0) (5.99)
So we find a dilaton given by
eA = N
− 1√
2
0 (5.100)
And a line element corresponding to a particle
ds2 = N−
3
2
0 (−dt21) +N
1
2
0 (dy
2
2 + . . .+ dy
2
6) (5.101)
We have a gauge field given by
AT1 (0) = N
− 14
0 (1−N0) (5.102)
The change to world volume indices uses the vielbein component (eh)11 = N
− 34
0
A1(0) = N
−1
0 − 1 (5.103)
We associate this gauge potential with a 2-form field strength, Fµν0.
A 2-Brane We wish to find the electric brane associated with the lowest weight generator
R2
123(1233332). Noting that β2 = 1, then the corresponding element in the Cartan sub-algebra is
β ·H = 1
4
(K11 + . . .K33)− 34(K
4
4 + . . .K66)− 1√
2
R0 (5.104)
Substituting this into equation (5.5) we find the appropriately arranged element is
g = exp(− lnN2(14(K
1
1 + . . .+K33)− 34(K
4
4 + . . .+K66) exp(N
− 14
2 (1−N2)Eβ) exp(+
1√
2
lnN2R0)
(5.105)
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We find a dilaton given by
eA = N
+ 1√
2
2 (5.106)
And a line element corresponding to a 2-brane
ds2 = N−
1
2
2 (−dt21 + . . . dx23) +N
3
2
2 (dy
2
4 + . . .+ dy
2
6) (5.107)
The brane is derived from the gauge field given by
AT123(2) = N
− 14
2 (1−N2) (5.108)
We complete the change to world volume indices using (ehˆ)11 = . . . (e
hˆ)33 = N
− 14
0
A123(2) = N
−1
2 − 1 (5.109)
We conclude that R2456 is the generator associated with the dual of Fµν0.
A Second Particle The calculation for the generator which has highest weight R61 is the same
as that for R60 except that the expansion of β ·H has an extra 12H7 added on. That is,
β ·H = 3
4
(K11)− 14(K
2
2 + . . .+K66)− 1√
2
R0 (5.110)
And from equation (5.5) we find the corresponding group element is
g = exp(− lnN0(34(K
1
1)− 14(K
2
2 + . . .+K66)− 1√
2
R0)) exp((1−N0)Eβ)
= exp(− lnN0(34(K
1
1)− 14(K
2
2 + . . .+K66))) exp(N
− 14
0 (1−N0)Eβ) exp(
1√
2
lnN0R0)
(5.111)
We find a line element identical to (5.101) for a particle and a dilaton given by
eA = N
1√
2
0 (5.112)
We have a gauge field given by
AT1 (1) = N
− 14
0 (1−N0) (5.113)
We change to world volume indices via the vielbein component (eh)11 = N
− 34
0 and find
A1(1) = N
−1
0 − 1 (5.114)
We associate this gauge potential with a 2-form field strength which we label Fµν1.
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A Second 2-Brane Similarly, the derivation of the electric brane associated with the highest
weight generator R4561 is the same as that for R2
456 but with a 12H7 taken off of expansion of the
β ·H expansion. That is,
β ·H = 1
4
(K11 + . . .+K33)− 34(K
4
4 + . . .+K66) +
1√
2
R0 (5.115)
Substituting this into equation (5.5) we find the appropriately arranged element is
g = exp(− lnN2(14(K
1
1 + . . .K33)− 34(K
4
4 + . . .K66)
exp(N−
1
4
2 (1−N2)Eβ) exp(−
1√
2
lnN2R0) (5.116)
We find a dilaton given by
eA = N
− 1√
2
2 (5.117)
And a line element corresponding to a 2-brane identical to (5.107). The brane is derived from the
gauge field given by
AT123(1) = N
− 14
2 (1−N2) (5.118)
We complete the change to world volume indices using (ehˆ)11 = . . . (e
hˆ)33 = N
− 14
0 and find
A123(1) = N
−1
2 − 1 (5.119)
We conclude that R1456 is the generator associated with the dual of Fµν1.
A String We wish to find the electric brane associated with the Ra1a22 generator whose lowest
weight generator is R212(1222222), and noting that β2 = 2, the corresponding element in the
Cartan sub-algebra is
β ·H = 1
2
(K11 +K22)− 12(K
3
3 + . . .+K66)−
√
2R0 (5.120)
The corresponding group element (5.5) is
g = exp(−1
2
lnN1(
1
2
(K11 +K22)− 12(K
3
3 + . . .+K66) exp(N
− 12
1 (1−N1)Eβ) exp(
1√
2
lnN1R0)
(5.121)
We find a dilaton given by
eA = N
1√
2
1 (5.122)
103
5.6 Non-Simply Laced Groups
And a line element corresponding to a string
ds2 = N−
1
2
1 (−dt21 + dx22) +N
1
2
1 (dy
2
3 + . . .+ dy
2
6) (5.123)
The brane is derived from the gauge field given by
AT12(2) = N
− 12
1 (1−N1) (5.124)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 14
1
A12(2) = N
−1
1 − 1 (5.125)
This gauge potential gives rise to a 3-form field strength, which we label Fµνρ2.
A Second String Starting with the lowest weight generator R120 (1222220), with β
2 = 2. We
find that the component in the Cartan sub-algebra is,
β ·H = 1
2
(K11 +K22)− 12(K
3
3 + . . .+K66) +
√
2R0 (5.126)
The corresponding group element (5.5) is
g = exp(−1
2
lnN1(
1
2
(K11 +K22)− 12(K
3
3 + . . .+K66) exp(N
− 12
1 (1−N1)Eβ) exp(−
1√
2
lnN1R0)
(5.127)
We find a dilaton given by
eA = N
− 1√
2
1 (5.128)
And a line element corresponding to a string
ds2 = N−
1
2
1 (−dt21 + dx22) +N
1
2
1 (dy
2
3 + . . .+ dy
2
6) (5.129)
The brane is derived from the gauge field given by
AT12(0) = N
− 12
1 (1−N1) (5.130)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 14
1
A12(0) = N
−1
1 − 1 (5.131)
We conclude that this is the group element associated with the dual of Fµνρ2.
104
5.6 Non-Simply Laced Groups
A ”Gooseberry” String We find the electric brane associated with the lowest weight generator
R121 (1222221), and ,noting that β
2 = 1, this has component in the Cartan sub-algebra,
β ·H = 1
2
(K11 +K22)− 12(K
3
3 + . . .K66) (5.132)
Substituting this expression into equation (5.5) gives the corresponding element
g = exp(− lnN1(12(K
1
1 +K22)− 12(K
3
3 + . . .+K66))) exp((1−N1)Eβ) (5.133)
There is no dilaton and we find a line element corresponding to a string
ds2 = N−11 (−dt21 + dx22) +N1(dy23 + . . .+ dy26) (5.134)
The brane is derived from the gauge field given by
AT12(1) = (1−N1) (5.135)
We complete the change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 12
1
A12(1) = N
−1
1 − 1 (5.136)
This gauge field is associated with a second 3-form field strength which we label, Fµνρ1. We
deduce that this field strength is self-dual as we have no more two-form generators in (5.92) that
could produce an electric brane that would be associated with a dual to Fµνρ1. We note that the
difference in the line element for the string here and those for the other strings derived from F+++4
is due to the dilaton coupling constant being zero here. And due to its singular nature we refer to
it as the ”gooseberry” string amongst the triplet of strings occurring in the F+++4 theory.
A 3-Brane We consider the lowest weight generator R12341 (1234441), for which we note that
β2 = 1. This corresponds to an element in the Cartan sub-algebra given by
β ·H = −(K55 +K66) +
√
2R0 (5.137)
The group element given by equation (5.5) is
g = exp(− lnN3(0(K11+. . .K44)−(K55+K66))) exp(N−13 (1−N3)Eβ) exp(−
√
2 lnN3R0) (5.138)
We find a dilaton given by
eA = N−
√
2
3 (5.139)
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And a line element corresponding to a 3-brane
ds2 = (−dt21 + . . .+ dx24) +N23 (dy25 + dy26) (5.140)
The associated gauge potential is
A1234
T
(1) = N
−1
3 − 1 (5.141)
The expression is the same in world volume indices as (ehˆ)11 = . . . (e
hˆ)44 = 1 that is
A1234(1) = N
−1
3 − 1 (5.142)
This gauge potential gives rise to a 5 form field strength and we conclude this is the dual to the
one form field strength formed from R1, Fµ1 = ∂µR1. We have reproduced all the BPS electric
branes in the oxidised theory using the group element given in equation (5.5). The formulae we
have found above do indeed correspond to the solutions of the Lagrangian (5.97). Our dilaton field
A is related to φ by
A = −φ (5.143)
5.7 Higher Level Branes
In this chapter we generalised the result of [68], namely that the group element of equation (5.5)
encodes the usual electric BPS brane solutions of the G+++ theories at low levels. So far we
have only considered the low-order field content, up to the level of the dual gravity field. We
have found precise agreement with the solutions of the known actions of the oxidised theories [73].
The pp-wave for each G+++ theory is also present in the low order theory and can be found as
advocated in [68] from the generators of the AD−1 sub-algebra used to form the gravity line. The
elegance and generality of the solution generating group element leads us to expect that we can
also apply equation (5.5) to the higher order generators of any G+++ to find putative solutions to
the nonlinearly realised theory. This possibility was considered in [85].
We consider the example of the F+++4 theory. The field content at higher levels in F
+++
4
is given in the tables of [64], and in particular we find the field Aa1a2a3a43 at level (3, 4). This
representation has a highest weight generator R34563 (0012343) and commutes with the dilaton via
[R0, Ra1a2a3a43 ] = −
1√
2
Ra1a2a3a43 (5.144)
Applying our method for the root β associated with this generator, for which we note that β2 = 1,
we find a group element from (5.5) given by
g = exp(− lnN3(0(K11 + . . .K44)− (K55 +K66))) exp(N−13 (1−N3)Eβ) exp(
√
2 lnN3R0) (5.145)
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We find a dilaton given by
eA = N
√
2
3 (5.146)
A line element corresponding to a 3-brane
ds2 = (−dt21 + . . . dx24) +N3(dy25 + dy26) (5.147)
The brane is derived from a gauge potential
A1234
T
(3) = N
−1
3 − 1 = A1234(3) (5.148)
This gives rise to a 5-form field strength, Fµνρστ 3. If the dual field strength were to exist we would
expect it to be a 1-form formed from a scalar, which we label R−1. Such a scalar does not appear
in the field content tables of [64] and does not exist but had it done it would commute with the
dilaton via [R0, R−1] = 1√8R−1.
As is well known, the eleven dimensional supergravity theory has a pp-wave, a 2-brane and
a 5-brane whose corresponding conserved charges occur in the eleven dimensional supersymmetry
algebra. This is consistent with the results of [79] which showed that each of the brane solutions had
a topological charge that appeared as a central charge in the supersymmetry algebra. In reference
[80], and in chapter 4 of this thesis, it was argued that the brane solutions of the non-linearly
realised G+++ theory possessed charges which belonged to the l1 representation of G+++. The l1
multiplet of charges for E11 in table 34 begins with the generators of spacetime translations, P a,
and then contains the 2-form and the 5-form central charges of the supersymmetry algebra at the
lowest levels, as well as an infinite number of other charges in the higher orders. Let us consider
the example of F+++4 and list the fields, A[n], with their corresponding conserved charges, Z
[n−1],
associated with the brane solution we have found in each case, including the higher level field,
Aa1a2a3a4 (s=3), which we have just considered
Levels, (l1, l2) Fields, A[n] Associated Charges, Z [n−1]
(0, 0) hˆab P a
(0, 0) A −
(1, 0) A1 −
(0, 1), (1, 1) Aia1 Z
i
(0, 2), (1, 2), (2, 2) A(ij)a1a2 Za1(ij)
(1, 3), (2, 3) Aia1a2a3 Z
a1a2i
(2, 4) Aa1a2a3,b Z
a1a2,b
(1, 4), (2, 4), (3, 4) A(ij)a1a2a3a4 Za1a2a3(ij)
The F+++4 theory possesses an SL(2) symmetry associated with the seventh node of its Dynkin
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diagram, which has the generator R1, which gives rise to the assignment of the i, j indices above. We
note that while we could not use our method to find the brane solution associated to Aa1a2a3a4 (s=2),
as its generator had associated root, β, such that β2 = 0, we are able to deduce that its field strength
is dual to a 1-form field strength formed from the dilaton, A. Indeed we expect its brane solution
to have a third rank tensor conserved charge, as listed above.
It is interesting to compare these with the supersymmetric central charges of the (1, 0) super-
symmetry algebra
{
Qiα, Q
j
β
}
= ij(Γm)αβPm + (Γm1m2m3)αβZ
m1m2m3(ij) (5.149)
The supersymmetric generator of spacetime translations, Pm, is equivalent to the conserved charge
arising from the pp-wave solution corresponding to the graviton, hˆab, in the F+++4 field content.
Similarly we can make an association between the central charge Zm1m2m3(ij) of the supersymmetry
algebra and the conserved charges coming from brane solutions which couple to the fields Aia1a2a3a4 .
The 5-form field strengths constructed from Aa1a2a3a4 (s=1) and Aa1a2a3a4 (s=2) are dual to the 1-
form field strengths formed from the axion, A1, and the dilaton, A, respectively, which can be seen
by referring to the 3-brane solution found on page 105 and from considering the low-level content.
We have just considered, above in this section, the field, Aa1a2a3a4 (s=3), whose field strength is a
5-form and its associated brane solution is also a 3-brane. Altogether we have a triplet of conserved
charges coming from the non-linear realisation of F+++4 which are equivalent to the central charges,
Zm1m2m3(ij), of the supersymmetry algebra. Including the generators of spacetime translations,
Pm, the conserved charges, Zm1m2m3(ij), of F+++4 account for 36 degrees of freedom which is
compatible with the anticommutator of the two Sp(2) Majorana-Weyl spinors, Qiα. Crucially in
order to complete the supersymmetric degrees of freedom we have had to include generators that
occur in the algebra at levels above that of the dual to gravity. It is not clear how to interpret this,
except to say that the higher level generators must be pertinent to a physical theory.
We have constructed branes, even at a lower level than those mentioned above, whose conserved
charges in the above table are not present amongst the supersymmetry algebra’s central charges;
charges such as Zi and the part of Za1(ij) triplet associated with the so-called ”gooseberry string”,
listed in our analysis of F+++4 on page 105. Indeed we can carry on and consider the brane
solutions associated with the infinite number of higher-order fields in F+++4 , or any G+++, and
find a conserved charge for each one. We are lead to conclude that the central charges in the
supersymmetry algebra only account for a few of the brane charges, all of which belong to the l1
representation.
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Each of the Kac-Moody algebras we have considered so far has a natural euclidean inner prod-
uct over the AD−1 sub-algebra that we have used to incorporate spacetime in our constructions.
Hitherto we have implicitly Wick rotated the generators of this sub-algebra to generate a theory
in a familiar (1, D − 1) signature. In this chapter we look at the natural consequences of this con-
struction, concentrating on the E11 case and the effect on the solution generating group element of
equation (5.5) that we discussed in chapter five. Using the results of [84] we will reach a surprising
conclusion, namely that if E11 is the symmetry algebra of M -theory then M -theory solutions exist
in not one spacetime signature but six different signatures [29].
The chapter begins by looking at the solutions of a generic gravity theory coupled to an n-
form field strength in an arbitrary spacetime signature, and we discover a useful shorthand that
determines whether a solution in one signature is a solution in alternative signatures. The method
for introducing spacetime signature into the E11 formulation is then discussed and the results
of [84], where it was observed that the signature of the local subgroup is altered under general
Weyl reflections, are reviewed. The Weyl transformations of E11 were found to correspond in the
dimensionally reduced theory to the U-duality transformations [70]. We apply the Weyl reflection
to the brane solutions uncovered using the group element of chapter five, and make use of our
shorthand to discover whether the group element still encodes solutions to the Einstein equations
in the new signatures. An exhaustive list of ”Weyl orbits” of the brane solutions is given and
whether or not they remain solutions is indicated using the results of section 6.2. The Weyl
transformations of some solutions in eleven dimensions were discussed in [80, 72, 70, 82]. Finally
in the remainder of the chapter we observe that the ”Weyl orbits” of the brane solutions partition
the theory into electric solutions and magnetic, or spacelike, solutions. Using this observation we
uncover the known spacelike brane solutions of supergravity using the group element of chapter
five. Spacelike brane solutions, or S-branes, are branes which map out a spacelike world-volume
[87]. The convention for naming spacelike branes is that an Sp-brane has a (p + 1) Euclidean
world-volume. Consequently an S-brane only exists for an instant in time.
6.1 General Signature Formulation of the Einstein Equations
In this chapter we will be working beyond the usual signatures of supergravity, and it will be
useful to get an appreciation of brane solutions in alternative signatures, for this we will need to
express the Einstein equations in a form that is readily applicable to different signatures. The
Einstein equations and the gauge equations for a single brane solution can be derived by varying
the truncated form of a gravity action, where the truncation is the restriction to the kinetic term
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for one of the theory’s n-form field strengths, the dilaton term and the Ricci scalar, e.g.
A =
1
16piGD
∫
dDx
√−g(R− 1
2
∂µφ∂µφ− 12.n!e
aiφFµ1...µnF
µ1...µn) (6.1)
The usual Chern-Simons term appearing in the eleven dimensional supergravity action has been
omitted here since for the class of extremal branes we will consider it plays no role in the dynamics,
and will not affect our discussions. The equations of motion determined by varying with respect
to the metric, gµν , are the Einstein equations and the equation that comes from varying the gauge
field is the gauge equation. There is also an equation of motion coming from the variation of the
dilaton field. For the generic truncated action these are
Rµν =
1
2
∂µφ∂νφ+
1
2n!
eaiφ(nFµλ2...λnFνλ2...λn −
n− 1
D − 2δ
µ
νFλ1...λnF
λ1...λn)
∂µ(
√−geaiφFµλ2...λn) = 0
1√−g ∂µ(
√−g∂µφ)− ai
2.n!
eaiφFµλ2...λnF
µλ2...λn = 0 (6.2)
We compute the curvature components in the spin-connection formalism as described in [77], but
we commence with a line element for a brane solution in an arbitrary signature. Our solution
ansatz is,
ds2 = A2(
i=q∑
i=1
−dt2i +
j=p∑
j=1
dx2j ) +B
2(
a=c∑
a=1
−du2a +
b=d∑
b=1
dy2b ) (6.3)
The coordinates are split into two groups, those that are longitudinal to the brane, ti and xi, we
indicate with indices {i, j, k, . . .}, and those that are transverse, ua and ya with {a, b, c, . . .}. The
given line element is the world-volume of a brane with signature (q, p) on the brane and signature
(c, d) in the bulk; the corresponding global spacetime signature is (q + c, p + d). We adopt the
notation [(q, p), (c, d)] to express a single signature for our ansatz in terms of its longitudinal, (q, p)
and transverse components (c, d). For a global signature (t, s) then q+c = t and p+d = s. The case
when c = 0 and q = 1, corresponds to the usual single brane solution ansatz. In eleven-dimensional
supergravity there is no dilaton, if we set the dilaton coupling to zero, the coefficients A and B,
functions of the transverse coordinates (ua, ya), take the form in the extremal case [77, 78, 89]
A = N
−( 1p+1 )
(c,d) , B = N
( 1D−p−3 )
(c,d) (6.4)
Where,
N(c,d) = 1 +
1
D − p− 3
√
∆
2(D − 2)
‖Q‖
r(D−p−3)
(6.5)
Where Q is the conserved charge associated with the p-brane solution, ∆ = (p+1)(d−2)+ 12a2i (D−2)
and r is the radial distance in the transverse coordinates such that r2 = −uaua + ybyb. That is,
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N(c,d) are independent of the longitudinal coordinates, and are harmonic functions in the transverse
coordinates, ua and yb, so that ∂µ∂µN(c,d) = 0.
The full non-zero curvature components are,
Rti ti = B
−2{∂ua∂ua lnAδˆuaua − ∂ya∂ya lnAδˆyaya
+ ∂ua lnA∂uaΨδˆ
ua
ua − ∂ya lnA∂yaΨδˆyaya}δˆti ti
Rxixi = B
−2{∂ua∂ua lnAδˆuaua − ∂ya∂ya lnAδˆyaya
+ ∂ua lnA∂uaΨδˆ
ua
ua − ∂ya lnA∂yaΨδˆyaya}δˆxixi
Ruaua = B
−2{∂ua∂ua lnBδˆuaua − ∂ya∂ya lnBδˆyaya
+ ∂ua lnB∂ua lnB(δˆ
ya
ya + δˆ
ua
ua − 2) (6.6)
+ ∂ua lnA∂ua lnA(δˆ
ti
ti + δˆ
xi
xi)− ∂ya lnB∂yaΨδˆyaya
+ ∂ua∂uaΨ + ∂ua lnB∂uaΨ(δˆ
ua
ua − 2)}δˆuaua
Ryaya = B
−2{∂ua∂ua lnBδˆuaua − ∂ya∂ya lnBδˆyaya
− ∂ya lnB∂ya lnB(δˆyaya + δˆuaua − 2)
− ∂ya lnA∂ya lnA(δˆti ti + δˆxixi) + ∂ua lnB∂uaΨδˆuaua
− ∂ya∂yaΨ− ∂ya lnB∂yaΨ(δˆyaya − 2)}δˆyaya
Where δˆxixi counts the number of xi coordinates in the line element (e.g. for the M2-brane,
δˆti ti = 1, δˆ
xi
xi = 2, δˆ
ua
ua = 0 and δˆ
ya
ya = 8); repeated lowered indices a, b, i and j are not summed
- sums are taken care of via the counting symbols δˆ; and, for the ansatz (6.3) with extremal
coefficients A and B (6.4),
Ψ ≡(p+ 1) lnA+ (D − p− 3) lnB
=(p+ 1) lnN
−2( 1p+1 )
p + (D − p− 3) lnN2(
1
D−p−3 )
p (6.7)
=0
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The curvature terms reduce to
Rti ti = B
−2{∂ua∂ua lnAδˆuaua − ∂ya∂ya lnAδˆyaya}δˆti ti
Rxixi = B
−2{∂ua∂ua lnAδˆuaua − ∂ya∂ya lnAδˆyaya}δˆxixi
Ruaua = B
−2{∂ua∂ua lnBδˆuaua − ∂ya∂ya lnBδˆyaya
+ ∂ua lnB∂ua lnB(δˆ
ya
ya + δˆ
ua
ua − 2) (6.8)
+ ∂ua lnA∂ua lnA(δˆ
ti
ti + δˆ
xi
xi)}δˆuaua
Ryaya = B
−2{∂ua∂ua lnBδˆuaua − ∂ya∂ya lnBδˆyaya
− ∂ya lnB∂ya lnB(δˆyaya + δˆuaua − 2)
− ∂ya lnA∂ya lnA(δˆti ti + δˆxixi)}δˆyaya
As demonstrated in chapter five, the M2, M5, and pp-wave solutions [90] of M -theory are encoded
in a group element of the non-linear realisation of E11 [68]. For reference and comparison with
later solutions, we demonstrate that these electric cases are solutions of the Einstein equations in
appendix B.1.
6.2 New Solutions from Signature Change
A change of signature has the potential to alter both the Einstein equations and the field content of
a theory. In preparation for the next section, we pose a question: given a solution to the Einstein
equations in one signature, are there any other signatures which would also carry a related version
of that solution in the new signature? We note that the harmonic function, N(c,d), is a function of
the transverse coordinates and may be transformed by a signature change. By a ’related solution’
we specifically mean that if the Einstein equations for a given solution were re-expressed in terms
of the functions carrying the new signature then they would remain balanced and we would find a
new solution.
Signature change can be brought about in two equivalent ways, the first is as a mapping of a
coordinate, or a subset of the coordinates, xµ → ixµ, xµ → −ixµ, leaving the metric unaltered. For
example, a Lorentzian signature can be made Euclidean by making the change on the temporal
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coordinate, t1 → ix1, having the effects,
ds2 = gµνxµxν
= gt1t1dt
2
1 + gx2x2dx
2
2 + . . .+ gxDxDdx
2
D
= −f1(N)dt21 + f2(N)dx22 + . . .+ fD(N)dx2D
↓ (6.9)
ds2 = f1(N)dx21 + f2(N)dx
2
2 + . . .+ fD(N)dx
2
D
= gx1x1dx
2
1 + gx2x2dx
2
2 + . . .+ gxDxDdx
2
D
Where ±fi(N), some function of N , is the metric component in each case. An electric field Aµ
transforms as
Aµdx
µ = At1dt
1 → iAx1dx1 (6.10)
Equivalently, signature change at the quadratic level of the line element can be thought of as a
transformation of the metric components, or subset of the metric components, where appropriate,
gµν → −gµν as opposed to the coordinates. Correspondingly we can view the example above (6.9),
as the transformation gt1t1 → −gx1x1 . Both methods realise the change of line element but only
when applied independently.
In equation (6.8) we have written out the curvature coefficients for our ansatz, (6.3). We observe
that the expressions for Rti ti and R
xi
xi satisfying our explicit ansatz of (6.3) are interchanged under
the interchange of longitudinal temporal and spatial coordinates, given by ti → ixi and xj → itj .
These transformations corresponds to the notational swap ti ↔ xi in the equations (6.8) and
the set of curvature terms as a whole is unaffected. In terms of signature this corresponds to a
signature inversion on only the longitudinal coordinates. Alternatively, the swap ua for ya and
vice-versa, given by ua → iya and yb → iub and corresponding to a signature inversion on only
the transverse coordinates, interchanges the expressions for Ruaua and R
ya
ya and introduces a
minus into all the curvature components, Rµν → −Rµν . One could also achieve these signature
changes by transforming the metric components: a signature inversion on all of the longitudinal
coordinates gtiti → −gxixi and gxixi → −gtiti leaves the set of curvature terms unaltered, whereas
guaua → −gyaya and gyaya → −guaua introduces a minus sign for all the curvature terms.
To find a new solution under longitudinal and transverse signature inversions the signs induced
in the curvature components must match the sign changes in the remaining terms of the Einstein
equations, those derived from the field strength and the dilaton. For the eleven dimensional case,
which we consider in this paper, there is no dilaton, φ→ 0, ai → 0, so we shall disregard it in the
following discussion.
The field strength terms in each of the Einstein equations for the usual single brane solutions,
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with only one temporal coordinate longitudinal to the brane and none transverse, given in appendix
B.1, are proportional to
gtt
′
gx1x
′
1 . . . gxpx
′
pgyay
′
a(Ft′x′1...x′py′a)(Ftx1...xpya) (6.11)
With the generalisation to our ansatz (6.3) to include multiple time coordinates longitudinal and
transverse to the brane, the equivalent proportional term is
gt1t
′
1 . . . gtqt
′
qgx1x
′
1 . . . gxpx
′
pgµµ
′
(Ft′1...t′qx′1...x′pµ′)(Ft1...tqx1...xpµ) (6.12)
Where the radial coordinate µ may now be a spatial or temporal transverse coordinate. An
inversion of the longitudinal coordinates only, causes a sign change (−1)p+q in this term. The
effect of inverting only the transverse coordinates gµµ
′ → −gµµ′ introduces a minus sign as there
is only one occurrence of the metric component with transverse coordinates in (6.12).
A new solution is found under a signature inversion when the sign changes induced in the
Riemann curvature components match the sign changes in the term (6.12). For example, since we
have observed that a signature inversion on only the transverse coordinates introduces a minus sign
in both the curvature components and the remaining terms in the Einstein equations (6.12), then a
solution with signature components [(q, p), (c, d)], will always find a new solution under an inversion
of the transverse signature, taking the signature to [(q, p), (d, c)]. Additionally, if p+q is even we may
invert just the longitudinal coordinates and find another new solution [(q, p), (c, d)]→ [(p, q), (c, d)],
and furthermore in this case we may invert the full signature, an inversion of both longitudinal and
transverse coordinates together, [(q, p), (c, d)] → [(p, q), (c, d)] and find yet another new solution.
However if p+ q is odd an inversion of the longitudinal signature introduces an unbalanced minus
sign and no new solution is found.10 For example, a solution in (1, D − 1) with longitudinal and
transverse signature components [(1, p), (0, D − p − 1)] is the familiar p-brane solution. We find
that for even p+q, we have the following set of signature components that carry a related solution,
[(1, p), (D−p−1, 0)], [(p, 1), (0, D−p−1)] and [(p, 1), (D−p−1, 0)] which give spacetime signatures
(D − p, p), (p,D − p) and (1, D − 1) respectively. For the case of odd (p + q) we have only one
alternative signature, coming from an inversion of only the transverse coordinates, which gives a
new solution, namely (D−p, p) with longitudinal and transverse components [(1, p), (D−p−1, 0)].
Following the preceding considerations we are in a position to write down a set of signatures
in which the M2 and M5 branes remain solutions. The M2 brane has p + q = 3 and hence has
related solutions in (1, 10) and (9, 2), with the following parameters,
10However, we shall observe later that the F 2 term in the action may change its sign and in such cases the ’lost’
solution of a −F 2 theory is a new solution of a +F 2 theory, but for the time being we continue to consider the usual
−F 2 theory
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Global Longitudinal Transverse
Signature Signature Signature
(1, 10) (1, 2) (0, 8)
(9, 2) (1, 2) (8, 0)
Equivalently, the M5 brane has p + q = 6 and has related solutions in (1, 10), (6, 5), (5, 6) and
(10, 1),
Global Longitudinal Transverse
Signature Signature Signature
(1, 10) (1, 5) (0, 5)
(6, 5) (1, 5) (5, 0)
(5, 6) (5, 1) (0, 5)
(10, 1) (5, 1) (5, 0)
In addition to inverting components of the signature we may also transform individual temporal
coordinates into spacelike coordinates and vice versa. It is observed by following the computations
in appendix B.1 and the term in equation (6.12), that a given solution will give a new solution by
converting an even number of longitudinal temporal coordinates into longitudinal spatial coordi-
nates, while leaving the transverse coordinates unaltered. Such a transformation introduces a sign
change (−1)2m = 1 into term (6.12), where m is an integer such that q ± 2m, p ∓ 2m ≥ 0, and
only alters the counting symbols δˆti ti and δˆ
xi
xi in the curvature components so that a new solution
is found. That is, given a solution in a signature with components [(q, p), (c, d)] then functions
carrying the signature [(q ± 2m, p∓ 2m), (c, d)] will give a new solution. Applying this to each of
the signatures containing solutions related to the M2 brane, we find the additional solutions,
Global Longitudinal Transverse
Signature Signature Signature
(3, 8) (3, 0) (0, 8)
(11, 0) (3, 0) (8, 0)
And similarly, additional signatures for the M5 solutions are,
Global Longitudinal Transverse
Signature Signature Signature
(3, 8) (3, 3) (0, 5)
(8, 3) (3, 3) (5, 0)
We can carry this argument to the transverse coordinates, but we are no longer restricted to
transforming even multiples of temporal coordinates into spatial coordinates, indeed any integer is
possible giving a range of new solutions in signatures [(q, p), (c±m, d∓m)] where m is an integer
such that c±m, d∓m ≥ 0. For the solutions related to the M2-brane we find further solutions,
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Global Longitudinal Transverse
Signature Signature Signature
(2, 9) (1, 2) (1, 7)
(3, 8) (1, 2) (2, 6)
(4, 7) (1, 2) (3, 5)
(5, 6) (1, 2) (4, 4)
(6, 5) (1, 2) (5, 3)
(7, 4) (1, 2) (6, 2)
(8, 3) (1, 2) (7, 1)
(4, 7) (3, 0) (1, 7)
(5, 6) (3, 0) (2, 6)
(6, 5) (3, 0) (3, 5)
(7, 4) (3, 0) (4, 4)
(8, 3) (3, 0) (5, 3)
(9, 2) (3, 0) (6, 2)
(10, 1) (3, 0) (7, 1)
And for the M5 solution we find the further related solutions,
Global Longitudinal Transverse
Signature Signature Signature
(2, 9) (1, 5) (1, 4)
(3, 8) (1, 5) (2, 3)
(4, 7) (1, 5) (3, 2)
(5, 6) (1, 5) (4, 1)
(4, 7) (3, 3) (1, 4)
(5, 6) (3, 3) (2, 3)
(6, 5) (3, 3) (3, 2)
(7, 4) (3, 3) (4, 1)
(5, 6) (5, 1) (1, 4)
(7, 4) (5, 1) (2, 3)
(8, 3) (5, 1) (3, 2)
(9, 2) (5, 1) (4, 1)
This discussion is exhaustive, we have found all signatures that give solutions in −F 2 theories
related to the M2 and M5-brane solutions of M -theory. We note that a universal shorthand for
assessing whether or not a given signature contains a solution is to count the number of temporal
longitudinal coordinates and if this is odd we have a solution to −F 2 theories.
Later in this chapter we will consider theories constructed from an action under the double
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Wick rotation transforming Aµ1...µn → −iAµ1...µn . Such an action, upto Chern-Simons terms,
looks identical to that of equation (6.1) except that the sign of the kinetic F 2 term has changed
from ”−” to ”+”. Such a theory can be imagined as originating with an imaginary brane charge
and will be relevant to our later consideration of spacelike branes. Let us now apply the reasoning
of this section to such a +F 2 action. Adjusting the considerations of this section to +F 2 theories
introduces an extra minus sign in front of the field strength terms in the Einstein equations (6.2)
and as a consequence into the term proportional to the non-curvature components given in equation
(6.12). In this case we will have a solution if the number of longitudinal time coordinates is even,
meaning that exactly all the signatures not listed in this section, from the set of all signatures in
11-dimensions, will admit solutions to a +F 2 theory.
Let us introduce a new term κ to keep track of solutions in both +F 2 and −F 2 theories.
For reasons that will become clear we use f(α11) to indicate the sign in front of the F 2 term, if
f(α11) = 0 we have a −F 2 theory and if f(α11) = 1 we have a +F 2 theory. We define κ to be
κ ≡ (−1)(δˆ
ti
ti
+f(α11)) (6.13)
If κ = −1 we have a brane solution, otherwise we do not; this criterion will be used to check for
solutions throughout this paper. We note that this implies that there are no extremal S-branes
(δˆti ti = 0) in −F 2 theories (f(α11) = 0) indicating the known result [91, 92] that S-branes in M -
theory have an associated imaginary charge ||Q|| in equation (6.5). More simply, the transformation
||Q|| → i||Q|| induces the transformation −F 2 → +F 2.
6.3 Spacetime Signature and Weyl Reflections
So far in this thesis we have motivated the idea of forming a nonlinear theory on a coset space
G
H and we have looked at several particular choices of local sub-algebra, H in chapter three when
motivating the E11 conjecture. We have not mentioned how one may determine the local sub-
algebra in any general way, and here we simply state that the local denominator sub-algebra, H,
may be chosen to be Cartan involution invariant. Making this choice yields the maximal compact
sub-algebra. It was understood that a Wick rotation would then give a Lorentz invariant non-
compact sub-algebra, relevant to spacetime. The Cartan involution, Ω, takes the generators of the
positive roots, Ei = Kii+1, to the negative of the generators of the negative roots, −Fi = −Ki+1i
and vice-versa,
Ω(Ei) = −Fi and Ω(Fi) = −Ei (6.14)
Such that the set of generators, Ei − Fi, is invariant under the Cartan involution, Ω(Ei − Fi) =
−Fi − (−Ei) = Ei − Fi, and form a basis for the local denominator sub-algebra, H. It was noted
[72] that the Cartan involution can be generalised to what has been called the temporal involution,
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Ωˆ, whose action is:
Ωˆ(Kii+1) = −iKi+1i (6.15)
Where i = ±1. The generalisation redefines H to be the sub-algebra left invariant under the
temporal involution, as opposed to the Cartan involution; we denote the local sub-algebra invariant
under the temporal involution as Hˆ. This redefinition allows Hˆ to include non-compact generators,
and in this way to differentiate between temporal and spatial coordinates, imposing a signature on
the sub-algebra and a Lorentzian invariance. The information about which coordinates are timelike
is carried by the new variable i. For example, we may impose a (1, 10) signature where x1 is the
temporal coordinate, by taking 1 = −1 and i = 1 for the remaining spatial coordinates, giving:
Ωˆ(K12) = K21, Ωˆ(Kii+1) = −Ki+1i For 2 ≤ i ≤ 10 (6.16)
We find a basis for the local denominator algebra consisting of both compact and non-compact
generators that is invariant under the temporal involution:
Ωˆ(E1 + F1) = −1F1 − 1E1 = E1 + F1
Ωˆ(Ei − Fi) = −iFi + iEi = Ei − Fi 2 ≤ i ≤ 10 (6.17)
It was observed in [84, 95] that the temporal involution does not commute with the Weyl reflections,
Si, which are defined in equation (3.62). Under the action of the Weyl group, the choice of local
sub-algebra is not preserved and we obtain a new set of i’s, corresponding to a different temporal
involution Ωˆ′. This idea is described in detail elsewhere [84, 95, 72] and may be summarised as
SiΩˆ(Kjj+1) = Si(jKjj+1) = jρjKj+1j ≡ ρˆjΩ′(Kjj+1) (6.18)
Where SiKjj+1 = ρjKj+1j and ρj = ±1 arises because Kjj+1 are representations of the Weyl
group up to a sign. A consequence of the new temporal involution is that a new set of compact
and non-compact generators form the basis of the local denominator sub-algebra Hˆ ′11, potentially
corresponding to a new set of temporal and spatial coordinates and signature.
The Weyl reflections corresponding to nodes on the the gravity line of E11 preserve the signature
of spacetime while the reflection in the exceptional root α11 can change it. Keurentjes makes use
of a Z2 valued function on the root lattice, f , which encodes the values of the i’s. We may regard
the function f as a member of the weight space, it may be written
f =
11∑
i=1
niλi (6.19)
Where λi are the fundamental weights of E11. Its action on the simple roots, via the inner product,
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is
f(αi) ≡< f, αi >= ni (6.20)
Where ni take the values 0 or 1, a value f(αi) = 1 corresponds to a Chevalley generator Kii+1 which
has i = −1. Put more simply, one of xi or xi+1 is timelike and the other spacelike. Alternatively,
f(αi) = 0 implies that the consecutive coordinates, xi and xi+1, are of the same type, either both
timelike or both spacelike. It is worth highlighting that the root associated with the group element
of chapter five (5.5) does not determine f , to obtain a putative solution we must specify both a
position in the root lattice (a root) and a vector (f) encoding the signature; hitherto the group
element has been used to find solutions in signature (1, 10).
Keurentjes offers a useful shorthand notation for following the effect of Weyl reflections upon
the function f , which we will describe here before making some use of it. The values of the weight,
f , are written out on the Dynkin diagram, with the value f(αi) written in the position of αi on
the diagram. As an example a (1, 10) signature might have the diagram:
0
0 0 0 1 1 0 0 0 0 0
s s s s t s s s s s s
We have indicated beneath the diagram with a series of s (spatial) and t’s (temporal) the nature
of the coordinates obtained by commencing with a spacelike x1 on the far left of the gravity line.
But we may also consider the case where x1 is a temporal coordinate, giving a mostly timelike
set of coordinates. In general each signature diagram is ambiguous, representing both (t, s,±) and
(s, t,±), but as we shall see these signatures do not always contain related solutions, so some care
must be taken to specify the nature of one of the coordinates so that a signature diagram is not
ambiguous.
The ten values of f on the gravity line gives the nature of all eleven dimensions of spacetime.
The value of f(α11) plays no part in this, but it is argued in [84] that it determines the sign in front
of the kinetic term in the action derived from the non-linear realisation. Specifically, we impose
the choice that f(α11) = 0 corresponds to the usual minus sign in front of F 2, while the alternative
implies a plus sign in front of the F 2 term. It will be useful to follow the convention and label
our signatures as (t, s,±), where we will always write the number of timelike coordinates first and
where, a little confusingly, ′+′ implies that the sign of F 2 is negative, and ′−′ that our action has
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a positive F 2 term. Let us find the effect of a Weyl reflection, Si, on the function f , we have,
Si(f) =
∑
j
njλj −
∑
j
nj(αi, λj)αi
≡
∑
j
mjλj (6.21)
Where mj are the components of Si(f). Taking the inner product with αk gives the relation
between nk and mk
mk = nk − niAki (6.22)
Thus we find Keurentjes’ diagrammatic prescription for following signature change: to apply Si to
f we simply add the value of f(αi) to all the nodes it is connected to, and subsequently reduce
modulo two. The reduction modulo two comes from the size of the fundamental lattice which has
edge length |−αi| + |+αi| = 2 |αi|, so the sub-algebra repeats with this unit and we need only
consider a version of it upto ±n2 |αi| , n ∈ Z. For example in the signature diagram above, Si
where i = {1 . . . 3, 6 . . . 11} have no effect upon the signature, whereas S4 and S5 bring about the
following two signature diagrams respectively.
0
0 0 1 1 0 0 0 0 0 0
s s s t s s s s s s s
0
0 0 0 0 1 1 0 0 0 0
s s s s s t s s s s s
6.4 Invariant Roots and Signature Orbits
In chapter five we described a method for finding single brane solutions from the decomposition of
E11 with respect to its gravity line, encoded within the group element (5.5). The prescription for
finding the brane solution in the original literature [68, 28] made use of the lowest weight generator
in to find a brane solution, so that the coordinate x1 could be identified with time. It may have been
imagined that it would be possible to raise the weight of a generator and remove the timelike index
from the associated gauge field so as to uncover spacelike brane solutions. However, other weights
associated to a particular generator could be reached from the lowest weight by a series of Weyl
reflections, which in the light of the previous discussion implies a potential signature change. If we
commence with the R123 and R123456 generators in (1, 10,+), where x1 is the time coordinate, and
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raise them to their highest weights with the Weyl reflections S−10 = (S1)(S2S1) . . . (S10S9 . . . S1)
11,
we find that the effect on the signature diagram is,
0 1
1 0 0 0 0 0 0 0 0 0
S−10−→ 0 0 0 0 0 0 0 0 0 1 (6.23)
t s s s s s s s s s s t t t t t t t t t t s
Up to insisting that x1 is preserved as a time coordinate, we obtain the signature (10, 1,−), where
the singled out spatial coordinate is in the longitudinal sector, specifically the spatial coordinate
here is x11, and the gauge fields in each case are A91011 and A67891011. From the observations
of section 6.2, it is known that the M2 brane has a related solution in (10, 1,−) with signature
components [(2, 1), (8, 0)], alternatively the M5 brane does not have a related solution [(5, 1), (5, 0)]
in (10, 1,−). We note that in chapter five we used the highest weights of the low-level generators
of E11 to find the M2 and M5 brane solutions. This may seem in contradiction to the above
statements but we also used a different choice of the signature determining weight f . We will
discuss the alchemy of transforming an electric gauge field into a magnetic one in detail in section
6.5.
Some Weyl reflections may change the signature diagram, and even the signature, without
changing the root, so there is an ambiguity about which signature the root and its associated
solution exist in. We now consider the example of the exceptional root α11, associated with the
generator R91011, the highest weight of the ‘M2 representation’ and find what we shall refer to as
its signature orbit.
6.4.1 Membrane Solution Signatures
Let us first consider the trivial Weyl reflections of the gravity line on the root α11. It is noted
that α11 is invariant under the reflections {S1, . . . S7} and {S9, S10} and we may apply any number
of these reflections, without altering the root, although we may trivially change the signature
diagram but not the signature. Furthermore, we can observe from the signature diagram of the
highest weight, shown on the right of (6.23), that as only f(α10) = 1 along the gravity line, only
a series of reflections composed of {S9, S10} may have an effect on the signature diagram without
effecting the root. Explicitly, the only possible different signature diagrams that may be reached
11S0 = (S1 . . . S10) . . . (S1S2)(S1) is the series of Weyl reflections that takes the highest weight to the lowest
weight for all representations of A10, so that S0R91011 = R123 and S0R67891011 = R123456.
121
6.4 Invariant Roots and Signature Orbits
without changing the root are,
1 1
0 0 0 0 0 0 0 0 0 1 S10−→ 0 0 0 0 0 0 0 0 1 1
t t t t t t t t t t s t t t t t t t t t s t
1 1 (6.24)
0 0 0 0 0 0 0 0 0 1 S9S10−→ 0 0 0 0 0 0 0 1 1 0
t t t t t t t t t t s t t t t t t t t s t t
Here x1 has been held as a temporal coordinate. The interpretation is that the trivial Weyl
reflection in the roots of the gravity line shift the singled-out coordinate between {x9, x10, x11},
the longitudinal brane coordinates. While it is always true that the gravity line Weyl reflections
do not alter the signature, it is not generally true that they do not alter the value of f(α11). For
example, consider the root, α8 + α9 + α10 + α11, associated to the generator R8910, for which only
a series of reflections composed of {S8, S9} may alter the signature diagram without changing the
root. In this example the reflection S8 may change the value of f(α11) in addition to shifting the
singled-out coordinate amongst the longitudinal coordinates. In general, the gravity line, or trivial,
Weyl reflections preserve a signature (t, s) but do not necessarily preserve whether we are working
with a −F 2 or a +F 2 theory.
We now turn our attention to the non-trivial signature changes that may be applied to a root,
β, without altering it and we outline here a prescription for finding alternative signatures without
altering the root. In order to consider the effects of the reflection S11 on the signature we first
transform our root to a new root that is invariant under S11, we call the series of Weyl reflections
applied to achieve this U . Furthermore, we restrict ourselves to using only trivial Weyl reflections
in this transformation, U , so that we only effect a non-trivial signature change after we have
transformed to an S11 invariant root. These restrictions identify a unique S11 invariant root for
a given non-zero coefficient of α11 in the simple root expansion of the root, β, or the level of β.
At this stage S11 may be applied without changing the root, but with the potential of altering the
signature. Our original root in the new signature may be re-obtained by applying U−1. These
steps allow an algorithmic exploration of the related signatures for a specific root.
For α11, at level one, the S11 invariant root is α7 + 2α8 + α9 + α11. It is obtained from
α11 by reflections S8S7S9S8 ≡ U , so that α11 = U−1S11Uα11, and a new class of signature
diagrams is obtained that is not trivially related to the first class. This process is repeated for
every trivially related signature diagram and in this way all possible Weyl reflections preserving
α11 are applied and the associated set of signature diagrams including (10, 1,−) is obtained, we
call this set the signature orbit of α11. An equivalent approach would be to apply all possible
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trivial reflections to S11Uα11, before transforming back to α11 with U−1. This procedure is simply
completed by a computer program, with the results shown in table 9, where we have only listed the
cases where we have taken x1 to be a temporal coordinate. The equivalent signature orbit where
x1 is taken to be spacelike is found by inverting all signatures, while keeping f(α11) constant.
The signature orbits for the lowest weight, associated with generator R123, are found by applying
(S1 . . . S10)(S1 . . . S9)(S1 . . . S8) and the results are shown in table 10.
Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(10, 1,−) (2, 1) (8, 0) 3 −1
(9, 2,−) (3, 0) (6, 2) 21 +1
(2, 9,−) (0, 3) (2, 6) 7 −1
(6, 5,−) (2, 1) (4, 4) 105 −1
(5, 6,−) (1, 2) (4, 4) 105 +1
(6, 5,−) (0, 3) (6, 2) 21 −1
(5, 6,−) (3, 0) (2, 6) 7 +1
(9, 2,−) (1, 2) (8, 0) 3 +1
272
Table 9: The signature orbit of the root associated to R91011
Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(1, 10,+) (1, 2) (0, 8) 1 −1
(10, 1,+) (2, 1) (8, 0) 2 +1
(9, 2,+) (3, 0) (6, 2) 15 −1
(9, 2,−) (3, 0) (6, 2) 13 +1
(6, 5,+) (2, 1) (4, 4) 70 +1
(6, 5,−) (2, 1) (4, 4) 70 −1
(5, 6,+) (1, 2) (4, 4) 35 −1
(5, 6,−) (1, 2) (4, 4) 35 +1
(5, 6,+) (3, 0) (2, 6) 13 −1
(5, 6,−) (3, 0) (2, 6) 15 +1
(2, 9,−) (2, 1) (0, 8) 2 −1
(9, 2,−) (1, 2) (8, 0) 1 +1
272
Table 10: The signature orbit of the root associated to R123
We have found the signature orbits of the highest and lowest weights in the membrane represen-
tation, but we have not checked whether each prescribed signature offers a solution to the Einstein
and gauge equations. Using our observations of section 6.2 it is, in fact, a quick exercise to check
all signatures and see if they offer a solution. We have evaluated κ, defined in equation (6.13) for
each putative solution given in the tables, and wherever we find κ = −1 we have a solution of the
Einstein equations. If we count the number of trivially related signatures for these cases we notice
that exactly half of the total signature orbit are solutions, that is 3 + 7 + 105 + 21 = 136 solutions
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associated to the generator R91011. For spacelike x1 we find 21+105+7+3 = 136 solutions too. For
the lowest weight generator R123 considered in table 10, we again find 1+15+70+35+13+2 = 136
solutions for timelike x1, and similarly 2 + 13 + 70 + 35 + 15 + 1 = 136 solutions for spacelike x1.
6.4.2 Fivebrane Solution Signatures
We now turn our attention to the representation that gives the M5 solution. Its highest weight
generator is R67891011 which is associated with the root β ≡ α6 +2α7 +3α8 +2α9 +α10 +2α11. Only
the Weyl reflections {S5, S11} alter the root. The level two S11-invariant root is obtained from β
by acting upon it with the series of reflections given by U ≡ S10S9S8S7S6S5 and the lowest weight
representation, with generator R123456, is obtained under the reflection (S1 . . . S10) . . . (S1 . . . S5).
The signature orbits are shown in tables 11 and 12 respectively. Again the cases where κ = −1
give solutions, but we note that there is a difference to the M2 case when we consider the solutions
for spacelike x1. As before the spacelike x1 case is found by a global signature inversion, however
for the M5 case this does not bring about a change of sign in κ. The solutions for spacelike and
timelike x1 are no longer complementary but identical. For the highest weight generator we find
3 + 3 + 12 + 60 + 40 + 3 + 12 + 3 = 136 solutions, the same number of solutions as for the M2 case,
but for the lowest weight we find 5 + 1 + 3 + 15 + 40 + 40 + 15 + 3 + 5 + 1 = 128 solutions.
Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(10, 1,+) (5, 1) (5, 0) 3 −1
(10, 1,−) (5, 1) (5, 0) 3 +1
(2, 9,+) (1, 5) (1, 4) 3 −1
(2, 9,−) (1, 5) (1, 4) 3 +1
(9, 2,+) (5, 1) (4, 1) 12 −1
(9, 2,−) (5, 1) (4, 1) 12 +1
(6, 5,+) (3, 3) (3, 2) 60 −1
(6, 5,−) (3, 3) (3, 2) 60 +1
(5, 6,+) (3, 3) (2, 3) 40 −1
(5, 6,−) (3, 3) (2, 3) 40 +1
(6, 5,+) (5, 1) (1, 4) 3 −1
(6, 5,−) (5, 1) (1, 4) 3 +1
(5, 6,+) (1, 5) (4, 1) 12 −1
(5, 6,−) (1, 5) (4, 1) 12 +1
(6, 5,+) (1, 5) (5, 0) 3 −1
(6, 5,−) (1, 5) (5, 0) 3 +1
272
Table 11: The signature orbit of the root associated to R67891011
6.4.3 pp-Wave Solution Signatures
The pp-wave is treated in the same manner. Its highest weight is associated to the root β =
α1 + . . . α10 and its lowest weight is associated to the root S0β = −β. In both cases only the Weyl
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Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(10, 1,+) (5, 1) (5, 0) 5 −1
(1, 10,+) (1, 5) (0, 5) 1 −1
(2, 9,+) (1, 5) (1, 4) 3 −1
(2, 9,−) (1, 5) (1, 4) 2 +1
(9, 2,+) (5, 1) (4, 1) 15 −1
(9, 2,−) (5, 1) (4, 1) 10 +1
(6, 5,+) (3, 3) (3, 2) 40 −1
(6, 5,−) (3, 3) (3, 2) 60 +1
(5, 6,+) (3, 3) (2, 3) 40 −1
(5, 6,−) (3, 3) (2, 3) 60 +1
(6, 5,+) (5, 1) (1, 4) 15 −1
(6, 5,−) (5, 1) (1, 4) 10 +1
(5, 6,+) (1, 5) (4, 1) 3 −1
(5, 6,−) (1, 5) (4, 1) 2 +1
(5, 6,+) (5, 1) (0, 5) 5 −1
(6, 5,+) (1, 5) (5, 0) 1 −1
272
Table 12: The signature orbit of the root associated to R123456
reflections {S1, S10, S11} alter the root. However, the negative roots have generators of the form
Kab, where a > b, which are projected out of the general group element of E11, see equation (2.24)
in [68], so the lowest weight representation has generator K12, and associated root α1. We note
that α1 is only altered by the Weyl reflections {S1, S2}, and is related to the highest weight by
α1 = S2S3 . . . S10β. There are a number of possible level 0 S11-invariant roots, we make use of
U ≡ S8S7S6S5S4S3S2S1 to transform β into α9 +α10 and then effect the signature-changing Weyl
reflection, S11, before transforming back to β. The signature orbits containing the M -theory pp-
wave coming from the root associated to the highest weight and the lowest weight with a positive
root generator are listed in tables 13 and 14 respectively.
Our analysis of solutions to the Einstein equations from κ is not appropriate for the pp-wave,
instead we have a pp-wave solution if the ansatz given in appendix B.1 is satisfied [77, 78]. From
the tables we obtain 1 + 2 + 7 = 10 solutions for the pp-wave for each weight of the representation
and, in addition, we note that there is no associated M ′-theory pp-wave, in our signature orbits.
Global Longitudinal Transverse Signature Trivially
Signature Signature Signature of Ω9 Related
(temporal x1) Signatures
(10, 1,−) (1, 0) (0, 1) (9, 0) 1
(2, 9,+) (1, 0) (0, 1) (1, 8) 2
(2, 9,−) (1, 0) (0, 1) (1, 8) 7
10
Table 13: The signature orbit of the root associated to highest weight pp-wave
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Global Longitudinal Transverse Signature Trivially
Signature Signature Signature of Ω9 Related
(temporal x1) Signatures
(1, 10,+) (1, 0) (0, 1) (0, 9) 1
(9, 2,−) (1, 0) (0, 1) (8, 1) 2
(9, 2,+) (1, 0) (0, 1) (8, 1) 7
10
Table 14: The signature orbit of the root associated to lowest weight pp-wave
6.5 S-Branes from a Choice of Local Sub-Algebra
Spacelike branes or S-branes were discovered as a constituent of string theory by Gutperle and
Strominger [87], who argued that they were a timelike kink in the tachyon field on the world volume
of an unstable D-brane, or D-brane anti-D-brane pair. There is a wealth of literature on the rolling
tachyon [96] whose association with S-branes was first highlighted by Sen. Supergravity S-branes
were found by Chen, Gal’tsov and Gutperle in arbitrary dimension, D, in [88] and in D=10 by
Kruczenski, Myers and Peet in [93]. These solutions were shown to be equivalent under a coordinate
transformation by Bhattacharya and Roy in [91]. General S-brane solutions in eleven dimensions
were also found in reference [94], where intersection rules are also considered. We concentrate here
on simply identifying the spacelike branes of M -theory and the related solutions in other theories
that may be constructed from the brane spectrum of E11.
The group element (5.5) has been used to find brane solutions in exotic signatures by Weyl
reflecting the known electric brane solutions of M -theory. The group element itself does not know
which signature its associated solution exists in, indeed signature information comes from the
choice of local sub-algebra. In our solutions we have singled out electric field strengths, those
which always have a temporal coordinate, and used these as a starting point for the signature
orbits of the previous section. It was observed in section 6.4.1 that the Weyl reflections that
did not alter the root kept the temporal coordinate on the brane world-volume for the M -theory
solutions, presenting an obstacle to finding S-branes from the electric solutions by Weyl reflecting
the group element (5.5). Let’s look at this in more detail. If one rotates the coordinates, using a
Weyl reflection, to obtain a new root and associated gauge field, the effect of Si on the expansion
of β ·H in 5.5 is to interchange Kii and Ki+1i+1, where i = 1 . . . 10, and in terms of the coordinate
indices on the gauge potential the indices xi and xi+1 are swapped. For example consider the
lowest weight of the M2 representation with gauge field A123, whose indices are transformed in the
following manner,
A123
S1−→ A123
A123
S2−→ A123 (6.25)
A123
S3−→ A124
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If we pick x3 to be the timelike coordinate we might think that to remove it from the gauge field
would require a Weyl reflection in S3. The effect of S3 on the signature diagram is to change the
timelike coordinate from x3 to x4,
0 0
0 1 1 0 0 0 0 0 0 0 S3−→ 0 0 1 1 0 0 0 0 0 0
s s t s s s s s s s s s s s t s s s s s s s
Consequently the new gauge field A124 remains electric and similar considerations for each possible
choice of timelike coordinate show that an electric gauge field remains electric under Weyl reflec-
tions. Importantly the S-brane solutions of M -theory are not related to the electric solutions by
Weyl reflections, and are not found in the signature orbits of the usual electric solutions.
However, given any real form of an algebra that leaves a Lorentzian form, e.g. −t2 +x21 + . . . x210,
invariant we may consider the complex extension of the algebra such that a Euclidean form is left
invariant. A specific example of how the generators transform is K12 → iK12 where x1 is the
temporal coordinate. To reintroduce a Lorentzian symmetry we apply the inverse transformation.
For example to make x10 temporal, we transform K1011 → −iK1011, and obtain a complexified
version of the original set of generators preserving a real Lorentzian form, t2+x21+. . .+x
2
9−x210. The
result is that the generators, A123, A123456 and K12 used to find the electric solutions of appendix
B.1 become iA123, iA123456 and iK12, as would be expected by the Wick rotations as in equation
6.10, and all their indices are now spacelike.
Equivalently, there is a different choice of local sub-algebra with a different set of generators,
all real, that preserve the same Lorentzian form, that give an identical theory but with a different
sign in front of F 2 in the action. For example the S2 and S5-branes are solutions in signature
(1, 10,−) with a real set of generators. Our Weyl reflections lead us to pick out the real form of
the sub-algebra, and the sign of F 2. The pp-wave has a null field strength, hence we make use
of the complex generators to find its spacelike solution. These spacelike solutions are verified in
appendix B.5.
We may commence with the S2 and S5-brane solutions of M -theory given in appendix B.5,
encoded in the group element and find their signature orbits. This solution is identical to com-
mencing using a local subgroup, H, whose temporal coordinate with respect to our ansatz (6.3)
is not part of the brane world-volume. The metric for the M -theory spacelike solution takes the
same form as our ansatz (6.3), explicitly,
ds2 = A2(
j=p∑
j=1
dx2j ) +B
2(−du2 +
b=d∑
b=1
dy2b ) (6.26)
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Where A and B, are as defined in (6.4), using the harmonic function,
N(1,D−p−2) = 1 +
1
D − p− 3
√
∆
2(D − 2)
‖Q‖
rˆ(D−p−3)
(6.27)
Where rˆ2 = −(u1)2 + (y1)2 + . . . (yD−p−2)2. For the S2 and S5 branes we have the associated field
strengths
Fx1x2x3rˆ =4∂[rˆAx1x2x3] = ∂rˆAx1x2x3 = ∂rˆN
−1
(1,7)
Fx1x2x3x4x5x6rˆ =7∂[rˆAx1x2x3x4x5x6] = ∂rˆAx1x2x3x4x5x6 = ∂rˆN
−1
(1,4) (6.28)
Weyl reflections of these solutions then give new orbits of possible solutions and completes the
range of signature configurations related by E11, in that we find solutions of M -theory where the
temporal coordinate may be any of {x1 . . . x11} for each weight. We list these signature orbits for
the case of the highest and lowest weights of the S2-brane in the tables 15, 16 and similarly for
the S5-brane in tables 17, 18.
Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(1, 10,−) (0, 3) (1, 7) 1 −1
(10, 1,−) (3, 0) (7, 1) 7 +1
(7, 4,−) (2, 1) (5, 3) 105 −1
(4, 7,−) (1, 2) (3, 5) 63 +1
(5, 6,−) (2, 1) (3, 5) 63 −1
(6, 5,−) (1, 2) (5, 3) 105 +1
(5, 6,−) (0, 3) (5, 3) 35 −1
(6, 5,−) (3, 0) (3, 5) 21 +1
(7, 4,−) (0, 3) (7, 1) 7 −1
(4, 7,−) (3, 0) (1, 7) 1 +1
(3, 8,−) (0, 3) (3, 5) 35 −1
(8, 3,−) (3, 0) (5, 3) 21 +1
(3, 8,−) (2, 1) (1, 7) 21 −1
(8, 3,−) (1, 2) (7, 1) 3 +1
(9, 2,−) (2, 1) (7, 1) 21 −1
(2, 9,−) (1, 2) (1, 7) 3 +1
512
Table 15: The signature orbit of S2-brane from E11 from R91011
The pp-wave solution distinguishes three sets of coordinates, namely a longitudinal coordinate,
a transverse coordinate and the nine remaining coordinates in 11-dimensions, Ω9. Consequently
there are two alternative choices of local sub-algebra that may be made, the first introduces a
transverse time coordinate and the second introduces a time coordinate into Ω9, which we then
relabel Ω(1,8). The former case is similar to the original pp-wave solution under an interchange of
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Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(10, 1,+) (3, 0) (7, 1) 3 −1
(10, 1,−) (3, 0) (7, 1) 5 +1
(7, 4,+) (2, 1) (5, 3) 50 +1
(7, 4,−) (2, 1) (5, 3) 62 −1
(4, 7,+) (1, 2) (3, 5) 25 −1
(4, 7,−) (1, 2) (3, 5) 31 +1
(5, 6,+) (2, 1) (3, 5) 62 +1
(5, 6,−) (2, 1) (3, 5) 50 −1
(6, 5,+) (1, 2) (5, 3) 31 −1
(6, 5,−) (1, 2) (5, 3) 25 +1
(8, 3,+) (3, 0) (5, 3) 31 −1
(8, 3,−) (3, 0) (5, 3) 25 +1
(4, 7,+) (3, 0) (1, 7) 5 −1
(4, 7,−) (3, 0) (1, 7) 3 +1
(9, 2,+) (2, 1) (7, 1) 10 +1
(9, 2,−) (2, 1) (7, 1) 6 −1
(2, 9,+) (1, 2) (1, 7) 5 −1
(2, 9,−) (1, 2) (1, 7) 3 +1
(6, 5,+) (3, 0) (3, 5) 25 −1
(6, 5,−) (3, 0) (3, 5) 31 +1
(3, 8,+) (2, 1) (1, 7) 6 +1
(3, 8,−) (2, 1) (1, 7) 10 −1
(8, 3,+) (1, 2) (7, 1) 3 −1
(8, 3,−) (1, 2) (7, 1) 5 +1
512
Table 16: The signature orbit of S2-brane from E11 from R123
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Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(1, 10,−) (0, 6) (1, 4) 4 −1
(10, 1,−) (6, 0) (4, 1) 1 −1
(7, 4,+) (4, 2) (3, 2) 36 +1
(7, 4,−) (4, 2) (3, 2) 54 −1
(4, 7,+) (2, 4) (2, 3) 24 +1
(4, 7,−) (2, 4) (2, 3) 36 −1
(5, 6,+) (4, 2) (1, 4) 6 +1
(5, 6,−) (4, 2) (1, 4) 9 −1
(6, 5,+) (2, 4) (4, 1) 24 +1
(6, 5,−) (2, 4) (4, 1) 36 −1
(5, 6,+) (2, 4) (3, 2) 54 +1
(5, 6,−) (2, 4) (3, 2) 36 −1
(6, 5,+) (4, 2) (2, 3) 36 +1
(6, 5,−) (4, 2) (2, 3) 24 −1
(7, 4,+) (2, 4) (5, 0) 9 +1
(7, 4,−) (2, 4) (5, 0) 6 −1
(3, 8,−) (0, 6) (3, 2) 6 −1
(8, 3,−) (6, 0) (2, 3) 4 −1
(3, 8,+) (2, 4) (1, 4) 9 +1
(3, 8,−) (2, 4) (1, 4) 6 −1
(8, 3,+) (4, 2) (4, 1) 36 +1
(8, 3,−) (4, 2) (4, 1) 24 −1
(9, 2,+) (4, 2) (5, 0) 6 +1
(9, 2,−) (4, 2) (5, 0) 9 −1
(2, 9,+) (0, 6) (2, 3) 4 +1
(9, 2,+) (6, 0) (3, 2) 6 +1
(4, 7,+) (0, 6) (4, 1) 4 +1
(7, 4,+) (6, 0) (1, 4) 1 +1
510
Table 17: The signature orbit of S5-brane from E11 generator R67891011
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Global Longitudinal Transverse Trivially
Signature Signature Signature Related κ
(temporal x1) Signatures
(10, 1,+) (6, 0) (4, 1) 3 +1
(10, 1,−) (6, 0) (4, 1) 2 −1
(7, 4,+) (4, 2) (3, 2) 40 +1
(7, 4,−) (4, 2) (3, 2) 60 −1
(4, 7,+) (2, 4) (2, 3) 20 +1
(4, 7,−) (2, 4) (2, 3) 30 −1
(5, 6,+) (2, 4) (3, 2) 20 +1
(5, 6,−) (2, 4) (3, 2) 30 −1
(6, 5,+) (4, 2) (2, 3) 40 +1
(6, 5,−) (4, 2) (2, 3) 60 −1
(3, 8,+) (2, 4) (1, 4) 15 +1
(3, 8,−) (2, 4) (1, 4) 10 −1
(8, 3,+) (4, 2) (4, 1) 30 +1
(8, 3,−) (4, 2) (4, 1) 20 −1
(5, 6,+) (4, 2) (1, 4) 30 +1
(5, 6,−) (4, 2) (1, 4) 20 −1
(6, 5,+) (2, 4) (4, 1) 15 +1
(6, 5,−) (2, 4) (4, 1) 10 −1
(7, 4,+) (6, 0) (1, 4) 3 +1
(7, 4,−) (6, 0) (1, 4) 2 −1
(8, 3,+) (6, 0) (2, 3) 4 +1
(8, 3,−) (6, 0) (2, 3) 6 −1
(9, 2,+) (6, 0) (3, 2) 4 +1
(9, 2,−) (6, 0) (3, 2) 6 −1
(2, 9,+) (2, 4) (0, 5) 5 +1
(9, 2,+) (4, 2) (5, 0) 10 +1
(4, 7,+) (4, 2) (0, 5) 10 +1
(7, 4,+) (2, 4) (5, 0) 5 +1
510
Table 18: The signature orbit of S5-brane from E11 generator R123456
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K → −K, having a line element:
ds2 = −(1 +K)dt12 + (1−K)dx12 + 2Kdt1dx1 + dΩ29 (6.29)
Consequently this second choice of local sub-algebra leads to the same solution as the usual sub-
algebra, but the pp-wave in this case is completely out of phase with the original pp-wave. This
solution is still dependent on a static harmonic function.
There is a time-dependent solution, which we label the Spp-wave, coming from the choice of
local sub-algebra that introduces a time coordinate into Ω9, which we indicate by Ω(1,8). The
solution is given in appendix B.5. We list the signature orbit of the highest weight case in table
19, as in the case of the pp-wave the lowest weight signature orbit is identical.
Signature Longitudinal Transverse Signature Trivially
(temporal x1) Signature Signature of Ω9 Related
Signatures
(10, 1,−) (1, 0) (1, 0) (8, 1) 7
(10, 1,+) (1, 0) (1, 0) (8, 1) 2
(4, 7,−) (1, 0) (1, 0) (2, 7) 22
(4, 7,+) (1, 0) (1, 0) (2, 7) 14
45
Table 19: The signature orbits of the root associated to highest weight Spp-wave
Let us count the solutions in the S2-brane signature orbit from the M, M∗ and M ′-theories12.
From the highest weight signature orbit in table 15, we find 1 + 63 + 35 + 21 = 120 solutions,
where x1 is timelike and 7 + 105 + 21 + 3 = 136 where x1 is spacelike. Recollect that we found
136 solutions related to the equivalent highest weight M2 signature orbit, giving a total of 256
solutions with timelike x1 and 272 with spacelike x1; in all we have 528 solutions from the root
associated to the R91011 generator. Similarly for the lowest weight associated to the S2-brane we
find 3 + 50 + 31 + 6 + 5 + 25 = 120 solutions with timelike x1 and 5 + 62 + 25 + 10 + 3 + 31 = 136
with spacelike x1, giving a total of 528 solutions from the root associated to the R123 generator.
The S5-brane signature orbit coming from the highest weight given in table 17 has 4 + 1 + 9 +
36 + 36 + 24 + 9 = 119 solutions of the three M -theories for both timelike and spacelike x1. If we
include the 136 solutions from the highest weight of the M5 representation for both timelike and
spacelike x1, we find a total of 510 solutions associated to the R67891011 generator. Perhaps most
interesting are the results from the lowest weight generator R123456; from the S5 signature orbit in
table 16 we find 2 + 30 + 60 + 20 + 10 + 6 = 128 solutions to the three M -theories for both timelike
and spacelike x1. Recalling that we earlier counted 128 solutions from the lowest weight signature
orbit containing the M5 brane for each choice of x1 giving a total of 512 solutions associated to the
R123456 generator. We note that there is a difference between both the total number and type of
12That is, only those with signature (1, 10,±),(10, 1,±),(2, 9,±),(9, 2,±),(5, 6,±) and (6, 5,±)
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solutions associated the generator Ra1...a6 at different weights, in contrast to the Ra1a2a3 generator
to which a consistent set of solutions is associated at each weight.
6.6 A Naive Interpretation for Signature Change
In this chapter we have strayed into what would seem to be non-physical territory, and certainly
unfamiliar, by simply following through the consequences of imposing a Lorentzian symmetry on
spacetime as it occurs in the nonlinear realisation. However it has been observed [84] that there
are some physically appealing aspects to this construction, namely, that one is able to obtain the
M∗ and M ′ theories without the need for a compactification on a closed timelike loop [86]. Instead
such theories arise as a consequence of U-duality transformations applied in the form of a Weyl
reflection of our algebra, this certainly makes the M∗ and M ′ theories physically more viable. In
this chapter we also saw that the consequence of signature changes in the algebra of E11 led us
to the signature orbits of the known theories. The signature orbits of the known electric branes
revealed a naturally complementary set of brane signature orbits and we saw that these were the
S-branes of supergravity. It may be that the notion of multiple signatures goes hand-in-hand with
the concept of spacelike branes.
Indeed there is a familiar mathematical interpretation for introducing signature changes into
ordinary quantum field theory in Minkowski space where one does require solutions in Euclidean
space, namely instantons, which occur when the particle enters a region forbidden by energy
considerations. The famous example is the particle in a square-well potential, moving in one
dimension, where in ordinary quantum mechanics one must solve the Schrodinger equation,
− ~
2m
∂2ψ
∂x2
= (E − V (x))ψ (6.30)
Where V (x) is the potential function, E is the energy of the particle. We find the wave-function
is given by,
ψ = Aei
√
2m
~
√
E−V (x)t (6.31)
While V (x) < E the wavefunction is oscillatory, and when V (x) > E the wavefunction decays
exponentially. One could consider this situation as being similar to a signature change, t → it on
the time coordinate, which is the only longitudinal coordinate of the particle. Of course it is not
simply that the wavefunction in the allowed region is mapped to that of the forbidden region by such
a Wick rotation, there is additional information that is given by the magnitude of E−V (x), but the
calculation could at least be interpreted as if a signature change occurred, rather than a change in
the potential function. One could imagine a similar scenario for branes and, in particular, one brane
in the potential of another. We note that for every brane solution in the signature orbits given in
this paper there is an exact pairing between putative solutions in [(p, q), (c, d)] and [(q, p), (c, d)],
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that is, under an signature inversion of the brane coordinates. For the fivebrane case either both
or none of these signatures will carry solutions, while for the membrane case only one of the two
signatures will carry a solution in a theory with a particular sign of F 2. Specifically the M5-brane,
[(1, 5), (0, 5)] = (1, 10), is paired with a solution in [(5, 1), (0, 5)] = (5, 6) which is an M ′-theory
solution; and the M2-brane, [(1, 2), (0, 8)] = (1, 10), has a solution in [(2, 1), (0, 8)] = (2, 9), with a
’+F 2’ term, which is an M∗-theory solution. From this viewpoint, we are always considering the
theory in a (1, 10) signature but certain calculations would require theories in other signatures,
namely (2, 9) and (5, 6).
We will finish this chapter by writing down a systematic set of rules for applying the kind of
Wick rotations present in the quantum mechanics of particles to extended objects. We will find
that we can obtain all the signatures of branes in the signature orbits of the M2 and the M5
described in this chapter. These comments are not intended to be scientific, but are merely a
passing observation that the quite complex set of branes and signatures coming from E11 may
be reproduced in a much more simple manner. Indeed we do not imagine that the Schrodinger
equation in one dimension can be equally well applied to the objects of a quantum field theory of
gravity, we simply wonder if we may find any results consistent with the findings of this chapter by
commencing with a set of rules whose prototype is the tunneling effect observed in the calculations
of the one-dimensional potential well.
The rules of the game are derived from the Wick rotations discussed above. We commence
with the prototype electric brane solutions of M -theory, the M2 brane with signature [(1, 2), (0, 8)]
and the M5 brane with signature [(1, 5), (0, 5)]. Then we imagine that such solutions may just as
easily define the function V (x1, . . . xp) as the energy function. Indeed our usual notion of kinetic
and potential energy is given by the sign of the associated terms appearing in the Lagrangian,
and throughout this chapter we have discussed changing the sign of the F 2 term - we now offer
the interpretation that the different signed terms be associated with the kinetic energy and the
potential associated to the brane. Our guiding rule is that should two branes’ coordinates overlap
we imagine these coordinates to be Wick rotated.
We are allowed to combine any two branes in a given signature to produce a third subject to
the following two provisions:
1. two branes may only be combined if they exist in the same global signature
2. no spacelike brane may be combined with any other brane
To visualise the process described here we use the following notation: to combine two branes one
writes out the two signatures using t’s (temporal) and s’s (spatial) to indicate the coordinate type.
The temporal coordinates in the two objects must be aligned. For one of the objects discard all
the transverse spatial coordinates - this object we are imagining to define the region containing
a different potential function to the background. We note that had the basic object in this game
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t
t s s s
s s s s
Table 20: The composition of two particle signatures
been just the particle in (1, 3) we would have generated a second solution signature which we would
associate with the instanton, as indicated in table 20. For the M2 and the M5 brane we must write
down all the possible spatial overlaps of the two objects, e.g. for two M2 branes we would consider
the different alignments shown in table 21. The rule for finding the combined object is that all
t s s
t s s s s s s s s s s
s t t s s s s s s s s
t s s
t s s s s s s s s s s
s t s t s s s s s s s
t s s
t s s s s s s s s s s
s s s t t s s s s s s
Table 21: The various compositions of two M2 branes signatures
coordinate types with a t or an s written above them are switched, while the rest remain unchanged.
In the above example one finds three objects in signature (2, 9) coming from the overlap of two M2
branes. These have signatures [(2, 1), (0, 8)], [(1, 2), (1, 7)] and [(0, 3), (2, 6)]. Now one simply starts
combining as many objects as possible and finds all possible different new objects. It is not a very
exciting game. One soon realises that the sets of objects are just those branes which are potential
solutions of the M , M∗ and M ′ theories - no other signatures ever arise. Compared to finding the
signature orbits of a brane solution arising from E11 this convoluted game is relatively simple. One
also thinks the rules we have suggested are also quite physical, namely that only objects in the
same signature may be combined and that spacelike branes may not take part in this dynamical
process. It may be no more than a triviality, but we think it is worth noting. Of course, within
the closure of such a set, we also find the S-branes of M -theory in this manner even though we
started with only electric branes. We emphasise that this ”game” is intended as no more than a
light-hearted remark.
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7 Kac-Moody Algebras and U-duality Charge Multiplets
It was recognised [22, 23, 24, 25, 26, 27] that the action of the Weyl group of Ed d = 1 . . . 8
corresponded to the U-duality transformations of M-theory compactified on a torus. By encoding
the tension, or mass, of BPS states appearing in string theory in a weight vector, the authors of
[24, 25, 26, 27] were able to apply Weyl reflections to the tensions of known solutions of M-theory
and demonstrate that they replicated the symmetries induced by the U-dualities of M-theory.
Furthermore the weight vectors encoding the tensions of the particle, string and brane states were
the fundamental weights of a semisimple Lie algebra. For M-theory compactified on a torus to
three dimensions the relevant Lie group was recognised as E8. The orbits of the highest weights
of the algebra under the Weyl group gave rise to U-duality multiplets labelled by the solution
corresponding to the highest weight. This work is discussed in detail in the original papers, but
especially in the review [27].
The conjecture that E11 is a symmetry of M-theory [3] gave an eleven-dimensional origin to
these observations. The reduction to three dimensions of the algebra of the l1 representation of
E11 was shown in [85] to give perfect agreement with the U-duality multiplet of charges, and
incorporate the Weyl group of E8 implicitly from the outset.
In this chapter we extend the work of [85] and outline the decomposition of the l1 algebra to
arbitrary dimensions, d < 11, on a torus.
7.1 General Decomposition
In chapter four we reviewed the proposal that the full set of brane charges of M-theory are contained
in the l1 representation of E11 [80]. Following this proposition the U-duality multiplet of charges
has been found for the reduction to three dimensions on an 8-torus as the l1 representation of an
A2 ⊗ E8 sub-algebra [85].
In this section we wish to find the decomposition of the l1 fundamental representation of E11
in terms of its Ad−1 and E11−d. The details of this decomposition can be found in [85], but may
be straightforwardly extrapolated from the decompositions of E12 outlined in chapter four.
Recall that the l1 representation of E11 takes the first fundamental weight of E11, λˆ1, whose
associated generator is the translation generator, and treats it as the highest weight of a represen-
tation in the E11 lattice. A generic weight in the l1 representation therefore takes the form:
λˆ1 −
11∑
i=1
miαi (7.1)
Where
∑11
i=1miαi is a root in the E11 root lattice and so has length 2− 2n where n ∈ Z0+. As we
saw in chapter four, deletion of the component of E12 orthogonal to the E11 root lattice yields the
l1 representation of E11 if we restrict to roots in E12, β =
∑11
i=∗miαi such that m∗ = 1. To find
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the l1 representation of Ad−1 ⊗ E11−d we delete, in addition, the node labelled d, in figure 10, to
obtain, For example, to find representations of A4 ⊗ E6 we delete the fifth node. The two deleted
Figure 10: The Dynkin diagram of E12 decomposed into Ad−1 ⊗ E11−d
roots may be expressed in terms of vectors in the root space of E11 with components orthogonal
to the vectors in the remaining root space after deletion of nodes ∗ and d.
Let us denote the simple roots of E11 by αi and its fundamental weights by λi and commence
by writing the root associated to the ∗ node α∗ in terms of the fundamental weights of E11 and a
vector, x, in the root space of E12 orthogonal to the roots of E11,
α∗ = −λˆ1 + x (7.2)
We recall that
< λˆi, λˆj >= (A−1(E11))ij (7.3)
So that λ21 =
1
2 . Since α
2
∗ = 2 then x
2 = 32 , exactly the same as in chapter four. Consequently
we see the reason this construction leads us naturally to the l1 representation, since a root in E12
with m∗ = 1 becomes,
β = y − λˆ1 +
11∑
i=1
miαi ≡ y − Λ
Where Λ is a weight in the l1 representation.
Similarly we carry out the decomposition to Ad−1 ⊗ E11−d by expressing the d’th root, αd, in
the form,
αd = −ν + y, ν = −
i=11∑
i=1,i6=d
λi(A(E11))id (7.4)
Where (A(E11))id is the i, d’th component in the Cartan matrix of E11, x is orthogonal to all the
remaining roots after deletion, and now λi for i = 1 . . . d − 1 are fundamental weights of Ad−1,
and when i = (d + 1) . . . 11 they are fundamental weights of E11−d. Calling to mind the defining
relation of the fundamental weights to the simple roots,
< αi, λj >= δij (7.5)
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We are able to denote the fundamental weights of the decomposed E11 by li and have,
ld =
1
y2
y (7.6)
l
(r)
i = λ
(r)
i +
< ν, λ
(r)
i >
y2
y (7.7)
Where r is either 1, referring to the Ad−1 sub-algebra, or 2, referring to the Ed−11 sub-algebra. In
this notation,
α∗ = −l(1)1 + x (7.8)
We now return to our consideration of E12, a general root of which is given by,
β = m∗α∗ +mdαd +
11∑
i=1,i6=d
miαi (7.9)
For a positive root, m∗, md and mi are positive integers. Substituting our expressions for α∗ and
αc, we obtain,
β = m∗x+ (md −m∗
< λ
(1)
1 , λ
(1)
d−1 >
x2
)y −
∑
(r=1,2)
Λ(r) (7.10)
Where,
Λ(r) = −
11∑
i=1,i6=d
m
(r)
i α
(r)
i +mdν
(r) +m∗λ
(r)
1 δ(r,1) (7.11)
Adopting the notation m(1)i = mi, m
(2)
i = ni, λ
(1)
i = µi and λ
(2)
i = λi, we have,
Λ(1) = −
d−1∑
i=1
miα
(1)
i +mdµd−1 +m∗µ1 ≡
d−1∑
i
qiµi
Λ(2) = −
11−d∑
i=1
niα
(2)
i +mdλ1 ≡
11−d∑
i
piλi (7.12)
Taking the inner product with µj and λj respectively we obtain expressions for the Dynkin labels,
ni and mi,
Ad−1 : −mj =
∑
i
qi < µi, µj > −md < µd−1, µj > −m∗ < µ1, µj >
E11−d : − nj =
∑
i
pi < λi, λj > −md < λ1, λj > (7.13)
The inner product of fundamental weights of Ad−1 are defined to give the inverse of the Cartan
matrix of the group, and are specified by,
< µi, µj >=
1
d
i(d− j), i ≤ j (7.14)
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This formula is arrived at by use of (detA)A−1 = adjA, remembering that A is symmetric. It
is shown in [66] that detAd−1 = d and we recall that the i’th row and j’th column entry of the
adjugate of a matrix is proportional to the determinant of the matrix once it’s i’th row and j’th
column have been removed, we denote this reduced Cartan matrix Aˆ(ij). Then,
det Aˆ(ij) = (−1)j−i(detA(i−1))(detA(d−1−j)) = (−1)j−ii(d− j), i ≤ j (7.15)
The adjugate matrix is defined by,
(adjA)ij = (−1)i+j det Aˆ(ij) = i(d− j), i ≤ j (7.16)
Similar formulae for the weights of E11−d are derived in appendix A of reference [85] and are,
λi = µˆi +
3i
d− 2z, i = 1, . . . , 8− d
= µˆi +
(8− d)(11− d− i)
d− 2 z, i = 9− d, 10− d
=
(11− d)z
(d− 2) , i = 11− d (7.17)
These weights are derived by deleting the n’th node with respect to an En diagram, z is the vector
in the root space corresponding to the linear independence of the n’th node and µˆi are the weights
of the An−1 subalgebra, where n = 11− d. We note that z2 = d−211−d and,
λ21 =< µˆ1, µˆ1 > +
9
(d− 2)(11− d) =
d− 1
d− 2 (7.18)
Consequently,
α2c = x
2 + µ2d−1 + λ
2
1 = x
2 +
d− 1
d
+
d− 1
d− 2 (7.19)
Normalising α2c = 2 gives,
x2 =
−2
d(d− 2) (7.20)
7.2 Rank p topological charges
We commence by looking for solutions that have a single µd−p weight in the decomposition i.e.∑
i qiµi = µd−p. Such a weight in the l1 representation of Ad−1 corresponds to a rank p charge,
Za1...ap . It was demonstrated in [65] and also in chapter four of this thesis, that for this weight
there exists a corresponding object in the adjoint representation of Ad−1 with p+ 1 antisymmetric
indices, Ra1...ap+1 , and a corresponding gauge field, Aa1...ap+1 , coupling to a p-brane.
A µd−p weight in the Ad−1 sub-algebra of our decomposition leads to constraints upon the
values to be taken by md in equation (7.22). We are interested in the decomposition of the l1
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representation of E11 and as such we take m∗ = 1 and from the Ad−1 equation in (7.13) we obtain,
−mj =< µ(d−p), µj > −md < µ(d−1), µj > − < µ1, µj >
=
(d− p− 1)−
j
d (d− p− 1 +md), j ≥ (d− p)
−1 + jd (p+ 1−md), j ≤ (d− p)
(7.21)
Since −mj must be integer valued and negative (we may restrict our interest to only the positive
Dynkin labels as the negative roots have the negative of the Dynkin labels of the positive roots)
we find a simple set of solutions for md having the form,
md = p+ 1 + kd, k ∈ Z (7.22)
7.3 Representations of the fundamental weights of E11−d
Having found a criterion for md from a particularly interesting weight of Ad−1, we now turn
our attention to restrictions on md coming from specific weights of the E11−d sub-algebra. We
commence by finding conditions for representations of the fundamental weights of E11−d, λi, for
which we set
∑
i piλi = λi in (7.13) and making use of equation (7.17) we find,
−nj =< λi, λj > −md < λ1, λj > (7.23)
=

i ≤ 8− d

i−md + jd−2 (i−md), j ≤ 8− d, i ≤ j
j −md + jd−2 (i−md), j ≤ 8− d, i ≥ j
2(11−d−j)
d−2 (i−md), j = 9− d, 10− d
3
d−2 (i−md), j = 11− d
i = 9− d, 10− d

−md + jd−2 (2(11− d− i)−md), j ≤ 8− d
11−d−j
d−2 ((8− d)2 − i(6− d)− 2md), j = 9− d, 10− d, i ≤ j
1
d−2 (4(11− d− j)− 2md), j = 9− d, 10− d, i ≥ j
1
d−2 ((8− d)(11− d− i)− 3md), j = 11− d
i = 11− d

−md + jd−2 (3−md), j ≤ 8− d
11−d−j
d−2 (8− d− 2md), j = 9− d, 10− d
1
d−2 (11− d− 3md), j = 11− d
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The simplest case with a solution is dependent upon the choice of fundamental weight λi and is
md =

i+ l(d− 2), i ≤ 8− d
2(11− d− i) + l(d− 2), i = 9− d, 10− d
3 + l(d− 2), i = 11− d
(7.24)
Where l is a positive integer or zero.
7.4 Representations of Ad−1 ⊗ E11−d with fundamental E11−d weights
We may find which rank p charges in the Ad−1 sub-algebra of the l1 representation are compatible
with each of the fundamental weights of E11−d by equating our two conditions for md, equations
(7.22) and (7.24),
p =

i+ l(d− 2)− kd− 1, i ≤ 8− d
2(11− d− i) + l(d− 2)− kd− 1, i = 9− d, 10− d
2 + l(d− 2)− kd, i = 11− d
(7.25)
In particular for l = k = 0 we find the content indicated in table 22, where we use the index
ai to indicate an index in the non-compact spacetime associated to the weight of Ad−1 being
considered, and the index ji to indicate compactified coordinates coming from the weights of
E11−d. For the case of d = 3 [85], the charges associated to the fundamental weights of nodes
Index of λi Weight of E11−d ⊗Ad−1 Central Charge
i ≤ 8− d λi ⊗ µd−i Za1...ai−1j1...jn−i
i = 9− d λ9−d ⊗ µd−3 Za1a2a3j1j2
i = 10− d λ10−d ⊗ µd−1 Za1j1
i = 11− d λ11−d ⊗ µd−2 Za1a2
Table 22: Representations of Ad−1 ⊗ E11−d with fundamental E11−d weights
11−d, 10−d and 1 of E11−d are the highest weights of the membrane, string and particle multiplets
of [22, 23, 24, 25, 26, 27]. Let us look to see the content of the various multiplets appears in the l1
representation of E11.
7.4.1 The Particle Multiplet
Let us identify the roots of the l1 representation associated to the weight λ1 ⊗ µd−1. Recall that
this is a solution with Dynkin coefficient md = 1. From equation (7.21), with p = 0 for the particle
we find that,
mj = 1 j = 1, . . . d− 1 (7.26)
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Since we are considering the l1 representation m∗ = 1 then the particle multiplet contains roots
with Dynkin labels (1d+1,md+1, . . .m11). For the reduction to d dimensions we should find the
particle multiplet being made up of roots whose first d + 1 Dynkin labels are 1’s. The most
complicated case is that of the reduction to d = 3 which has been studied already in [85], and the
l1 representations have been shown to form a multiplet of E8. Let us look specifically at the next
most complex case, that of the reduction to d = 4 where the particle multiplet should belong to
representations of E7. In particular we hope to find the 56 = 7 + 21 + 21 + 7 of E7. From our
table 34, we find the l1 content listed in the first three lines of table 23. In the fourth line of table
l1 Root Central Charge Dimension of charge
(19, 0, 0, 1) Zj1j2 21
(17, 2, 3, 2, 1, 2) Zj1...j5 21
(15, 2, 3, 4, 5, 3, 1, 3) Zj1...j7,k 7
(15, 07) Zj1...j6 7
Table 23: The particle charge multiplet in d = 4
23 we have included the root K15 coming from the A10 subalgebra of the l1 representation, whose
positive roots, being well understood, were not included in the table 34 as discussed in chapter
four. Thus in d = 4 the particle mutiplet is complete. In the reduction to d = 5 we look for the
27 = 6+15+6 of E6, and the corresponding roots are listed in table 24. For the reduction to d = 6
l1 Root Central Charge Dimension of charge
(19, 0, 0, 1) Zj1j2 15
(17, 2, 3, 2, 1, 2) Zj1...j5 6
(16, 0, 0, 1) Zj1...j5 6
Table 24: The particle charge multiplet in d = 5
we look for the 16 = 10 + 5 + 1 of SO(5). From the l1 we find the states of table 25. We repeat
l1 Root Central Charge Dimension of charge
(19, 0, 0, 1) Zj1j2 10
(17, 2, 3, 2, 1, 2) Zj1...j5 1
(17, 0, 0, 1) Zj1...j4 5
Table 25: The particle charge multiplet in d = 6
the process for d = 7 where we look for the 10 = 6 + 4 of Sl(5), the appropriate roots are listed
in table 26. The considerations giving rise to the formulae used in this chapter are even robust up
to d = 8 where we find the 6 = 3 + 3 of Sl(3)× Sl(2) contained in the l1 representation. We find
one from the root (19, 0, 0, 1) and another copy of the same root from the A10 subalgebra, both of
which give rise to a charge Zj1j2 of dimension 3. Thus the particle multiplet of charges appears
to have a higher dimensional origin in the l1 representation containing the charges of the eleven
dimensional theory.
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l1 Root Central Charge Dimension of charge
(19, 0, 0, 1) Zj1j2 6
(18, 0, 0, 1) Zj1...j3 4
Table 26: The particle charge multiplet in d = 7
7.4.2 The String Multiplet
Let us identify the roots of the l1 representation associated to the weight λ10−d ⊗ µd−1. Recall
that this is a solution with Dynkin coefficient md = 2. From equation (7.21), with p = 1 for the
string we find that,
mj = 1 j = 1, . . . d− 1 (7.27)
Using equation (7.24) we find, the corresponding root is (1d, 29−d, 0, 0, 1), which, as discussed in
[85] is related to the root (19, 0, 0, 1), with charge Z8.11 by a series commutators with the generators
Kdd+1, Kd+1d+2, . . . K78, giving the component Zd.11. This charge has one compact index (j=11)
and one non-compact index (a=d), and so is a component of a string charge Zaj . We can also
apply the generators Kaa+1 to the roots of the particle multiplet and find string charges in a similar
manner. We find the string multiplet has l1 roots with Dynkin labels (1d, 2,m5 . . .m11). In d = 4
we look for the 133 = 7 + 35 + 49 + 35 + 7 of E7 and the suitable roots from the l1 are listed in
table 27 together with the roots derived from the particle multiplet under the action of the A10
subalgebra. We note that there is a root in the table 34 having Dynkin labels (14, 2, 3, 4, 5, 6, 4, 2, 3)
l1 Root Central Charge Dimension of charge
(14, 25, 0, 0, 1) Za1,j1 7
(14, 24, 3, 2, 1, 2) Za1,j1...j4 35
(14, 22, 3, 4, 5, 3, 1, 3) Za1,j1...j6,k 49
(14, 2, 3, 4, 5, 6, 4, 2, 4) Za1,j1...j7,k1k2k3 35
(14, 2, 3, 5, 7, 9, 6, 3, 5) Za1,j1...j7,k1...k6 7
Table 27: The string charge multiplet in d = 4
and a charge Za1,j1...j7 contributing one extra degree of freedom, however this root is contained in
the representation Za1,j1...j6,k listed in table 27, differing in terms of Dynkin labels by (05, 16, 0)
which is a root of the A10 subalgebra having generator K411, and so has already been accounted
for in the table.
In d = 5 we look for the 27 = 6 + 15 + 6 of E6. This corresponds to roots of the form
(15, 2,m6 . . .m11), which we list in table 28.
l1 Root Central Charge Dimension of charge
(15, 24, 0, 0, 1) Za1,j1 6
(15, 23, 3, 2, 1, 2) Za1,j1...j4 15
(15, 2, 3, 4, 5, 3, 1, 3) Za1,j1...j6,k 6
Table 28: The string charge multiplet in d = 5
143
7.5 More Exotic Charges from a general weight of E11−d
In d = 6 we look for the 10 = 5 + 5 of SO(5, 5). This corresponds to roots of the form
(16, 2,m7 . . .m11), which we list in table 29.
l1 Root Central Charge Dimension of charge
(16, 23, 0, 0, 1) Za1,j1 5
(16, 22, 3, 2, 1, 2) Za1,j1...j4 5
Table 29: The string charge multiplet in d = 6
In d = 7 we look for the 5 = 4+1 of Sl(5). This corresponds to roots of the form (17, 2,m8 . . .m11),
which we list in table 30.
l1 Root Central Charge Dimension of charge
(17, 22, 0, 0, 1) Za1,j1 4
(17, 2, 3, 2, 1, 2) Za1,j1...j4 1
Table 30: The string charge multiplet in d = 7
In d = 8 we look for the 3 of Sl(3)×Sl(2). This corresponds to roots of the form (18, 2,m9 . . .m11),
and we find only the root with Dynkin labels (18, 2, 0, 0, 1), corresponding to a charge Za1,j1 of
dimension 3.
Thus the full string multiplet is reproduced from the l1 multiplet in dimensions d, such that
3 ≤ d ≤ 8.
In addition to the string and particle multiplets, we may also find multiplets associated with
the membrane charge, a threebrane charge, a fourbrane charge and other charges upto that of a
9− d-brane, as discussed in [24, 25, 26, 27]. It may be useful to associate the particle, string and
membrane multiplets with the Dynkin diagram of E11−d, One might also find a fivebrane multiplet
Figure 11: Charge multiplets and E11−d
whose highest weight is µd−5 × 2λ11−d, indeed one may find multiplets corresponding to a variety
of exotic charges whose interpretation in string theory is obscure, but are all a natural consequence
of the conjectured eleven dimensional E11 symmetry.
7.5 More Exotic Charges from a general weight of E11−d
Having considered the fundamental representations of E11−d it might be useful to consider a general
weight of E11−d, i.e.
∑
piλi, for we shall see that this has a straightforward form. We expand
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equation (7.13) to find,
−nj =
∑
pi < λi, λj > −md < λ1, λj >
= (p1 −md) < λ1, λj > +p2 < λ2, λj > + . . .+ p11−d < λ11−d, λj >
= (p1 −md)(1 + j
d− 2) + p22(1 +
j
d− 2) + . . . pjj(1 +
j
d− 2) + p(j+1)j(1 +
j + 1
d− 2)
. . .+ p(8−d)j(1 +
8− d
d− 2) + p(9−d)2j(
2
d− 2) + p(10−d)2j(
1
d− 2) + p(11−d)3j(
1
d− 2)
= (p1 −md) + 2p2 + . . . jpj + j(p(j+1) + . . .+ p(8−d)) + j
d− 2((p1 −md)+
2p2 + . . . jpj + (j + 1)pj+1 + . . . (8− d)p(n−3) + 4p(9−d) + 2p(10−d) + 3p(11−d)) (7.28)
We see that we have a general solution giving positive integer values for nj when,
md =
8−d∑
i=1
ipi + 4p(9−d) + 2p(10−d) + 3p(11−d) + h(d− 2) (7.29)
Where h is some positive integer, or zero. We could use this equation to find some central charges
corresponding to more general weights of E11−d than we have considered so far. We match the
value of md in equation (7.29) with the value of md found from considering weights of Ad−1 as
given in equation (7.22).
For example let us consider an E11−d representation carrying the weights λi + λi+1, the values
of equation (7.29) are listed in table 31 along with the corresponding p-brane derived from equation
(7.22), and the central charge. In particular we note that the representation with E11−d weight
md p Central Charge
i = 1 3 2 Za1a2j1,k1k2
i = i 2i+ 1 2i Za1...a2ij1...ji,k1...ki
i = 6− d 13− 2d 2(6− d) Za1...a2(6−d)j1...j6−d,k1...k7−d
i = 7− d 15− 2d 2(7− d) Za1...a2(7−d)j1...j7−d,k1...k8−d
i = 8− d 12− d 11− d Za1...a12−d,j1j2j3,k1k2
i = 9− d 6 5 Za1...a5,j1j2,k1
i = 10− d 5 4 Za1...a4,j1,k1k2k3
Table 31: Representations of Ad−1 ⊗ E11−d with with λi + λi+1 E11−d weights
λ9−d +λ10−d corresponds to part of the fivebrane multiplet, and indeed equation (7.29) may prove
useful in future endeavours to comprehend the content of exotic charge multiplets.
It seems that it is indeed possible to find brane charges with almost arbitrary indices when we
compactify to low dimensions. Once again we are faced with the challenge of interpreting the higher
level content of the E11 algebra before we can hope to understand the plethora of exotic brane
charges that seem to arise in dimensional reduction of the l1 representation. However while it may
prove difficult to interpret the higher level objects of E11 and its l1 representation, the origin of the
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exotic charges that arose in [24, 25, 26, 27] due to the considerations of the U -duality symmetry
of string theory do have a natural higher dimensional origin in this setting as reported in [85].
The results presented in this chapter do lend credence to the notion that the l1 representation of
E11 contains all the central charges of the eleven dimensional theory that was presented in chapter
four, as well as providing further evidence in favour of the E11 conjecture.
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A Tables of low level roots of E11, K27 and their l1 represen-
tations
Table 32: The roots of E11 to level 12
A10 weights β (αi basis) β (ei basis) β2
[0, 0, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1) (0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1) 2
[0, 0, 0, 0, 1, 0, 0, 0, 0, 0] (0, 0, 0, 0, 0, 1, 2, 3, 2, 1, 2) (0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1) 2
[0, 1, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 1, 2, 3, 4, 5, 6, 4, 2, 3) (0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1) 0
[0, 0, 1, 0, 0, 0, 0, 0, 0, 1] (0, 0, 0, 1, 2, 3, 4, 5, 3, 1, 3) (0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 2) 2
[0, 0, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 4) (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2) −2
[0, 1, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 1, 2, 3, 4, 5, 6, 4, 2, 4) (0, 0, 1, 1, 1, 1, 1, 1, 2, 2, 2) 2
[1, 0, 0, 0, 0, 0, 0, 0, 1, 0] (0, 1, 2, 3, 4, 5, 6, 7, 4, 2, 4) (0, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2) 0
[1, 0, 0, 0, 0, 0, 0, 0, 0, 2] (0, 1, 2, 3, 4, 5, 6, 7, 4, 1, 4) (0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 3) 2
[0, 0, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 3, 4, 5, 6, 7, 9, 6, 3, 5) (1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2) −2
[0, 1, 0, 0, 1, 0, 0, 0, 0, 0] (0, 0, 1, 2, 3, 5, 7, 9, 6, 3, 5) (0, 0, 1, 1, 1, 2, 2, 2, 2, 2, 2) 2
[1, 0, 0, 0, 0, 1, 0, 0, 0, 0] (0, 1, 2, 3, 4, 5, 7, 9, 6, 3, 5) (0, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2) 0
[0, 0, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 3, 4, 5, 6, 7, 8, 4, 2, 5) (1, 1, 1, 1, 1, 1, 1, 1, 1, 3, 3) 2
[0, 0, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 5) (1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 3) 0
[1, 0, 0, 0, 0, 0, 1, 0, 0, 1] (0, 1, 2, 3, 4, 5, 6, 8, 5, 2, 5) (0, 1, 1, 1, 1, 1, 1, 2, 2, 2, 3) 2
[0, 0, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 3, 4, 6, 8, 10, 12, 8, 4, 6) (1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2) −4
[0, 2, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 2, 4, 6, 8, 10, 12, 8, 4, 6) (0, 0, 2, 2, 2, 2, 2, 2, 2, 2, 2) 0
[1, 0, 1, 0, 0, 0, 0, 0, 0, 0] (0, 1, 2, 4, 6, 8, 10, 12, 8, 4, 6) (0, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2) −2
[0, 0, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 3, 4, 5, 6, 7, 9, 6, 3, 6) (1, 1, 1, 1, 1, 1, 1, 2, 3, 3, 3) 2
[0, 0, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 3, 4, 5, 6, 8, 10, 6, 3, 6) (1, 1, 1, 1, 1, 1, 2, 2, 2, 3, 3) 0
[0, 0, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 7, 9, 11, 7, 3, 6) (1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3) −2
[0, 1, 1, 0, 0, 0, 0, 0, 0, 1] (0, 0, 1, 3, 5, 7, 9, 11, 7, 3, 6) (0, 0, 1, 2, 2, 2, 2, 2, 2, 2, 3) 2
[1, 0, 0, 0, 1, 0, 0, 0, 1, 0] (0, 1, 2, 3, 4, 6, 8, 10, 6, 3, 6) (0, 1, 1, 1, 1, 2, 2, 2, 2, 3, 3) 2
[1, 0, 0, 1, 0, 0, 0, 0, 0, 1] (0, 1, 2, 3, 5, 7, 9, 11, 7, 3, 6) (0, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3) 0
[0, 0, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 3, 4, 5, 6, 8, 10, 6, 2, 6) (1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 4) 2
[1, 0, 0, 0, 0, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 7) (1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) −8
[0, 0, 0, 0, 0, 2, 0, 0, 0, 0] (1, 2, 3, 4, 5, 6, 9, 12, 8, 4, 7) (1, 1, 1, 1, 1, 1, 3, 3, 3, 3, 3) 2
[0, 0, 0, 0, 1, 0, 1, 0, 0, 0] (1, 2, 3, 4, 5, 7, 9, 12, 8, 4, 7) (1, 1, 1, 1, 1, 2, 2, 3, 3, 3, 3) 0
[0, 0, 0, 1, 0, 0, 0, 1, 0, 0] (1, 2, 3, 4, 6, 8, 10, 12, 8, 4, 7) (1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3) −2
[0, 0, 1, 0, 0, 0, 0, 0, 1, 0] (1, 2, 3, 5, 7, 9, 11, 13, 8, 4, 7) (1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3) −4
[0, 1, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 7) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 3) −6
[0, 2, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 2, 4, 6, 8, 10, 12, 8, 4, 7) (0, 0, 2, 2, 2, 2, 2, 2, 3, 3, 3) 2
[1, 0, 0, 1, 0, 0, 1, 0, 0, 0] (0, 1, 2, 3, 5, 7, 9, 12, 8, 4, 7) (0, 1, 1, 1, 2, 2, 2, 3, 3, 3, 3) 2
[1, 0, 1, 0, 0, 0, 0, 1, 0, 0] (0, 1, 2, 4, 6, 8, 10, 12, 8, 4, 7) (0, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3) 0
[1, 1, 0, 0, 0, 0, 0, 0, 1, 0] (0, 1, 3, 5, 7, 9, 11, 13, 8, 4, 7) (0, 1, 2, 2, 2, 2, 2, 2, 2, 3, 3) −2
[2, 0, 0, 0, 0, 0, 0, 0, 0, 1] (0, 2, 4, 6, 8, 10, 12, 14, 9, 4, 7) (0, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3) −4
[0, 0, 0, 0, 1, 0, 0, 1, 0, 1] (1, 2, 3, 4, 5, 7, 9, 11, 7, 3, 7) (1, 1, 1, 1, 1, 2, 2, 2, 3, 3, 4) 2
[0, 0, 0, 1, 0, 0, 0, 0, 1, 1] (1, 2, 3, 4, 6, 8, 10, 12, 7, 3, 7) (1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 4) 0
[0, 0, 1, 0, 0, 0, 0, 0, 0, 2] (1, 2, 3, 5, 7, 9, 11, 13, 8, 3, 7) (1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 4) −2
[1, 0, 1, 0, 0, 0, 0, 0, 1, 1] (0, 1, 2, 4, 6, 8, 10, 12, 7, 3, 7) (0, 1, 1, 2, 2, 2, 2, 2, 2, 3, 4) 2
[1, 1, 0, 0, 0, 0, 0, 0, 0, 2] (0, 1, 3, 5, 7, 9, 11, 13, 8, 3, 7) (0, 1, 2, 2, 2, 2, 2, 2, 2, 2, 4) 0
[0, 0, 0, 0, 0, 0, 0, 0, 1, 0] (2, 4, 6, 8, 10, 12, 14, 16, 10, 5, 8) (2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3) −10
[0, 0, 0, 1, 1, 0, 0, 0, 0, 0] (1, 2, 3, 4, 6, 9, 12, 15, 10, 5, 8) (1, 1, 1, 1, 2, 3, 3, 3, 3, 3, 3) −2
[0, 0, 1, 0, 0, 1, 0, 0, 0, 0] (1, 2, 3, 5, 7, 9, 12, 15, 10, 5, 8) (1, 1, 1, 2, 2, 2, 3, 3, 3, 3, 3) −4
[0, 1, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 4, 6, 8, 10, 12, 15, 10, 5, 8) (1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3) −6
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[0, 2, 0, 0, 1, 0, 0, 0, 0, 0] (0, 0, 2, 4, 6, 9, 12, 15, 10, 5, 8) (0, 0, 2, 2, 2, 3, 3, 3, 3, 3, 3) 2
[1, 0, 0, 0, 0, 0, 0, 1, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 8) (1, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3) −8
[1, 0, 0, 2, 0, 0, 0, 0, 0, 0] (0, 1, 2, 3, 6, 9, 12, 15, 10, 5, 8) (0, 1, 1, 1, 3, 3, 3, 3, 3, 3, 3) 2
[1, 0, 1, 0, 1, 0, 0, 0, 0, 0] (0, 1, 2, 4, 6, 9, 12, 15, 10, 5, 8) (0, 1, 1, 2, 2, 3, 3, 3, 3, 3, 3) 0
[1, 1, 0, 0, 0, 1, 0, 0, 0, 0] (0, 1, 3, 5, 7, 9, 12, 15, 10, 5, 8) (0, 1, 2, 2, 2, 2, 3, 3, 3, 3, 3) −2
[2, 0, 0, 0, 0, 0, 1, 0, 0, 0] (0, 2, 4, 6, 8, 10, 12, 15, 10, 5, 8) (0, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3) −4
[0, 0, 0, 0, 0, 0, 0, 0, 0, 2] (2, 4, 6, 8, 10, 12, 14, 16, 10, 4, 8) (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 4) −8
[0, 0, 0, 0, 2, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 8, 11, 14, 9, 4, 8) (1, 1, 1, 1, 1, 3, 3, 3, 3, 3, 4) 2
[0, 0, 0, 1, 0, 0, 1, 0, 1, 0] (1, 2, 3, 4, 6, 8, 10, 13, 8, 4, 8) (1, 1, 1, 1, 2, 2, 2, 3, 3, 4, 4) 2
[0, 0, 0, 1, 0, 1, 0, 0, 0, 1] (1, 2, 3, 4, 6, 8, 11, 14, 9, 4, 8) (1, 1, 1, 1, 2, 2, 3, 3, 3, 3, 4) 0
[0, 0, 1, 0, 0, 0, 0, 1, 1, 0] (1, 2, 3, 5, 7, 9, 11, 13, 8, 4, 8) (1, 1, 1, 2, 2, 2, 2, 2, 3, 4, 4) 0
[0, 0, 1, 0, 0, 0, 1, 0, 0, 1] (1, 2, 3, 5, 7, 9, 11, 14, 9, 4, 8) (1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 4) −2
[0, 1, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 4, 6, 8, 10, 12, 14, 8, 4, 8) (1, 1, 2, 2, 2, 2, 2, 2, 2, 4, 4) −2
[0, 1, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 8) (1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 4) −4
[1, 0, 0, 0, 0, 0, 0, 0, 1, 1] (1, 3, 5, 7, 9, 11, 13, 15, 9, 4, 8) (1, 2, 2, 2, 2, 2, 2, 2, 2, 3, 4) −6
[1, 0, 1, 0, 0, 1, 0, 0, 0, 1] (0, 1, 2, 4, 6, 8, 11, 14, 9, 4, 8) (0, 1, 1, 2, 2, 2, 3, 3, 3, 3, 4) 2
[1, 1, 0, 0, 0, 0, 0, 1, 1, 0] (0, 1, 3, 5, 7, 9, 11, 13, 8, 4, 8) (0, 1, 2, 2, 2, 2, 2, 2, 3, 4, 4) 2
[1, 1, 0, 0, 0, 0, 1, 0, 0, 1] (0, 1, 3, 5, 7, 9, 11, 14, 9, 4, 8) (0, 1, 2, 2, 2, 2, 2, 3, 3, 3, 4) 0
[2, 0, 0, 0, 0, 0, 0, 0, 2, 0] (0, 2, 4, 6, 8, 10, 12, 14, 8, 4, 8) (0, 2, 2, 2, 2, 2, 2, 2, 2, 4, 4) 0
[2, 0, 0, 0, 0, 0, 0, 1, 0, 1] (0, 2, 4, 6, 8, 10, 12, 14, 9, 4, 8) (0, 2, 2, 2, 2, 2, 2, 2, 3, 3, 4) −2
[0, 0, 1, 0, 0, 0, 0, 1, 0, 2] (1, 2, 3, 5, 7, 9, 11, 13, 8, 3, 8) (1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 5) 2
[0, 1, 0, 0, 0, 0, 0, 0, 1, 2] (1, 2, 4, 6, 8, 10, 12, 14, 8, 3, 8) (1, 1, 2, 2, 2, 2, 2, 2, 2, 3, 5) 0
[1, 0, 0, 0, 0, 0, 0, 0, 0, 3] (1, 3, 5, 7, 9, 11, 13, 15, 9, 3, 8) (1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 5) −2
[2, 0, 0, 0, 0, 0, 0, 0, 1, 2] (0, 2, 4, 6, 8, 10, 12, 14, 8, 3, 8) (0, 2, 2, 2, 2, 2, 2, 2, 2, 3, 5) 2
[0, 0, 0, 0, 0, 1, 0, 0, 0, 0] (2, 4, 6, 8, 10, 12, 15, 18, 12, 6, 9) (2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3) −12
[0, 0, 2, 0, 0, 0, 0, 0, 0, 0] (1, 2, 3, 6, 9, 12, 15, 18, 12, 6, 9) (1, 1, 1, 3, 3, 3, 3, 3, 3, 3, 3) −6
[0, 1, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 4, 6, 9, 12, 15, 18, 12, 6, 9) (1, 1, 2, 2, 3, 3, 3, 3, 3, 3, 3) −8
[0, 3, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 3, 6, 9, 12, 15, 18, 12, 6, 9) (0, 0, 3, 3, 3, 3, 3, 3, 3, 3, 3) 0
[1, 0, 0, 0, 1, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 12, 15, 18, 12, 6, 9) (1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3) −10
[1, 1, 1, 0, 0, 0, 0, 0, 0, 0] (0, 1, 3, 6, 9, 12, 15, 18, 12, 6, 9) (0, 1, 2, 3, 3, 3, 3, 3, 3, 3, 3) −4
[2, 0, 0, 1, 0, 0, 0, 0, 0, 0] (0, 2, 4, 6, 9, 12, 15, 18, 12, 6, 9) (0, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3) −6
[0, 0, 0, 0, 0, 0, 0, 1, 1, 0] (2, 4, 6, 8, 10, 12, 14, 16, 10, 5, 9) (2, 2, 2, 2, 2, 2, 2, 2, 3, 4, 4) −8
[0, 0, 0, 0, 0, 0, 1, 0, 0, 1] (2, 4, 6, 8, 10, 12, 14, 17, 11, 5, 9) (2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 4) −10
[0, 0, 0, 1, 1, 0, 0, 1, 0, 0] (1, 2, 3, 4, 6, 9, 12, 15, 10, 5, 9) (1, 1, 1, 1, 2, 3, 3, 3, 4, 4, 4) 2
[0, 0, 0, 2, 0, 0, 0, 0, 1, 0] (1, 2, 3, 4, 7, 10, 13, 16, 10, 5, 9) (1, 1, 1, 1, 3, 3, 3, 3, 3, 4, 4) 0
[0, 0, 1, 0, 0, 0, 2, 0, 0, 0] (1, 2, 3, 5, 7, 9, 11, 15, 10, 5, 9) (1, 1, 1, 2, 2, 2, 2, 4, 4, 4, 4) 2
[0, 0, 1, 0, 0, 1, 0, 1, 0, 0] (1, 2, 3, 5, 7, 9, 12, 15, 10, 5, 9) (1, 1, 1, 2, 2, 2, 3, 3, 4, 4, 4) 0
[0, 0, 1, 0, 1, 0, 0, 0, 1, 0] (1, 2, 3, 5, 7, 10, 13, 16, 10, 5, 9) (1, 1, 1, 2, 2, 3, 3, 3, 3, 4, 4) −2
[0, 0, 1, 1, 0, 0, 0, 0, 0, 1] (1, 2, 3, 5, 8, 11, 14, 17, 11, 5, 9) (1, 1, 1, 2, 3, 3, 3, 3, 3, 3, 4) −4
[0, 1, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 4, 6, 8, 10, 12, 15, 10, 5, 9) (1, 1, 2, 2, 2, 2, 2, 3, 4, 4, 4) −2
[0, 1, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 4, 6, 8, 10, 13, 16, 10, 5, 9) (1, 1, 2, 2, 2, 2, 3, 3, 3, 4, 4) −4
[0, 1, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 11, 14, 17, 11, 5, 9) (1, 1, 2, 2, 2, 3, 3, 3, 3, 3, 4) −6
[0, 2, 1, 0, 0, 0, 0, 0, 0, 1] (0, 0, 2, 5, 8, 11, 14, 17, 11, 5, 9) (0, 0, 2, 3, 3, 3, 3, 3, 3, 3, 4) 2
[1, 0, 0, 0, 0, 0, 0, 2, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 9) (1, 2, 2, 2, 2, 2, 2, 2, 4, 4, 4) −4
[1, 0, 0, 0, 0, 0, 1, 0, 1, 0] (1, 3, 5, 7, 9, 11, 13, 16, 10, 5, 9) (1, 2, 2, 2, 2, 2, 2, 3, 3, 4, 4) −6
[1, 0, 0, 0, 0, 1, 0, 0, 0, 1] (1, 3, 5, 7, 9, 11, 14, 17, 11, 5, 9) (1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 4) −8
[1, 0, 1, 1, 0, 0, 0, 0, 1, 0] (0, 1, 2, 4, 7, 10, 13, 16, 10, 5, 9) (0, 1, 1, 2, 3, 3, 3, 3, 3, 4, 4) 2
[1, 0, 2, 0, 0, 0, 0, 0, 0, 1] (0, 1, 2, 5, 8, 11, 14, 17, 11, 5, 9) (0, 1, 1, 3, 3, 3, 3, 3, 3, 3, 4) 0
[1, 1, 0, 0, 0, 1, 0, 1, 0, 0] (0, 1, 3, 5, 7, 9, 12, 15, 10, 5, 9) (0, 1, 2, 2, 2, 2, 3, 3, 4, 4, 4) 2
[1, 1, 0, 0, 1, 0, 0, 0, 1, 0] (0, 1, 3, 5, 7, 10, 13, 16, 10, 5, 9) (0, 1, 2, 2, 2, 3, 3, 3, 3, 4, 4) 0
[1, 1, 0, 1, 0, 0, 0, 0, 0, 1] (0, 1, 3, 5, 8, 11, 14, 17, 11, 5, 9) (0, 1, 2, 2, 3, 3, 3, 3, 3, 3, 4) −2
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[2, 0, 0, 0, 0, 0, 1, 1, 0, 0] (0, 2, 4, 6, 8, 10, 12, 15, 10, 5, 9) (0, 2, 2, 2, 2, 2, 2, 3, 4, 4, 4) 0
[2, 0, 0, 0, 0, 1, 0, 0, 1, 0] (0, 2, 4, 6, 8, 10, 13, 16, 10, 5, 9) (0, 2, 2, 2, 2, 2, 3, 3, 3, 4, 4) −2
[2, 0, 0, 0, 1, 0, 0, 0, 0, 1] (0, 2, 4, 6, 8, 11, 14, 17, 11, 5, 9) (0, 2, 2, 2, 2, 3, 3, 3, 3, 3, 4) −4
[0, 0, 0, 0, 0, 0, 0, 0, 2, 1] (2, 4, 6, 8, 10, 12, 14, 16, 9, 4, 9) (2, 2, 2, 2, 2, 2, 2, 2, 2, 4, 5) −4
[0, 0, 0, 0, 0, 0, 0, 1, 0, 2] (2, 4, 6, 8, 10, 12, 14, 16, 10, 4, 9) (2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 5) −6
[0, 0, 0, 2, 0, 0, 0, 0, 0, 2] (1, 2, 3, 4, 7, 10, 13, 16, 10, 4, 9) (1, 1, 1, 1, 3, 3, 3, 3, 3, 3, 5) 2
[0, 0, 1, 0, 0, 1, 0, 0, 1, 1] (1, 2, 3, 5, 7, 9, 12, 15, 9, 4, 9) (1, 1, 1, 2, 2, 2, 3, 3, 3, 4, 5) 2
[0, 0, 1, 0, 1, 0, 0, 0, 0, 2] (1, 2, 3, 5, 7, 10, 13, 16, 10, 4, 9) (1, 1, 1, 2, 2, 3, 3, 3, 3, 3, 5) 0
[0, 1, 0, 0, 0, 0, 0, 2, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 9) (1, 1, 2, 2, 2, 2, 2, 2, 4, 4, 5) 2
[0, 1, 0, 0, 0, 0, 1, 0, 1, 1] (1, 2, 4, 6, 8, 10, 12, 15, 9, 4, 9) (1, 1, 2, 2, 2, 2, 2, 3, 3, 4, 5) 0
[0, 1, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 4, 6, 8, 10, 13, 16, 10, 4, 9) (1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 5) −2
[1, 0, 0, 0, 0, 0, 0, 0, 3, 0] (1, 3, 5, 7, 9, 11, 13, 15, 8, 4, 9) (1, 2, 2, 2, 2, 2, 2, 2, 2, 5, 5) 2
[1, 0, 0, 0, 0, 0, 0, 1, 1, 1] (1, 3, 5, 7, 9, 11, 13, 15, 9, 4, 9) (1, 2, 2, 2, 2, 2, 2, 2, 3, 4, 5) −2
[1, 0, 0, 0, 0, 0, 1, 0, 0, 2] (1, 3, 5, 7, 9, 11, 13, 16, 10, 4, 9) (1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 5) −4
[1, 1, 0, 0, 1, 0, 0, 0, 0, 2] (0, 1, 3, 5, 7, 10, 13, 16, 10, 4, 9) (0, 1, 2, 2, 2, 3, 3, 3, 3, 3, 5) 2
[2, 0, 0, 0, 0, 0, 1, 0, 1, 1] (0, 2, 4, 6, 8, 10, 12, 15, 9, 4, 9) (0, 2, 2, 2, 2, 2, 2, 3, 3, 4, 5) 2
[2, 0, 0, 0, 0, 1, 0, 0, 0, 2] (0, 2, 4, 6, 8, 10, 13, 16, 10, 4, 9) (0, 2, 2, 2, 2, 2, 3, 3, 3, 3, 5) 0
[0, 0, 0, 0, 0, 0, 0, 0, 1, 3] (2, 4, 6, 8, 10, 12, 14, 16, 9, 3, 9) (2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 6) 0
[1, 0, 0, 0, 0, 0, 0, 1, 0, 3] (1, 3, 5, 7, 9, 11, 13, 15, 9, 3, 9) (1, 2, 2, 2, 2, 2, 2, 2, 3, 3, 6) 2
[0, 0, 1, 0, 0, 0, 0, 0, 0, 0] (2, 4, 6, 9, 12, 15, 18, 21, 14, 7, 10) (2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3) −16
[1, 1, 0, 0, 0, 0, 0, 0, 0, 0] (1, 3, 6, 9, 12, 15, 18, 21, 14, 7, 10) (1, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3) −14
[3, 0, 0, 0, 0, 0, 0, 0, 0, 0] (0, 3, 6, 9, 12, 15, 18, 21, 14, 7, 10) (0, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3) −10
[0, 0, 0, 0, 0, 0, 2, 0, 0, 0] (2, 4, 6, 8, 10, 12, 14, 18, 12, 6, 10) (2, 2, 2, 2, 2, 2, 2, 4, 4, 4, 4) −8
[0, 0, 0, 0, 0, 1, 0, 1, 0, 0] (2, 4, 6, 8, 10, 12, 15, 18, 12, 6, 10) (2, 2, 2, 2, 2, 2, 3, 3, 4, 4, 4) −10
[0, 0, 0, 0, 1, 0, 0, 0, 1, 0] (2, 4, 6, 8, 10, 13, 16, 19, 12, 6, 10) (2, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4) −12
[0, 0, 0, 1, 0, 0, 0, 0, 0, 1] (2, 4, 6, 8, 11, 14, 17, 20, 13, 6, 10) (2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4) −14
[0, 0, 0, 2, 0, 1, 0, 0, 0, 0] (1, 2, 3, 4, 7, 10, 14, 18, 12, 6, 10) (1, 1, 1, 1, 3, 3, 4, 4, 4, 4, 4) 2
[0, 0, 1, 0, 1, 1, 0, 0, 0, 0] (1, 2, 3, 5, 7, 10, 14, 18, 12, 6, 10) (1, 1, 1, 2, 2, 3, 4, 4, 4, 4, 4) 0
[0, 0, 1, 1, 0, 0, 1, 0, 0, 0] (1, 2, 3, 5, 8, 11, 14, 18, 12, 6, 10) (1, 1, 1, 2, 3, 3, 3, 4, 4, 4, 4) −2
[0, 0, 2, 0, 0, 0, 0, 1, 0, 0] (1, 2, 3, 6, 9, 12, 15, 18, 12, 6, 10) (1, 1, 1, 3, 3, 3, 3, 3, 4, 4, 4) −4
[0, 1, 0, 0, 0, 2, 0, 0, 0, 0] (1, 2, 4, 6, 8, 10, 14, 18, 12, 6, 10) (1, 1, 2, 2, 2, 2, 4, 4, 4, 4, 4) −2
[0, 1, 0, 0, 1, 0, 1, 0, 0, 0] (1, 2, 4, 6, 8, 11, 14, 18, 12, 6, 10) (1, 1, 2, 2, 2, 3, 3, 4, 4, 4, 4) −4
[0, 1, 0, 1, 0, 0, 0, 1, 0, 0] (1, 2, 4, 6, 9, 12, 15, 18, 12, 6, 10) (1, 1, 2, 2, 3, 3, 3, 3, 4, 4, 4) −6
[0, 1, 1, 0, 0, 0, 0, 0, 1, 0] (1, 2, 4, 7, 10, 13, 16, 19, 12, 6, 10) (1, 1, 2, 3, 3, 3, 3, 3, 3, 4, 4) −8
[0, 2, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 5, 8, 11, 14, 17, 20, 13, 6, 10) (1, 1, 3, 3, 3, 3, 3, 3, 3, 3, 4) −10
[0, 3, 0, 0, 0, 0, 0, 1, 0, 0] (0, 0, 3, 6, 9, 12, 15, 18, 12, 6, 10) (0, 0, 3, 3, 3, 3, 3, 3, 4, 4, 4) 2
[1, 0, 0, 0, 0, 1, 1, 0, 0, 0] (1, 3, 5, 7, 9, 11, 14, 18, 12, 6, 10) (1, 2, 2, 2, 2, 2, 3, 4, 4, 4, 4) −6
[1, 0, 0, 0, 1, 0, 0, 1, 0, 0] (1, 3, 5, 7, 9, 12, 15, 18, 12, 6, 10) (1, 2, 2, 2, 2, 3, 3, 3, 4, 4, 4) −8
[1, 0, 0, 1, 0, 0, 0, 0, 1, 0] (1, 3, 5, 7, 10, 13, 16, 19, 12, 6, 10) (1, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4) −10
[1, 0, 1, 0, 0, 0, 0, 0, 0, 1] (1, 3, 5, 8, 11, 14, 17, 20, 13, 6, 10) (1, 2, 2, 3, 3, 3, 3, 3, 3, 3, 4) −12
[1, 0, 2, 0, 0, 0, 1, 0, 0, 0] (0, 1, 2, 5, 8, 11, 14, 18, 12, 6, 10) (0, 1, 1, 3, 3, 3, 3, 4, 4, 4, 4) 2
[1, 1, 0, 0, 1, 1, 0, 0, 0, 0] (0, 1, 3, 5, 7, 10, 14, 18, 12, 6, 10) (0, 1, 2, 2, 2, 3, 4, 4, 4, 4, 4) 2
[1, 1, 0, 1, 0, 0, 1, 0, 0, 0] (0, 1, 3, 5, 8, 11, 14, 18, 12, 6, 10) (0, 1, 2, 2, 3, 3, 3, 4, 4, 4, 4) 0
[1, 1, 1, 0, 0, 0, 0, 1, 0, 0] (0, 1, 3, 6, 9, 12, 15, 18, 12, 6, 10) (0, 1, 2, 3, 3, 3, 3, 3, 4, 4, 4) −2
[1, 2, 0, 0, 0, 0, 0, 0, 1, 0] (0, 1, 4, 7, 10, 13, 16, 19, 12, 6, 10) (0, 1, 3, 3, 3, 3, 3, 3, 3, 4, 4) −4
[2, 0, 0, 0, 0, 2, 0, 0, 0, 0] (0, 2, 4, 6, 8, 10, 14, 18, 12, 6, 10) (0, 2, 2, 2, 2, 2, 4, 4, 4, 4, 4) 0
[2, 0, 0, 0, 1, 0, 1, 0, 0, 0] (0, 2, 4, 6, 8, 11, 14, 18, 12, 6, 10) (0, 2, 2, 2, 2, 3, 3, 4, 4, 4, 4) −2
[2, 0, 0, 1, 0, 0, 0, 1, 0, 0] (0, 2, 4, 6, 9, 12, 15, 18, 12, 6, 10) (0, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4) −4
[2, 0, 1, 0, 0, 0, 0, 0, 1, 0] (0, 2, 4, 7, 10, 13, 16, 19, 12, 6, 10) (0, 2, 2, 3, 3, 3, 3, 3, 3, 4, 4) −6
[2, 1, 0, 0, 0, 0, 0, 0, 0, 1] (0, 2, 5, 8, 11, 14, 17, 20, 13, 6, 10) (0, 2, 3, 3, 3, 3, 3, 3, 3, 3, 4) −8
[0, 0, 0, 0, 0, 0, 0, 2, 1, 0] (2, 4, 6, 8, 10, 12, 14, 16, 10, 5, 10) (2, 2, 2, 2, 2, 2, 2, 2, 4, 5, 5) −2
Continued on the next page
149
Table 32 - continued from the previous page
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[0, 0, 0, 0, 0, 0, 1, 0, 2, 0] (2, 4, 6, 8, 10, 12, 14, 17, 10, 5, 10) (2, 2, 2, 2, 2, 2, 2, 3, 3, 5, 5) −4
[0, 0, 0, 0, 0, 0, 1, 1, 0, 1] (2, 4, 6, 8, 10, 12, 14, 17, 11, 5, 10) (2, 2, 2, 2, 2, 2, 2, 3, 4, 4, 5) −6
[0, 0, 0, 0, 0, 1, 0, 0, 1, 1] (2, 4, 6, 8, 10, 12, 15, 18, 11, 5, 10) (2, 2, 2, 2, 2, 2, 3, 3, 3, 4, 5) −8
[0, 0, 0, 0, 1, 0, 0, 0, 0, 2] (2, 4, 6, 8, 10, 13, 16, 19, 12, 5, 10) (2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 5) −10
[0, 0, 1, 0, 1, 0, 1, 0, 0, 1] (1, 2, 3, 5, 7, 10, 13, 17, 11, 5, 10) (1, 1, 1, 2, 2, 3, 3, 4, 4, 4, 5) 2
[0, 0, 1, 1, 0, 0, 0, 0, 2, 0] (1, 2, 3, 5, 8, 11, 14, 17, 10, 5, 10) (1, 1, 1, 2, 3, 3, 3, 3, 3, 5, 5) 2
[0, 0, 1, 1, 0, 0, 0, 1, 0, 1] (1, 2, 3, 5, 8, 11, 14, 17, 11, 5, 10) (1, 1, 1, 2, 3, 3, 3, 3, 4, 4, 5) 0
[0, 0, 2, 0, 0, 0, 0, 0, 1, 1] (1, 2, 3, 6, 9, 12, 15, 18, 11, 5, 10) (1, 1, 1, 3, 3, 3, 3, 3, 3, 4, 5) −2
[0, 1, 0, 0, 0, 1, 0, 1, 1, 0] (1, 2, 4, 6, 8, 10, 13, 16, 10, 5, 10) (1, 1, 2, 2, 2, 2, 3, 3, 4, 5, 5) 2
[0, 1, 0, 0, 0, 1, 1, 0, 0, 1] (1, 2, 4, 6, 8, 10, 13, 17, 11, 5, 10) (1, 1, 2, 2, 2, 2, 3, 4, 4, 4, 5) 0
[0, 1, 0, 0, 1, 0, 0, 0, 2, 0] (1, 2, 4, 6, 8, 11, 14, 17, 10, 5, 10) (1, 1, 2, 2, 2, 3, 3, 3, 3, 5, 5) 0
[0, 1, 0, 0, 1, 0, 0, 1, 0, 1] (1, 2, 4, 6, 8, 11, 14, 17, 11, 5, 10) (1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 5) −2
[0, 1, 0, 1, 0, 0, 0, 0, 1, 1] (1, 2, 4, 6, 9, 12, 15, 18, 11, 5, 10) (1, 1, 2, 2, 3, 3, 3, 3, 3, 4, 5) −4
[0, 1, 1, 0, 0, 0, 0, 0, 0, 2] (1, 2, 4, 7, 10, 13, 16, 19, 12, 5, 10) (1, 1, 2, 3, 3, 3, 3, 3, 3, 3, 5) −6
[1, 0, 0, 0, 0, 0, 1, 1, 1, 0] (1, 3, 5, 7, 9, 11, 13, 16, 10, 5, 10) (1, 2, 2, 2, 2, 2, 2, 3, 4, 5, 5) 0
[1, 0, 0, 0, 0, 0, 2, 0, 0, 1] (1, 3, 5, 7, 9, 11, 13, 17, 11, 5, 10) (1, 2, 2, 2, 2, 2, 2, 4, 4, 4, 5) −2
[1, 0, 0, 0, 0, 1, 0, 0, 2, 0] (1, 3, 5, 7, 9, 11, 14, 17, 10, 5, 10) (1, 2, 2, 2, 2, 2, 3, 3, 3, 5, 5) −2
[1, 0, 0, 0, 0, 1, 0, 1, 0, 1] (1, 3, 5, 7, 9, 11, 14, 17, 11, 5, 10) (1, 2, 2, 2, 2, 2, 3, 3, 4, 4, 5) −4
[1, 0, 0, 0, 1, 0, 0, 0, 1, 1] (1, 3, 5, 7, 9, 12, 15, 18, 11, 5, 10) (1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 5) −6
[1, 0, 0, 1, 0, 0, 0, 0, 0, 2] (1, 3, 5, 7, 10, 13, 16, 19, 12, 5, 10) (1, 2, 2, 2, 3, 3, 3, 3, 3, 3, 5) −8
[1, 1, 0, 1, 0, 0, 0, 1, 0, 1] (0, 1, 3, 5, 8, 11, 14, 17, 11, 5, 10) (0, 1, 2, 2, 3, 3, 3, 3, 4, 4, 5) 2
[1, 1, 1, 0, 0, 0, 0, 0, 1, 1] (0, 1, 3, 6, 9, 12, 15, 18, 11, 5, 10) (0, 1, 2, 3, 3, 3, 3, 3, 3, 4, 5) 0
[1, 2, 0, 0, 0, 0, 0, 0, 0, 2] (0, 1, 4, 7, 10, 13, 16, 19, 12, 5, 10) (0, 1, 3, 3, 3, 3, 3, 3, 3, 3, 5) −2
[2, 0, 0, 0, 0, 1, 1, 0, 0, 1] (0, 2, 4, 6, 8, 10, 13, 17, 11, 5, 10) (0, 2, 2, 2, 2, 2, 3, 4, 4, 4, 5) 2
[2, 0, 0, 0, 1, 0, 0, 0, 2, 0] (0, 2, 4, 6, 8, 11, 14, 17, 10, 5, 10) (0, 2, 2, 2, 2, 3, 3, 3, 3, 5, 5) 2
[2, 0, 0, 0, 1, 0, 0, 1, 0, 1] (0, 2, 4, 6, 8, 11, 14, 17, 11, 5, 10) (0, 2, 2, 2, 2, 3, 3, 3, 4, 4, 5) 0
[2, 0, 0, 1, 0, 0, 0, 0, 1, 1] (0, 2, 4, 6, 9, 12, 15, 18, 11, 5, 10) (0, 2, 2, 2, 3, 3, 3, 3, 3, 4, 5) −2
[2, 0, 1, 0, 0, 0, 0, 0, 0, 2] (0, 2, 4, 7, 10, 13, 16, 19, 12, 5, 10) (0, 2, 2, 3, 3, 3, 3, 3, 3, 3, 5) −4
[0, 0, 0, 0, 0, 0, 0, 1, 2, 1] (2, 4, 6, 8, 10, 12, 14, 16, 9, 4, 10) (2, 2, 2, 2, 2, 2, 2, 2, 3, 5, 6) 2
[0, 0, 0, 0, 0, 0, 0, 2, 0, 2] (2, 4, 6, 8, 10, 12, 14, 16, 10, 4, 10) (2, 2, 2, 2, 2, 2, 2, 2, 4, 4, 6) 0
[0, 0, 0, 0, 0, 0, 1, 0, 1, 2] (2, 4, 6, 8, 10, 12, 14, 17, 10, 4, 10) (2, 2, 2, 2, 2, 2, 2, 3, 3, 4, 6) −2
[0, 0, 0, 0, 0, 1, 0, 0, 0, 3] (2, 4, 6, 8, 10, 12, 15, 18, 11, 4, 10) (2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 6) −4
[0, 0, 2, 0, 0, 0, 0, 0, 0, 3] (1, 2, 3, 6, 9, 12, 15, 18, 11, 4, 10) (1, 1, 1, 3, 3, 3, 3, 3, 3, 3, 6) 2
[0, 1, 0, 0, 1, 0, 0, 0, 1, 2] (1, 2, 4, 6, 8, 11, 14, 17, 10, 4, 10) (1, 1, 2, 2, 2, 3, 3, 3, 3, 4, 6) 2
[0, 1, 0, 1, 0, 0, 0, 0, 0, 3] (1, 2, 4, 6, 9, 12, 15, 18, 11, 4, 10) (1, 1, 2, 2, 3, 3, 3, 3, 3, 3, 6) 0
[1, 0, 0, 0, 0, 0, 1, 1, 0, 2] (1, 3, 5, 7, 9, 11, 13, 16, 10, 4, 10) (1, 2, 2, 2, 2, 2, 2, 3, 4, 4, 6) 2
[1, 0, 0, 0, 0, 1, 0, 0, 1, 2] (1, 3, 5, 7, 9, 11, 14, 17, 10, 4, 10) (1, 2, 2, 2, 2, 2, 3, 3, 3, 4, 6) 0
[1, 0, 0, 0, 1, 0, 0, 0, 0, 3] (1, 3, 5, 7, 9, 12, 15, 18, 11, 4, 10) (1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 6) −2
[2, 0, 0, 1, 0, 0, 0, 0, 0, 3] (0, 2, 4, 6, 9, 12, 15, 18, 11, 4, 10) (0, 2, 2, 2, 3, 3, 3, 3, 3, 3, 6) 2
[0, 0, 0, 0, 1, 1, 0, 0, 0, 0] (2, 4, 6, 8, 10, 13, 17, 21, 14, 7, 11) (2, 2, 2, 2, 2, 3, 4, 4, 4, 4, 4) −12
[0, 0, 0, 1, 0, 0, 1, 0, 0, 0] (2, 4, 6, 8, 11, 14, 17, 21, 14, 7, 11) (2, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4) −14
[0, 0, 1, 0, 0, 0, 0, 1, 0, 0] (2, 4, 6, 9, 12, 15, 18, 21, 14, 7, 11) (2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 4) −16
[0, 0, 1, 2, 0, 0, 0, 0, 0, 0] (1, 2, 3, 5, 9, 13, 17, 21, 14, 7, 11) (1, 1, 1, 2, 4, 4, 4, 4, 4, 4, 4) −2
[0, 0, 2, 0, 1, 0, 0, 0, 0, 0] (1, 2, 3, 6, 9, 13, 17, 21, 14, 7, 11) (1, 1, 1, 3, 3, 4, 4, 4, 4, 4, 4) −4
[0, 1, 0, 0, 0, 0, 0, 0, 1, 0] (2, 4, 7, 10, 13, 16, 19, 22, 14, 7, 11) (2, 2, 3, 3, 3, 3, 3, 3, 3, 4, 4) −18
[0, 1, 0, 1, 1, 0, 0, 0, 0, 0] (1, 2, 4, 6, 9, 13, 17, 21, 14, 7, 11) (1, 1, 2, 2, 3, 4, 4, 4, 4, 4, 4) −6
[0, 1, 1, 0, 0, 1, 0, 0, 0, 0] (1, 2, 4, 7, 10, 13, 17, 21, 14, 7, 11) (1, 1, 2, 3, 3, 3, 4, 4, 4, 4, 4) −8
[0, 2, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 5, 8, 11, 14, 17, 21, 14, 7, 11) (1, 1, 3, 3, 3, 3, 3, 4, 4, 4, 4) −10
[0, 3, 0, 0, 1, 0, 0, 0, 0, 0] (0, 0, 3, 6, 9, 13, 17, 21, 14, 7, 11) (0, 0, 3, 3, 3, 4, 4, 4, 4, 4, 4) 2
[1, 0, 0, 0, 0, 0, 0, 0, 0, 1] (2, 5, 8, 11, 14, 17, 20, 23, 15, 7, 11) (2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4) −20
[1, 0, 0, 0, 2, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 13, 17, 21, 14, 7, 11) (1, 2, 2, 2, 2, 4, 4, 4, 4, 4, 4) −8
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[1, 0, 0, 1, 0, 1, 0, 0, 0, 0] (1, 3, 5, 7, 10, 13, 17, 21, 14, 7, 11) (1, 2, 2, 2, 3, 3, 4, 4, 4, 4, 4) −10
[1, 0, 1, 0, 0, 0, 1, 0, 0, 0] (1, 3, 5, 8, 11, 14, 17, 21, 14, 7, 11) (1, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4) −12
[1, 0, 2, 1, 0, 0, 0, 0, 0, 0] (0, 1, 2, 5, 9, 13, 17, 21, 14, 7, 11) (0, 1, 1, 3, 4, 4, 4, 4, 4, 4, 4) 2
[1, 1, 0, 0, 0, 0, 0, 1, 0, 0] (1, 3, 6, 9, 12, 15, 18, 21, 14, 7, 11) (1, 2, 3, 3, 3, 3, 3, 3, 4, 4, 4) −14
[1, 1, 0, 2, 0, 0, 0, 0, 0, 0] (0, 1, 3, 5, 9, 13, 17, 21, 14, 7, 11) (0, 1, 2, 2, 4, 4, 4, 4, 4, 4, 4) 0
[1, 1, 1, 0, 1, 0, 0, 0, 0, 0] (0, 1, 3, 6, 9, 13, 17, 21, 14, 7, 11) (0, 1, 2, 3, 3, 4, 4, 4, 4, 4, 4) −2
[1, 2, 0, 0, 0, 1, 0, 0, 0, 0] (0, 1, 4, 7, 10, 13, 17, 21, 14, 7, 11) (0, 1, 3, 3, 3, 3, 4, 4, 4, 4, 4) −4
[2, 0, 0, 0, 0, 0, 0, 0, 1, 0] (1, 4, 7, 10, 13, 16, 19, 22, 14, 7, 11) (1, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4) −16
[2, 0, 0, 1, 1, 0, 0, 0, 0, 0] (0, 2, 4, 6, 9, 13, 17, 21, 14, 7, 11) (0, 2, 2, 2, 3, 4, 4, 4, 4, 4, 4) −4
[2, 0, 1, 0, 0, 1, 0, 0, 0, 0] (0, 2, 4, 7, 10, 13, 17, 21, 14, 7, 11) (0, 2, 2, 3, 3, 3, 4, 4, 4, 4, 4) −6
[2, 1, 0, 0, 0, 0, 1, 0, 0, 0] (0, 2, 5, 8, 11, 14, 17, 21, 14, 7, 11) (0, 2, 3, 3, 3, 3, 3, 4, 4, 4, 4) −8
[3, 0, 0, 0, 0, 0, 0, 1, 0, 0] (0, 3, 6, 9, 12, 15, 18, 21, 14, 7, 11) (0, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4) −10
[0, 0, 0, 0, 0, 0, 2, 1, 0, 0] (2, 4, 6, 8, 10, 12, 14, 18, 12, 6, 11) (2, 2, 2, 2, 2, 2, 2, 4, 5, 5, 5) −2
[0, 0, 0, 0, 0, 1, 0, 2, 0, 0] (2, 4, 6, 8, 10, 12, 15, 18, 12, 6, 11) (2, 2, 2, 2, 2, 2, 3, 3, 5, 5, 5) −4
[0, 0, 0, 0, 0, 1, 1, 0, 1, 0] (2, 4, 6, 8, 10, 12, 15, 19, 12, 6, 11) (2, 2, 2, 2, 2, 2, 3, 4, 4, 5, 5) −6
[0, 0, 0, 0, 0, 2, 0, 0, 0, 1] (2, 4, 6, 8, 10, 12, 16, 20, 13, 6, 11) (2, 2, 2, 2, 2, 2, 4, 4, 4, 4, 5) −8
[0, 0, 0, 0, 1, 0, 0, 1, 1, 0] (2, 4, 6, 8, 10, 13, 16, 19, 12, 6, 11) (2, 2, 2, 2, 2, 3, 3, 3, 4, 5, 5) −8
[0, 0, 0, 0, 1, 0, 1, 0, 0, 1] (2, 4, 6, 8, 10, 13, 16, 20, 13, 6, 11) (2, 2, 2, 2, 2, 3, 3, 4, 4, 4, 5) −10
[0, 0, 0, 1, 0, 0, 0, 0, 2, 0] (2, 4, 6, 8, 11, 14, 17, 20, 12, 6, 11) (2, 2, 2, 2, 3, 3, 3, 3, 3, 5, 5) −10
[0, 0, 0, 1, 0, 0, 0, 1, 0, 1] (2, 4, 6, 8, 11, 14, 17, 20, 13, 6, 11) (2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 5) −12
[0, 0, 1, 0, 0, 0, 0, 0, 1, 1] (2, 4, 6, 9, 12, 15, 18, 21, 13, 6, 11) (2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 5) −14
[0, 0, 1, 1, 0, 1, 0, 0, 1, 0] (1, 2, 3, 5, 8, 11, 15, 19, 12, 6, 11) (1, 1, 1, 2, 3, 3, 4, 4, 4, 5, 5) 2
[0, 0, 1, 1, 1, 0, 0, 0, 0, 1] (1, 2, 3, 5, 8, 12, 16, 20, 13, 6, 11) (1, 1, 1, 2, 3, 4, 4, 4, 4, 4, 5) 0
[0, 0, 2, 0, 0, 0, 0, 2, 0, 0] (1, 2, 3, 6, 9, 12, 15, 18, 12, 6, 11) (1, 1, 1, 3, 3, 3, 3, 3, 5, 5, 5) 2
[0, 0, 2, 0, 0, 0, 1, 0, 1, 0] (1, 2, 3, 6, 9, 12, 15, 19, 12, 6, 11) (1, 1, 1, 3, 3, 3, 3, 4, 4, 5, 5) 0
[0, 0, 2, 0, 0, 1, 0, 0, 0, 1] (1, 2, 3, 6, 9, 12, 16, 20, 13, 6, 11) (1, 1, 1, 3, 3, 3, 4, 4, 4, 4, 5) −2
[0, 1, 0, 0, 0, 0, 0, 0, 0, 2] (2, 4, 7, 10, 13, 16, 19, 22, 14, 6, 11) (2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 5) −16
[0, 1, 0, 0, 1, 0, 1, 1, 0, 0] (1, 2, 4, 6, 8, 11, 14, 18, 12, 6, 11) (1, 1, 2, 2, 2, 3, 3, 4, 5, 5, 5) 2
[0, 1, 0, 0, 1, 1, 0, 0, 1, 0] (1, 2, 4, 6, 8, 11, 15, 19, 12, 6, 11) (1, 1, 2, 2, 2, 3, 4, 4, 4, 5, 5) 0
[0, 1, 0, 0, 2, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 12, 16, 20, 13, 6, 11) (1, 1, 2, 2, 2, 4, 4, 4, 4, 4, 5) −2
[0, 1, 0, 1, 0, 0, 0, 2, 0, 0] (1, 2, 4, 6, 9, 12, 15, 18, 12, 6, 11) (1, 1, 2, 2, 3, 3, 3, 3, 5, 5, 5) 0
[0, 1, 0, 1, 0, 0, 1, 0, 1, 0] (1, 2, 4, 6, 9, 12, 15, 19, 12, 6, 11) (1, 1, 2, 2, 3, 3, 3, 4, 4, 5, 5) −2
[0, 1, 0, 1, 0, 1, 0, 0, 0, 1] (1, 2, 4, 6, 9, 12, 16, 20, 13, 6, 11) (1, 1, 2, 2, 3, 3, 4, 4, 4, 4, 5) −4
[0, 1, 1, 0, 0, 0, 0, 1, 1, 0] (1, 2, 4, 7, 10, 13, 16, 19, 12, 6, 11) (1, 1, 2, 3, 3, 3, 3, 3, 4, 5, 5) −4
[0, 1, 1, 0, 0, 0, 1, 0, 0, 1] (1, 2, 4, 7, 10, 13, 16, 20, 13, 6, 11) (1, 1, 2, 3, 3, 3, 3, 4, 4, 4, 5) −6
[0, 2, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 5, 8, 11, 14, 17, 20, 12, 6, 11) (1, 1, 3, 3, 3, 3, 3, 3, 3, 5, 5) −6
[0, 2, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 5, 8, 11, 14, 17, 20, 13, 6, 11) (1, 1, 3, 3, 3, 3, 3, 3, 4, 4, 5) −8
[1, 0, 0, 0, 0, 1, 1, 1, 0, 0] (1, 3, 5, 7, 9, 11, 14, 18, 12, 6, 11) (1, 2, 2, 2, 2, 2, 3, 4, 5, 5, 5) 0
[1, 0, 0, 0, 0, 2, 0, 0, 1, 0] (1, 3, 5, 7, 9, 11, 15, 19, 12, 6, 11) (1, 2, 2, 2, 2, 2, 4, 4, 4, 5, 5) −2
[1, 0, 0, 0, 1, 0, 0, 2, 0, 0] (1, 3, 5, 7, 9, 12, 15, 18, 12, 6, 11) (1, 2, 2, 2, 2, 3, 3, 3, 5, 5, 5) −2
[1, 0, 0, 0, 1, 0, 1, 0, 1, 0] (1, 3, 5, 7, 9, 12, 15, 19, 12, 6, 11) (1, 2, 2, 2, 2, 3, 3, 4, 4, 5, 5) −4
[1, 0, 0, 0, 1, 1, 0, 0, 0, 1] (1, 3, 5, 7, 9, 12, 16, 20, 13, 6, 11) (1, 2, 2, 2, 2, 3, 4, 4, 4, 4, 5) −6
[1, 0, 0, 1, 0, 0, 0, 1, 1, 0] (1, 3, 5, 7, 10, 13, 16, 19, 12, 6, 11) (1, 2, 2, 2, 3, 3, 3, 3, 4, 5, 5) −6
[1, 0, 0, 1, 0, 0, 1, 0, 0, 1] (1, 3, 5, 7, 10, 13, 16, 20, 13, 6, 11) (1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5) −8
[1, 0, 1, 0, 0, 0, 0, 0, 2, 0] (1, 3, 5, 8, 11, 14, 17, 20, 12, 6, 11) (1, 2, 2, 3, 3, 3, 3, 3, 3, 5, 5) −8
[1, 0, 1, 0, 0, 0, 0, 1, 0, 1] (1, 3, 5, 8, 11, 14, 17, 20, 13, 6, 11) (1, 2, 2, 3, 3, 3, 3, 3, 4, 4, 5) −10
[1, 1, 0, 0, 0, 0, 0, 0, 1, 1] (1, 3, 6, 9, 12, 15, 18, 21, 13, 6, 11) (1, 2, 3, 3, 3, 3, 3, 3, 3, 4, 5) −12
[1, 1, 0, 1, 1, 0, 0, 0, 0, 1] (0, 1, 3, 5, 8, 12, 16, 20, 13, 6, 11) (0, 1, 2, 2, 3, 4, 4, 4, 4, 4, 5) 2
[1, 1, 1, 0, 0, 0, 1, 0, 1, 0] (0, 1, 3, 6, 9, 12, 15, 19, 12, 6, 11) (0, 1, 2, 3, 3, 3, 3, 4, 4, 5, 5) 2
[1, 1, 1, 0, 0, 1, 0, 0, 0, 1] (0, 1, 3, 6, 9, 12, 16, 20, 13, 6, 11) (0, 1, 2, 3, 3, 3, 4, 4, 4, 4, 5) 0
[1, 2, 0, 0, 0, 0, 0, 1, 1, 0] (0, 1, 4, 7, 10, 13, 16, 19, 12, 6, 11) (0, 1, 3, 3, 3, 3, 3, 3, 4, 5, 5) 0
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A10 weights β (αi basis) β (ei basis) β2
[1, 2, 0, 0, 0, 0, 1, 0, 0, 1] (0, 1, 4, 7, 10, 13, 16, 20, 13, 6, 11) (0, 1, 3, 3, 3, 3, 3, 4, 4, 4, 5) −2
[2, 0, 0, 0, 0, 0, 0, 0, 0, 2] (1, 4, 7, 10, 13, 16, 19, 22, 14, 6, 11) (1, 3, 3, 3, 3, 3, 3, 3, 3, 3, 5) −14
[2, 0, 0, 0, 1, 1, 0, 0, 1, 0] (0, 2, 4, 6, 8, 11, 15, 19, 12, 6, 11) (0, 2, 2, 2, 2, 3, 4, 4, 4, 5, 5) 2
[2, 0, 0, 0, 2, 0, 0, 0, 0, 1] (0, 2, 4, 6, 8, 12, 16, 20, 13, 6, 11) (0, 2, 2, 2, 2, 4, 4, 4, 4, 4, 5) 0
[2, 0, 0, 1, 0, 0, 0, 2, 0, 0] (0, 2, 4, 6, 9, 12, 15, 18, 12, 6, 11) (0, 2, 2, 2, 3, 3, 3, 3, 5, 5, 5) 2
[2, 0, 0, 1, 0, 0, 1, 0, 1, 0] (0, 2, 4, 6, 9, 12, 15, 19, 12, 6, 11) (0, 2, 2, 2, 3, 3, 3, 4, 4, 5, 5) 0
[2, 0, 0, 1, 0, 1, 0, 0, 0, 1] (0, 2, 4, 6, 9, 12, 16, 20, 13, 6, 11) (0, 2, 2, 2, 3, 3, 4, 4, 4, 4, 5) −2
[2, 0, 1, 0, 0, 0, 0, 1, 1, 0] (0, 2, 4, 7, 10, 13, 16, 19, 12, 6, 11) (0, 2, 2, 3, 3, 3, 3, 3, 4, 5, 5) −2
[2, 0, 1, 0, 0, 0, 1, 0, 0, 1] (0, 2, 4, 7, 10, 13, 16, 20, 13, 6, 11) (0, 2, 2, 3, 3, 3, 3, 4, 4, 4, 5) −4
[2, 1, 0, 0, 0, 0, 0, 0, 2, 0] (0, 2, 5, 8, 11, 14, 17, 20, 12, 6, 11) (0, 2, 3, 3, 3, 3, 3, 3, 3, 5, 5) −4
[2, 1, 0, 0, 0, 0, 0, 1, 0, 1] (0, 2, 5, 8, 11, 14, 17, 20, 13, 6, 11) (0, 2, 3, 3, 3, 3, 3, 3, 4, 4, 5) −6
[3, 0, 0, 0, 0, 0, 0, 0, 1, 1] (0, 3, 6, 9, 12, 15, 18, 21, 13, 6, 11) (0, 3, 3, 3, 3, 3, 3, 3, 3, 4, 5) −8
[0, 0, 0, 0, 0, 0, 1, 2, 0, 1] (2, 4, 6, 8, 10, 12, 14, 17, 11, 5, 11) (2, 2, 2, 2, 2, 2, 2, 3, 5, 5, 6) 2
[0, 0, 0, 0, 0, 0, 2, 0, 1, 1] (2, 4, 6, 8, 10, 12, 14, 18, 11, 5, 11) (2, 2, 2, 2, 2, 2, 2, 4, 4, 5, 6) 0
[0, 0, 0, 0, 0, 1, 0, 0, 3, 0] (2, 4, 6, 8, 10, 12, 15, 18, 10, 5, 11) (2, 2, 2, 2, 2, 2, 3, 3, 3, 6, 6) 2
[0, 0, 0, 0, 0, 1, 0, 1, 1, 1] (2, 4, 6, 8, 10, 12, 15, 18, 11, 5, 11) (2, 2, 2, 2, 2, 2, 3, 3, 4, 5, 6) −2
[0, 0, 0, 0, 0, 1, 1, 0, 0, 2] (2, 4, 6, 8, 10, 12, 15, 19, 12, 5, 11) (2, 2, 2, 2, 2, 2, 3, 4, 4, 4, 6) −4
[0, 0, 0, 0, 1, 0, 0, 0, 2, 1] (2, 4, 6, 8, 10, 13, 16, 19, 11, 5, 11) (2, 2, 2, 2, 2, 3, 3, 3, 3, 5, 6) −4
[0, 0, 0, 0, 1, 0, 0, 1, 0, 2] (2, 4, 6, 8, 10, 13, 16, 19, 12, 5, 11) (2, 2, 2, 2, 2, 3, 3, 3, 4, 4, 6) −6
[0, 0, 0, 1, 0, 0, 0, 0, 1, 2] (2, 4, 6, 8, 11, 14, 17, 20, 12, 5, 11) (2, 2, 2, 2, 3, 3, 3, 3, 3, 4, 6) −8
[0, 0, 1, 0, 0, 0, 0, 0, 0, 3] (2, 4, 6, 9, 12, 15, 18, 21, 13, 5, 11) (2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 6) −10
[0, 0, 2, 0, 0, 0, 1, 0, 0, 2] (1, 2, 3, 6, 9, 12, 15, 19, 12, 5, 11) (1, 1, 1, 3, 3, 3, 3, 4, 4, 4, 6) 2
[0, 1, 0, 0, 1, 1, 0, 0, 0, 2] (1, 2, 4, 6, 8, 11, 15, 19, 12, 5, 11) (1, 1, 2, 2, 2, 3, 4, 4, 4, 4, 6) 2
[0, 1, 0, 1, 0, 0, 0, 1, 1, 1] (1, 2, 4, 6, 9, 12, 15, 18, 11, 5, 11) (1, 1, 2, 2, 3, 3, 3, 3, 4, 5, 6) 2
[0, 1, 0, 1, 0, 0, 1, 0, 0, 2] (1, 2, 4, 6, 9, 12, 15, 19, 12, 5, 11) (1, 1, 2, 2, 3, 3, 3, 4, 4, 4, 6) 0
[0, 1, 1, 0, 0, 0, 0, 0, 2, 1] (1, 2, 4, 7, 10, 13, 16, 19, 11, 5, 11) (1, 1, 2, 3, 3, 3, 3, 3, 3, 5, 6) 0
[0, 1, 1, 0, 0, 0, 0, 1, 0, 2] (1, 2, 4, 7, 10, 13, 16, 19, 12, 5, 11) (1, 1, 2, 3, 3, 3, 3, 3, 4, 4, 6) −2
[0, 2, 0, 0, 0, 0, 0, 0, 1, 2] (1, 2, 5, 8, 11, 14, 17, 20, 12, 5, 11) (1, 1, 3, 3, 3, 3, 3, 3, 3, 4, 6) −4
[1, 0, 0, 0, 0, 1, 1, 0, 1, 1] (1, 3, 5, 7, 9, 11, 14, 18, 11, 5, 11) (1, 2, 2, 2, 2, 2, 3, 4, 4, 5, 6) 2
[1, 0, 0, 0, 0, 2, 0, 0, 0, 2] (1, 3, 5, 7, 9, 11, 15, 19, 12, 5, 11) (1, 2, 2, 2, 2, 2, 4, 4, 4, 4, 6) 0
[1, 0, 0, 0, 1, 0, 0, 1, 1, 1] (1, 3, 5, 7, 9, 12, 15, 18, 11, 5, 11) (1, 2, 2, 2, 2, 3, 3, 3, 4, 5, 6) 0
[1, 0, 0, 0, 1, 0, 1, 0, 0, 2] (1, 3, 5, 7, 9, 12, 15, 19, 12, 5, 11) (1, 2, 2, 2, 2, 3, 3, 4, 4, 4, 6) −2
[1, 0, 0, 1, 0, 0, 0, 0, 2, 1] (1, 3, 5, 7, 10, 13, 16, 19, 11, 5, 11) (1, 2, 2, 2, 3, 3, 3, 3, 3, 5, 6) −2
[1, 0, 0, 1, 0, 0, 0, 1, 0, 2] (1, 3, 5, 7, 10, 13, 16, 19, 12, 5, 11) (1, 2, 2, 2, 3, 3, 3, 3, 4, 4, 6) −4
[1, 0, 1, 0, 0, 0, 0, 0, 1, 2] (1, 3, 5, 8, 11, 14, 17, 20, 12, 5, 11) (1, 2, 2, 3, 3, 3, 3, 3, 3, 4, 6) −6
[1, 1, 0, 0, 0, 0, 0, 0, 0, 3] (1, 3, 6, 9, 12, 15, 18, 21, 13, 5, 11) (1, 2, 3, 3, 3, 3, 3, 3, 3, 3, 6) −8
[1, 2, 0, 0, 0, 0, 0, 1, 0, 2] (0, 1, 4, 7, 10, 13, 16, 19, 12, 5, 11) (0, 1, 3, 3, 3, 3, 3, 3, 4, 4, 6) 2
[2, 0, 0, 1, 0, 0, 1, 0, 0, 2] (0, 2, 4, 6, 9, 12, 15, 19, 12, 5, 11) (0, 2, 2, 2, 3, 3, 3, 4, 4, 4, 6) 2
[2, 0, 1, 0, 0, 0, 0, 0, 2, 1] (0, 2, 4, 7, 10, 13, 16, 19, 11, 5, 11) (0, 2, 2, 3, 3, 3, 3, 3, 3, 5, 6) 2
[2, 0, 1, 0, 0, 0, 0, 1, 0, 2] (0, 2, 4, 7, 10, 13, 16, 19, 12, 5, 11) (0, 2, 2, 3, 3, 3, 3, 3, 4, 4, 6) 0
[2, 1, 0, 0, 0, 0, 0, 0, 1, 2] (0, 2, 5, 8, 11, 14, 17, 20, 12, 5, 11) (0, 2, 3, 3, 3, 3, 3, 3, 3, 4, 6) −2
[3, 0, 0, 0, 0, 0, 0, 0, 0, 3] (0, 3, 6, 9, 12, 15, 18, 21, 13, 5, 11) (0, 3, 3, 3, 3, 3, 3, 3, 3, 3, 6) −4
[0, 0, 0, 0, 0, 1, 0, 1, 0, 3] (2, 4, 6, 8, 10, 12, 15, 18, 11, 4, 11) (2, 2, 2, 2, 2, 2, 3, 3, 4, 4, 7) 2
[0, 0, 0, 0, 1, 0, 0, 0, 1, 3] (2, 4, 6, 8, 10, 13, 16, 19, 11, 4, 11) (2, 2, 2, 2, 2, 3, 3, 3, 3, 4, 7) 0
[0, 0, 0, 1, 0, 0, 0, 0, 0, 4] (2, 4, 6, 8, 11, 14, 17, 20, 12, 4, 11) (2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 7) −2
[0, 2, 0, 0, 0, 0, 0, 0, 0, 4] (1, 2, 5, 8, 11, 14, 17, 20, 12, 4, 11) (1, 1, 3, 3, 3, 3, 3, 3, 3, 3, 7) 2
[1, 0, 0, 1, 0, 0, 0, 0, 1, 3] (1, 3, 5, 7, 10, 13, 16, 19, 11, 4, 11) (1, 2, 2, 2, 3, 3, 3, 3, 3, 4, 7) 2
[1, 0, 1, 0, 0, 0, 0, 0, 0, 4] (1, 3, 5, 8, 11, 14, 17, 20, 12, 4, 11) (1, 2, 2, 3, 3, 3, 3, 3, 3, 3, 7) 0
[0, 0, 0, 0, 0, 0, 0, 1, 0, 0] (3, 6, 9, 12, 15, 18, 21, 24, 16, 8, 12) (3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4) −24
[0, 0, 0, 2, 0, 0, 0, 0, 0, 0] (2, 4, 6, 8, 12, 16, 20, 24, 16, 8, 12) (2, 2, 2, 2, 4, 4, 4, 4, 4, 4, 4) −16
[0, 0, 1, 0, 1, 0, 0, 0, 0, 0] (2, 4, 6, 9, 12, 16, 20, 24, 16, 8, 12) (2, 2, 2, 3, 3, 4, 4, 4, 4, 4, 4) −18
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A10 weights β (αi basis) β (ei basis) β2
[0, 1, 0, 0, 0, 1, 0, 0, 0, 0] (2, 4, 7, 10, 13, 16, 20, 24, 16, 8, 12) (2, 2, 3, 3, 3, 3, 4, 4, 4, 4, 4) −20
[0, 1, 2, 0, 0, 0, 0, 0, 0, 0] (1, 2, 4, 8, 12, 16, 20, 24, 16, 8, 12) (1, 1, 2, 4, 4, 4, 4, 4, 4, 4, 4) −10
[0, 2, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 5, 8, 12, 16, 20, 24, 16, 8, 12) (1, 1, 3, 3, 4, 4, 4, 4, 4, 4, 4) −12
[0, 4, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 4, 8, 12, 16, 20, 24, 16, 8, 12) (0, 0, 4, 4, 4, 4, 4, 4, 4, 4, 4) 0
[1, 0, 0, 0, 0, 0, 1, 0, 0, 0] (2, 5, 8, 11, 14, 17, 20, 24, 16, 8, 12) (2, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4) −22
[1, 0, 1, 1, 0, 0, 0, 0, 0, 0] (1, 3, 5, 8, 12, 16, 20, 24, 16, 8, 12) (1, 2, 2, 3, 4, 4, 4, 4, 4, 4, 4) −14
[1, 1, 0, 0, 1, 0, 0, 0, 0, 0] (1, 3, 6, 9, 12, 16, 20, 24, 16, 8, 12) (1, 2, 3, 3, 3, 4, 4, 4, 4, 4, 4) −16
[1, 2, 1, 0, 0, 0, 0, 0, 0, 0] (0, 1, 4, 8, 12, 16, 20, 24, 16, 8, 12) (0, 1, 3, 4, 4, 4, 4, 4, 4, 4, 4) −6
[2, 0, 0, 0, 0, 1, 0, 0, 0, 0] (1, 4, 7, 10, 13, 16, 20, 24, 16, 8, 12) (1, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4) −18
[2, 0, 2, 0, 0, 0, 0, 0, 0, 0] (0, 2, 4, 8, 12, 16, 20, 24, 16, 8, 12) (0, 2, 2, 4, 4, 4, 4, 4, 4, 4, 4) −8
[2, 1, 0, 1, 0, 0, 0, 0, 0, 0] (0, 2, 5, 8, 12, 16, 20, 24, 16, 8, 12) (0, 2, 3, 3, 4, 4, 4, 4, 4, 4, 4) −10
[3, 0, 0, 0, 1, 0, 0, 0, 0, 0] (0, 3, 6, 9, 12, 16, 20, 24, 16, 8, 12) (0, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4) −12
[0, 0, 0, 0, 0, 0, 0, 0, 1, 1] (3, 6, 9, 12, 15, 18, 21, 24, 15, 7, 12) (3, 3, 3, 3, 3, 3, 3, 3, 3, 4, 5) −22
[0, 0, 0, 0, 0, 2, 1, 0, 0, 0] (2, 4, 6, 8, 10, 12, 16, 21, 14, 7, 12) (2, 2, 2, 2, 2, 2, 4, 5, 5, 5, 5) −4
[0, 0, 0, 0, 1, 0, 2, 0, 0, 0] (2, 4, 6, 8, 10, 13, 16, 21, 14, 7, 12) (2, 2, 2, 2, 2, 3, 3, 5, 5, 5, 5) −6
[0, 0, 0, 0, 1, 1, 0, 1, 0, 0] (2, 4, 6, 8, 10, 13, 17, 21, 14, 7, 12) (2, 2, 2, 2, 2, 3, 4, 4, 5, 5, 5) −8
[0, 0, 0, 0, 2, 0, 0, 0, 1, 0] (2, 4, 6, 8, 10, 14, 18, 22, 14, 7, 12) (2, 2, 2, 2, 2, 4, 4, 4, 4, 5, 5) −10
[0, 0, 0, 1, 0, 0, 1, 1, 0, 0] (2, 4, 6, 8, 11, 14, 17, 21, 14, 7, 12) (2, 2, 2, 2, 3, 3, 3, 4, 5, 5, 5) −10
[0, 0, 0, 1, 0, 1, 0, 0, 1, 0] (2, 4, 6, 8, 11, 14, 18, 22, 14, 7, 12) (2, 2, 2, 2, 3, 3, 4, 4, 4, 5, 5) −12
[0, 0, 0, 1, 1, 0, 0, 0, 0, 1] (2, 4, 6, 8, 11, 15, 19, 23, 15, 7, 12) (2, 2, 2, 2, 3, 4, 4, 4, 4, 4, 5) −14
[0, 0, 1, 0, 0, 0, 0, 2, 0, 0] (2, 4, 6, 9, 12, 15, 18, 21, 14, 7, 12) (2, 2, 2, 3, 3, 3, 3, 3, 5, 5, 5) −12
[0, 0, 1, 0, 0, 0, 1, 0, 1, 0] (2, 4, 6, 9, 12, 15, 18, 22, 14, 7, 12) (2, 2, 2, 3, 3, 3, 3, 4, 4, 5, 5) −14
[0, 0, 1, 0, 0, 1, 0, 0, 0, 1] (2, 4, 6, 9, 12, 15, 19, 23, 15, 7, 12) (2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5) −16
[0, 0, 1, 2, 0, 0, 0, 1, 0, 0] (1, 2, 3, 5, 9, 13, 17, 21, 14, 7, 12) (1, 1, 1, 2, 4, 4, 4, 4, 5, 5, 5) 2
[0, 0, 2, 0, 0, 1, 1, 0, 0, 0] (1, 2, 3, 6, 9, 12, 16, 21, 14, 7, 12) (1, 1, 1, 3, 3, 3, 4, 5, 5, 5, 5) 2
[0, 0, 2, 0, 1, 0, 0, 1, 0, 0] (1, 2, 3, 6, 9, 13, 17, 21, 14, 7, 12) (1, 1, 1, 3, 3, 4, 4, 4, 5, 5, 5) 0
[0, 0, 2, 1, 0, 0, 0, 0, 1, 0] (1, 2, 3, 6, 10, 14, 18, 22, 14, 7, 12) (1, 1, 1, 3, 4, 4, 4, 4, 4, 5, 5) −2
[0, 0, 3, 0, 0, 0, 0, 0, 0, 1] (1, 2, 3, 7, 11, 15, 19, 23, 15, 7, 12) (1, 1, 1, 4, 4, 4, 4, 4, 4, 4, 5) −4
[0, 1, 0, 0, 0, 0, 0, 1, 1, 0] (2, 4, 7, 10, 13, 16, 19, 22, 14, 7, 12) (2, 2, 3, 3, 3, 3, 3, 3, 4, 5, 5) −16
[0, 1, 0, 0, 0, 0, 1, 0, 0, 1] (2, 4, 7, 10, 13, 16, 19, 23, 15, 7, 12) (2, 2, 3, 3, 3, 3, 3, 4, 4, 4, 5) −18
[0, 1, 0, 0, 2, 0, 1, 0, 0, 0] (1, 2, 4, 6, 8, 12, 16, 21, 14, 7, 12) (1, 1, 2, 2, 2, 4, 4, 5, 5, 5, 5) 2
[0, 1, 0, 1, 0, 1, 1, 0, 0, 0] (1, 2, 4, 6, 9, 12, 16, 21, 14, 7, 12) (1, 1, 2, 2, 3, 3, 4, 5, 5, 5, 5) 0
[0, 1, 0, 1, 1, 0, 0, 1, 0, 0] (1, 2, 4, 6, 9, 13, 17, 21, 14, 7, 12) (1, 1, 2, 2, 3, 4, 4, 4, 5, 5, 5) −2
[0, 1, 0, 2, 0, 0, 0, 0, 1, 0] (1, 2, 4, 6, 10, 14, 18, 22, 14, 7, 12) (1, 1, 2, 2, 4, 4, 4, 4, 4, 5, 5) −4
[0, 1, 1, 0, 0, 0, 2, 0, 0, 0] (1, 2, 4, 7, 10, 13, 16, 21, 14, 7, 12) (1, 1, 2, 3, 3, 3, 3, 5, 5, 5, 5) −2
[0, 1, 1, 0, 0, 1, 0, 1, 0, 0] (1, 2, 4, 7, 10, 13, 17, 21, 14, 7, 12) (1, 1, 2, 3, 3, 3, 4, 4, 5, 5, 5) −4
[0, 1, 1, 0, 1, 0, 0, 0, 1, 0] (1, 2, 4, 7, 10, 14, 18, 22, 14, 7, 12) (1, 1, 2, 3, 3, 4, 4, 4, 4, 5, 5) −6
[0, 1, 1, 1, 0, 0, 0, 0, 0, 1] (1, 2, 4, 7, 11, 15, 19, 23, 15, 7, 12) (1, 1, 2, 3, 4, 4, 4, 4, 4, 4, 5) −8
[0, 2, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 5, 8, 11, 14, 17, 21, 14, 7, 12) (1, 1, 3, 3, 3, 3, 3, 4, 5, 5, 5) −6
[0, 2, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 5, 8, 11, 14, 18, 22, 14, 7, 12) (1, 1, 3, 3, 3, 3, 4, 4, 4, 5, 5) −8
[0, 2, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 5, 8, 11, 15, 19, 23, 15, 7, 12) (1, 1, 3, 3, 3, 4, 4, 4, 4, 4, 5) −10
[0, 3, 1, 0, 0, 0, 0, 0, 0, 1] (0, 0, 3, 7, 11, 15, 19, 23, 15, 7, 12) (0, 0, 3, 4, 4, 4, 4, 4, 4, 4, 5) 2
[1, 0, 0, 0, 0, 0, 0, 0, 2, 0] (2, 5, 8, 11, 14, 17, 20, 23, 14, 7, 12) (2, 3, 3, 3, 3, 3, 3, 3, 3, 5, 5) −18
[1, 0, 0, 0, 0, 0, 0, 1, 0, 1] (2, 5, 8, 11, 14, 17, 20, 23, 15, 7, 12) (2, 3, 3, 3, 3, 3, 3, 3, 4, 4, 5) −20
[1, 0, 0, 0, 0, 3, 0, 0, 0, 0] (1, 3, 5, 7, 9, 11, 16, 21, 14, 7, 12) (1, 2, 2, 2, 2, 2, 5, 5, 5, 5, 5) 2
[1, 0, 0, 0, 1, 1, 1, 0, 0, 0] (1, 3, 5, 7, 9, 12, 16, 21, 14, 7, 12) (1, 2, 2, 2, 2, 3, 4, 5, 5, 5, 5) −2
[1, 0, 0, 0, 2, 0, 0, 1, 0, 0] (1, 3, 5, 7, 9, 13, 17, 21, 14, 7, 12) (1, 2, 2, 2, 2, 4, 4, 4, 5, 5, 5) −4
[1, 0, 0, 1, 0, 0, 2, 0, 0, 0] (1, 3, 5, 7, 10, 13, 16, 21, 14, 7, 12) (1, 2, 2, 2, 3, 3, 3, 5, 5, 5, 5) −4
[1, 0, 0, 1, 0, 1, 0, 1, 0, 0] (1, 3, 5, 7, 10, 13, 17, 21, 14, 7, 12) (1, 2, 2, 2, 3, 3, 4, 4, 5, 5, 5) −6
[1, 0, 0, 1, 1, 0, 0, 0, 1, 0] (1, 3, 5, 7, 10, 14, 18, 22, 14, 7, 12) (1, 2, 2, 2, 3, 4, 4, 4, 4, 5, 5) −8
[1, 0, 0, 2, 0, 0, 0, 0, 0, 1] (1, 3, 5, 7, 11, 15, 19, 23, 15, 7, 12) (1, 2, 2, 2, 4, 4, 4, 4, 4, 4, 5) −10
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A10 weights β (αi basis) β (ei basis) β2
[1, 0, 1, 0, 0, 0, 1, 1, 0, 0] (1, 3, 5, 8, 11, 14, 17, 21, 14, 7, 12) (1, 2, 2, 3, 3, 3, 3, 4, 5, 5, 5) −8
[1, 0, 1, 0, 0, 1, 0, 0, 1, 0] (1, 3, 5, 8, 11, 14, 18, 22, 14, 7, 12) (1, 2, 2, 3, 3, 3, 4, 4, 4, 5, 5) −10
[1, 0, 1, 0, 1, 0, 0, 0, 0, 1] (1, 3, 5, 8, 11, 15, 19, 23, 15, 7, 12) (1, 2, 2, 3, 3, 4, 4, 4, 4, 4, 5) −12
[1, 1, 0, 0, 0, 0, 0, 2, 0, 0] (1, 3, 6, 9, 12, 15, 18, 21, 14, 7, 12) (1, 2, 3, 3, 3, 3, 3, 3, 5, 5, 5) −10
[1, 1, 0, 0, 0, 0, 1, 0, 1, 0] (1, 3, 6, 9, 12, 15, 18, 22, 14, 7, 12) (1, 2, 3, 3, 3, 3, 3, 4, 4, 5, 5) −12
[1, 1, 0, 0, 0, 1, 0, 0, 0, 1] (1, 3, 6, 9, 12, 15, 19, 23, 15, 7, 12) (1, 2, 3, 3, 3, 3, 4, 4, 4, 4, 5) −14
[1, 1, 1, 0, 1, 0, 0, 1, 0, 0] (0, 1, 3, 6, 9, 13, 17, 21, 14, 7, 12) (0, 1, 2, 3, 3, 4, 4, 4, 5, 5, 5) 2
[1, 1, 1, 1, 0, 0, 0, 0, 1, 0] (0, 1, 3, 6, 10, 14, 18, 22, 14, 7, 12) (0, 1, 2, 3, 4, 4, 4, 4, 4, 5, 5) 0
[1, 1, 2, 0, 0, 0, 0, 0, 0, 1] (0, 1, 3, 7, 11, 15, 19, 23, 15, 7, 12) (0, 1, 2, 4, 4, 4, 4, 4, 4, 4, 5) −2
[1, 2, 0, 0, 0, 0, 2, 0, 0, 0] (0, 1, 4, 7, 10, 13, 16, 21, 14, 7, 12) (0, 1, 3, 3, 3, 3, 3, 5, 5, 5, 5) 2
[1, 2, 0, 0, 0, 1, 0, 1, 0, 0] (0, 1, 4, 7, 10, 13, 17, 21, 14, 7, 12) (0, 1, 3, 3, 3, 3, 4, 4, 5, 5, 5) 0
[1, 2, 0, 0, 1, 0, 0, 0, 1, 0] (0, 1, 4, 7, 10, 14, 18, 22, 14, 7, 12) (0, 1, 3, 3, 3, 4, 4, 4, 4, 5, 5) −2
[1, 2, 0, 1, 0, 0, 0, 0, 0, 1] (0, 1, 4, 7, 11, 15, 19, 23, 15, 7, 12) (0, 1, 3, 3, 4, 4, 4, 4, 4, 4, 5) −4
[2, 0, 0, 0, 0, 0, 0, 1, 1, 0] (1, 4, 7, 10, 13, 16, 19, 22, 14, 7, 12) (1, 3, 3, 3, 3, 3, 3, 3, 4, 5, 5) −14
[2, 0, 0, 0, 0, 0, 1, 0, 0, 1] (1, 4, 7, 10, 13, 16, 19, 23, 15, 7, 12) (1, 3, 3, 3, 3, 3, 3, 4, 4, 4, 5) −16
[2, 0, 0, 1, 0, 1, 1, 0, 0, 0] (0, 2, 4, 6, 9, 12, 16, 21, 14, 7, 12) (0, 2, 2, 2, 3, 3, 4, 5, 5, 5, 5) 2
[2, 0, 0, 1, 1, 0, 0, 1, 0, 0] (0, 2, 4, 6, 9, 13, 17, 21, 14, 7, 12) (0, 2, 2, 2, 3, 4, 4, 4, 5, 5, 5) 0
[2, 0, 0, 2, 0, 0, 0, 0, 1, 0] (0, 2, 4, 6, 10, 14, 18, 22, 14, 7, 12) (0, 2, 2, 2, 4, 4, 4, 4, 4, 5, 5) −2
[2, 0, 1, 0, 0, 0, 2, 0, 0, 0] (0, 2, 4, 7, 10, 13, 16, 21, 14, 7, 12) (0, 2, 2, 3, 3, 3, 3, 5, 5, 5, 5) 0
[2, 0, 1, 0, 0, 1, 0, 1, 0, 0] (0, 2, 4, 7, 10, 13, 17, 21, 14, 7, 12) (0, 2, 2, 3, 3, 3, 4, 4, 5, 5, 5) −2
[2, 0, 1, 0, 1, 0, 0, 0, 1, 0] (0, 2, 4, 7, 10, 14, 18, 22, 14, 7, 12) (0, 2, 2, 3, 3, 4, 4, 4, 4, 5, 5) −4
[2, 0, 1, 1, 0, 0, 0, 0, 0, 1] (0, 2, 4, 7, 11, 15, 19, 23, 15, 7, 12) (0, 2, 2, 3, 4, 4, 4, 4, 4, 4, 5) −6
[2, 1, 0, 0, 0, 0, 1, 1, 0, 0] (0, 2, 5, 8, 11, 14, 17, 21, 14, 7, 12) (0, 2, 3, 3, 3, 3, 3, 4, 5, 5, 5) −4
[2, 1, 0, 0, 0, 1, 0, 0, 1, 0] (0, 2, 5, 8, 11, 14, 18, 22, 14, 7, 12) (0, 2, 3, 3, 3, 3, 4, 4, 4, 5, 5) −6
[2, 1, 0, 0, 1, 0, 0, 0, 0, 1] (0, 2, 5, 8, 11, 15, 19, 23, 15, 7, 12) (0, 2, 3, 3, 3, 4, 4, 4, 4, 4, 5) −8
[3, 0, 0, 0, 0, 0, 0, 2, 0, 0] (0, 3, 6, 9, 12, 15, 18, 21, 14, 7, 12) (0, 3, 3, 3, 3, 3, 3, 3, 5, 5, 5) −6
[3, 0, 0, 0, 0, 0, 1, 0, 1, 0] (0, 3, 6, 9, 12, 15, 18, 22, 14, 7, 12) (0, 3, 3, 3, 3, 3, 3, 4, 4, 5, 5) −8
[3, 0, 0, 0, 0, 1, 0, 0, 0, 1] (0, 3, 6, 9, 12, 15, 19, 23, 15, 7, 12) (0, 3, 3, 3, 3, 3, 4, 4, 4, 4, 5) −10
[0, 0, 0, 0, 0, 0, 0, 0, 0, 3] (3, 6, 9, 12, 15, 18, 21, 24, 15, 6, 12) (3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 6) −18
[0, 0, 0, 0, 0, 1, 1, 1, 1, 0] (2, 4, 6, 8, 10, 12, 15, 19, 12, 6, 12) (2, 2, 2, 2, 2, 2, 3, 4, 5, 6, 6) 2
[0, 0, 0, 0, 0, 1, 2, 0, 0, 1] (2, 4, 6, 8, 10, 12, 15, 20, 13, 6, 12) (2, 2, 2, 2, 2, 2, 3, 5, 5, 5, 6) 0
[0, 0, 0, 0, 0, 2, 0, 0, 2, 0] (2, 4, 6, 8, 10, 12, 16, 20, 12, 6, 12) (2, 2, 2, 2, 2, 2, 4, 4, 4, 6, 6) 0
[0, 0, 0, 0, 0, 2, 0, 1, 0, 1] (2, 4, 6, 8, 10, 12, 16, 20, 13, 6, 12) (2, 2, 2, 2, 2, 2, 4, 4, 5, 5, 6) −2
[0, 0, 0, 0, 1, 0, 0, 2, 1, 0] (2, 4, 6, 8, 10, 13, 16, 19, 12, 6, 12) (2, 2, 2, 2, 2, 3, 3, 3, 5, 6, 6) 0
[0, 0, 0, 0, 1, 0, 1, 0, 2, 0] (2, 4, 6, 8, 10, 13, 16, 20, 12, 6, 12) (2, 2, 2, 2, 2, 3, 3, 4, 4, 6, 6) −2
[0, 0, 0, 0, 1, 0, 1, 1, 0, 1] (2, 4, 6, 8, 10, 13, 16, 20, 13, 6, 12) (2, 2, 2, 2, 2, 3, 3, 4, 5, 5, 6) −4
[0, 0, 0, 0, 1, 1, 0, 0, 1, 1] (2, 4, 6, 8, 10, 13, 17, 21, 13, 6, 12) (2, 2, 2, 2, 2, 3, 4, 4, 4, 5, 6) −6
[0, 0, 0, 0, 2, 0, 0, 0, 0, 2] (2, 4, 6, 8, 10, 14, 18, 22, 14, 6, 12) (2, 2, 2, 2, 2, 4, 4, 4, 4, 4, 6) −8
[0, 0, 0, 1, 0, 0, 0, 1, 2, 0] (2, 4, 6, 8, 11, 14, 17, 20, 12, 6, 12) (2, 2, 2, 2, 3, 3, 3, 3, 4, 6, 6) −4
[0, 0, 0, 1, 0, 0, 0, 2, 0, 1] (2, 4, 6, 8, 11, 14, 17, 20, 13, 6, 12) (2, 2, 2, 2, 3, 3, 3, 3, 5, 5, 6) −6
[0, 0, 0, 1, 0, 0, 1, 0, 1, 1] (2, 4, 6, 8, 11, 14, 17, 21, 13, 6, 12) (2, 2, 2, 2, 3, 3, 3, 4, 4, 5, 6) −8
[0, 0, 0, 1, 0, 1, 0, 0, 0, 2] (2, 4, 6, 8, 11, 14, 18, 22, 14, 6, 12) (2, 2, 2, 2, 3, 3, 4, 4, 4, 4, 6) −10
[0, 0, 1, 0, 0, 0, 0, 0, 3, 0] (2, 4, 6, 9, 12, 15, 18, 21, 12, 6, 12) (2, 2, 2, 3, 3, 3, 3, 3, 3, 6, 6) −6
[0, 0, 1, 0, 0, 0, 0, 1, 1, 1] (2, 4, 6, 9, 12, 15, 18, 21, 13, 6, 12) (2, 2, 2, 3, 3, 3, 3, 3, 4, 5, 6) −10
[0, 0, 1, 0, 0, 0, 1, 0, 0, 2] (2, 4, 6, 9, 12, 15, 18, 22, 14, 6, 12) (2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 6) −12
[0, 0, 2, 0, 1, 0, 0, 0, 1, 1] (1, 2, 3, 6, 9, 13, 17, 21, 13, 6, 12) (1, 1, 1, 3, 3, 4, 4, 4, 4, 5, 6) 2
[0, 0, 2, 1, 0, 0, 0, 0, 0, 2] (1, 2, 3, 6, 10, 14, 18, 22, 14, 6, 12) (1, 1, 1, 3, 4, 4, 4, 4, 4, 4, 6) 0
[0, 1, 0, 0, 0, 0, 0, 0, 2, 1] (2, 4, 7, 10, 13, 16, 19, 22, 13, 6, 12) (2, 2, 3, 3, 3, 3, 3, 3, 3, 5, 6) −12
[0, 1, 0, 0, 0, 0, 0, 1, 0, 2] (2, 4, 7, 10, 13, 16, 19, 22, 14, 6, 12) (2, 2, 3, 3, 3, 3, 3, 3, 4, 4, 6) −14
[0, 1, 0, 1, 0, 1, 0, 1, 0, 1] (1, 2, 4, 6, 9, 12, 16, 20, 13, 6, 12) (1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6) 2
[0, 1, 0, 1, 1, 0, 0, 0, 1, 1] (1, 2, 4, 6, 9, 13, 17, 21, 13, 6, 12) (1, 1, 2, 2, 3, 4, 4, 4, 4, 5, 6) 0
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[0, 1, 0, 2, 0, 0, 0, 0, 0, 2] (1, 2, 4, 6, 10, 14, 18, 22, 14, 6, 12) (1, 1, 2, 2, 4, 4, 4, 4, 4, 4, 6) −2
[0, 1, 1, 0, 0, 0, 1, 0, 2, 0] (1, 2, 4, 7, 10, 13, 16, 20, 12, 6, 12) (1, 1, 2, 3, 3, 3, 3, 4, 4, 6, 6) 2
[0, 1, 1, 0, 0, 0, 1, 1, 0, 1] (1, 2, 4, 7, 10, 13, 16, 20, 13, 6, 12) (1, 1, 2, 3, 3, 3, 3, 4, 5, 5, 6) 0
[0, 1, 1, 0, 0, 1, 0, 0, 1, 1] (1, 2, 4, 7, 10, 13, 17, 21, 13, 6, 12) (1, 1, 2, 3, 3, 3, 4, 4, 4, 5, 6) −2
[0, 1, 1, 0, 1, 0, 0, 0, 0, 2] (1, 2, 4, 7, 10, 14, 18, 22, 14, 6, 12) (1, 1, 2, 3, 3, 4, 4, 4, 4, 4, 6) −4
[0, 2, 0, 0, 0, 0, 0, 1, 2, 0] (1, 2, 5, 8, 11, 14, 17, 20, 12, 6, 12) (1, 1, 3, 3, 3, 3, 3, 3, 4, 6, 6) 0
[0, 2, 0, 0, 0, 0, 0, 2, 0, 1] (1, 2, 5, 8, 11, 14, 17, 20, 13, 6, 12) (1, 1, 3, 3, 3, 3, 3, 3, 5, 5, 6) −2
[0, 2, 0, 0, 0, 0, 1, 0, 1, 1] (1, 2, 5, 8, 11, 14, 17, 21, 13, 6, 12) (1, 1, 3, 3, 3, 3, 3, 4, 4, 5, 6) −4
[0, 2, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 5, 8, 11, 14, 18, 22, 14, 6, 12) (1, 1, 3, 3, 3, 3, 4, 4, 4, 4, 6) −6
[1, 0, 0, 0, 0, 0, 0, 0, 1, 2] (2, 5, 8, 11, 14, 17, 20, 23, 14, 6, 12) (2, 3, 3, 3, 3, 3, 3, 3, 3, 4, 6) −16
[1, 0, 0, 0, 1, 0, 2, 0, 0, 1] (1, 3, 5, 7, 9, 12, 15, 20, 13, 6, 12) (1, 2, 2, 2, 2, 3, 3, 5, 5, 5, 6) 2
[1, 0, 0, 0, 1, 1, 0, 0, 2, 0] (1, 3, 5, 7, 9, 12, 16, 20, 12, 6, 12) (1, 2, 2, 2, 2, 3, 4, 4, 4, 6, 6) 2
[1, 0, 0, 0, 1, 1, 0, 1, 0, 1] (1, 3, 5, 7, 9, 12, 16, 20, 13, 6, 12) (1, 2, 2, 2, 2, 3, 4, 4, 5, 5, 6) 0
[1, 0, 0, 0, 2, 0, 0, 0, 1, 1] (1, 3, 5, 7, 9, 13, 17, 21, 13, 6, 12) (1, 2, 2, 2, 2, 4, 4, 4, 4, 5, 6) −2
[1, 0, 0, 1, 0, 0, 0, 2, 1, 0] (1, 3, 5, 7, 10, 13, 16, 19, 12, 6, 12) (1, 2, 2, 2, 3, 3, 3, 3, 5, 6, 6) 2
[1, 0, 0, 1, 0, 0, 1, 0, 2, 0] (1, 3, 5, 7, 10, 13, 16, 20, 12, 6, 12) (1, 2, 2, 2, 3, 3, 3, 4, 4, 6, 6) 0
[1, 0, 0, 1, 0, 0, 1, 1, 0, 1] (1, 3, 5, 7, 10, 13, 16, 20, 13, 6, 12) (1, 2, 2, 2, 3, 3, 3, 4, 5, 5, 6) −2
[1, 0, 0, 1, 0, 1, 0, 0, 1, 1] (1, 3, 5, 7, 10, 13, 17, 21, 13, 6, 12) (1, 2, 2, 2, 3, 3, 4, 4, 4, 5, 6) −4
[1, 0, 0, 1, 1, 0, 0, 0, 0, 2] (1, 3, 5, 7, 10, 14, 18, 22, 14, 6, 12) (1, 2, 2, 2, 3, 4, 4, 4, 4, 4, 6) −6
[1, 0, 1, 0, 0, 0, 0, 1, 2, 0] (1, 3, 5, 8, 11, 14, 17, 20, 12, 6, 12) (1, 2, 2, 3, 3, 3, 3, 3, 4, 6, 6) −2
[1, 0, 1, 0, 0, 0, 0, 2, 0, 1] (1, 3, 5, 8, 11, 14, 17, 20, 13, 6, 12) (1, 2, 2, 3, 3, 3, 3, 3, 5, 5, 6) −4
[1, 0, 1, 0, 0, 0, 1, 0, 1, 1] (1, 3, 5, 8, 11, 14, 17, 21, 13, 6, 12) (1, 2, 2, 3, 3, 3, 3, 4, 4, 5, 6) −6
[1, 0, 1, 0, 0, 1, 0, 0, 0, 2] (1, 3, 5, 8, 11, 14, 18, 22, 14, 6, 12) (1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 6) −8
[1, 1, 0, 0, 0, 0, 0, 0, 3, 0] (1, 3, 6, 9, 12, 15, 18, 21, 12, 6, 12) (1, 2, 3, 3, 3, 3, 3, 3, 3, 6, 6) −4
[1, 1, 0, 0, 0, 0, 0, 1, 1, 1] (1, 3, 6, 9, 12, 15, 18, 21, 13, 6, 12) (1, 2, 3, 3, 3, 3, 3, 3, 4, 5, 6) −8
[1, 1, 0, 0, 0, 0, 1, 0, 0, 2] (1, 3, 6, 9, 12, 15, 18, 22, 14, 6, 12) (1, 2, 3, 3, 3, 3, 3, 4, 4, 4, 6) −10
[1, 1, 1, 1, 0, 0, 0, 0, 0, 2] (0, 1, 3, 6, 10, 14, 18, 22, 14, 6, 12) (0, 1, 2, 3, 4, 4, 4, 4, 4, 4, 6) 2
[1, 2, 0, 0, 0, 1, 0, 0, 1, 1] (0, 1, 4, 7, 10, 13, 17, 21, 13, 6, 12) (0, 1, 3, 3, 3, 3, 4, 4, 4, 5, 6) 2
[1, 2, 0, 0, 1, 0, 0, 0, 0, 2] (0, 1, 4, 7, 10, 14, 18, 22, 14, 6, 12) (0, 1, 3, 3, 3, 4, 4, 4, 4, 4, 6) 0
[2, 0, 0, 0, 0, 0, 0, 0, 2, 1] (1, 4, 7, 10, 13, 16, 19, 22, 13, 6, 12) (1, 3, 3, 3, 3, 3, 3, 3, 3, 5, 6) −10
[2, 0, 0, 0, 0, 0, 0, 1, 0, 2] (1, 4, 7, 10, 13, 16, 19, 22, 14, 6, 12) (1, 3, 3, 3, 3, 3, 3, 3, 4, 4, 6) −12
[2, 0, 0, 1, 1, 0, 0, 0, 1, 1] (0, 2, 4, 6, 9, 13, 17, 21, 13, 6, 12) (0, 2, 2, 2, 3, 4, 4, 4, 4, 5, 6) 2
[2, 0, 0, 2, 0, 0, 0, 0, 0, 2] (0, 2, 4, 6, 10, 14, 18, 22, 14, 6, 12) (0, 2, 2, 2, 4, 4, 4, 4, 4, 4, 6) 0
[2, 0, 1, 0, 0, 0, 1, 1, 0, 1] (0, 2, 4, 7, 10, 13, 16, 20, 13, 6, 12) (0, 2, 2, 3, 3, 3, 3, 4, 5, 5, 6) 2
[2, 0, 1, 0, 0, 1, 0, 0, 1, 1] (0, 2, 4, 7, 10, 13, 17, 21, 13, 6, 12) (0, 2, 2, 3, 3, 3, 4, 4, 4, 5, 6) 0
[2, 0, 1, 0, 1, 0, 0, 0, 0, 2] (0, 2, 4, 7, 10, 14, 18, 22, 14, 6, 12) (0, 2, 2, 3, 3, 4, 4, 4, 4, 4, 6) −2
[2, 1, 0, 0, 0, 0, 0, 1, 2, 0] (0, 2, 5, 8, 11, 14, 17, 20, 12, 6, 12) (0, 2, 3, 3, 3, 3, 3, 3, 4, 6, 6) 2
[2, 1, 0, 0, 0, 0, 0, 2, 0, 1] (0, 2, 5, 8, 11, 14, 17, 20, 13, 6, 12) (0, 2, 3, 3, 3, 3, 3, 3, 5, 5, 6) 0
[2, 1, 0, 0, 0, 0, 1, 0, 1, 1] (0, 2, 5, 8, 11, 14, 17, 21, 13, 6, 12) (0, 2, 3, 3, 3, 3, 3, 4, 4, 5, 6) −2
[2, 1, 0, 0, 0, 1, 0, 0, 0, 2] (0, 2, 5, 8, 11, 14, 18, 22, 14, 6, 12) (0, 2, 3, 3, 3, 3, 4, 4, 4, 4, 6) −4
[3, 0, 0, 0, 0, 0, 0, 0, 3, 0] (0, 3, 6, 9, 12, 15, 18, 21, 12, 6, 12) (0, 3, 3, 3, 3, 3, 3, 3, 3, 6, 6) 0
[3, 0, 0, 0, 0, 0, 0, 1, 1, 1] (0, 3, 6, 9, 12, 15, 18, 21, 13, 6, 12) (0, 3, 3, 3, 3, 3, 3, 3, 4, 5, 6) −4
[3, 0, 0, 0, 0, 0, 1, 0, 0, 2] (0, 3, 6, 9, 12, 15, 18, 22, 14, 6, 12) (0, 3, 3, 3, 3, 3, 3, 4, 4, 4, 6) −6
[0, 0, 0, 0, 0, 2, 0, 0, 1, 2] (2, 4, 6, 8, 10, 12, 16, 20, 12, 5, 12) (2, 2, 2, 2, 2, 2, 4, 4, 4, 5, 7) 2
[0, 0, 0, 0, 1, 0, 0, 2, 0, 2] (2, 4, 6, 8, 10, 13, 16, 19, 12, 5, 12) (2, 2, 2, 2, 2, 3, 3, 3, 5, 5, 7) 2
[0, 0, 0, 0, 1, 0, 1, 0, 1, 2] (2, 4, 6, 8, 10, 13, 16, 20, 12, 5, 12) (2, 2, 2, 2, 2, 3, 3, 4, 4, 5, 7) 0
[0, 0, 0, 0, 1, 1, 0, 0, 0, 3] (2, 4, 6, 8, 10, 13, 17, 21, 13, 5, 12) (2, 2, 2, 2, 2, 3, 4, 4, 4, 4, 7) −2
[0, 0, 0, 1, 0, 0, 0, 0, 3, 1] (2, 4, 6, 8, 11, 14, 17, 20, 11, 5, 12) (2, 2, 2, 2, 3, 3, 3, 3, 3, 6, 7) 2
[0, 0, 0, 1, 0, 0, 0, 1, 1, 2] (2, 4, 6, 8, 11, 14, 17, 20, 12, 5, 12) (2, 2, 2, 2, 3, 3, 3, 3, 4, 5, 7) −2
[0, 0, 0, 1, 0, 0, 1, 0, 0, 3] (2, 4, 6, 8, 11, 14, 17, 21, 13, 5, 12) (2, 2, 2, 2, 3, 3, 3, 4, 4, 4, 7) −4
[0, 0, 1, 0, 0, 0, 0, 0, 2, 2] (2, 4, 6, 9, 12, 15, 18, 21, 12, 5, 12) (2, 2, 2, 3, 3, 3, 3, 3, 3, 5, 7) −4
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[0, 0, 1, 0, 0, 0, 0, 1, 0, 3] (2, 4, 6, 9, 12, 15, 18, 21, 13, 5, 12) (2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 7) −6
[0, 1, 0, 0, 0, 0, 0, 0, 1, 3] (2, 4, 7, 10, 13, 16, 19, 22, 13, 5, 12) (2, 2, 3, 3, 3, 3, 3, 3, 3, 4, 7) −8
[0, 1, 1, 0, 0, 1, 0, 0, 0, 3] (1, 2, 4, 7, 10, 13, 17, 21, 13, 5, 12) (1, 1, 2, 3, 3, 3, 4, 4, 4, 4, 7) 2
[0, 2, 0, 0, 0, 0, 0, 1, 1, 2] (1, 2, 5, 8, 11, 14, 17, 20, 12, 5, 12) (1, 1, 3, 3, 3, 3, 3, 3, 4, 5, 7) 2
[0, 2, 0, 0, 0, 0, 1, 0, 0, 3] (1, 2, 5, 8, 11, 14, 17, 21, 13, 5, 12) (1, 1, 3, 3, 3, 3, 3, 4, 4, 4, 7) 0
[1, 0, 0, 0, 0, 0, 0, 0, 0, 4] (2, 5, 8, 11, 14, 17, 20, 23, 14, 5, 12) (2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 7) −10
[1, 0, 0, 0, 2, 0, 0, 0, 0, 3] (1, 3, 5, 7, 9, 13, 17, 21, 13, 5, 12) (1, 2, 2, 2, 2, 4, 4, 4, 4, 4, 7) 2
[1, 0, 0, 1, 0, 0, 1, 0, 1, 2] (1, 3, 5, 7, 10, 13, 16, 20, 12, 5, 12) (1, 2, 2, 2, 3, 3, 3, 4, 4, 5, 7) 2
[1, 0, 0, 1, 0, 1, 0, 0, 0, 3] (1, 3, 5, 7, 10, 13, 17, 21, 13, 5, 12) (1, 2, 2, 2, 3, 3, 4, 4, 4, 4, 7) 0
[1, 0, 1, 0, 0, 0, 0, 1, 1, 2] (1, 3, 5, 8, 11, 14, 17, 20, 12, 5, 12) (1, 2, 2, 3, 3, 3, 3, 3, 4, 5, 7) 0
[1, 0, 1, 0, 0, 0, 1, 0, 0, 3] (1, 3, 5, 8, 11, 14, 17, 21, 13, 5, 12) (1, 2, 2, 3, 3, 3, 3, 4, 4, 4, 7) −2
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Table 34: The roots of l1 representation of E11 to level 12
A10 weights β (αi basis) β (ei basis) β2
[1, 0, 0, 0, 0, 0, 0, 0, 0, 0] (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) (−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) 2
[0, 0, 0, 0, 0, 0, 0, 0, 1, 0] (1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 1) (0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1) 2
[0, 0, 0, 0, 0, 1, 0, 0, 0, 0] (1, 1, 1, 1, 1, 1, 2, 3, 2, 1, 2) (0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1) 2
[0, 0, 1, 0, 0, 0, 0, 0, 0, 0] (1, 1, 1, 2, 3, 4, 5, 6, 4, 2, 3) (0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1) 0
[0, 0, 0, 1, 0, 0, 0, 0, 0, 1] (1, 1, 1, 1, 2, 3, 4, 5, 3, 1, 3) (0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 2) 2
[0, 0, 1, 0, 0, 0, 0, 1, 0, 0] (1, 1, 1, 2, 3, 4, 5, 6, 4, 2, 4) (0, 0, 0, 1, 1, 1, 1, 1, 2, 2, 2) 2
[0, 1, 0, 0, 0, 0, 0, 0, 1, 0] (1, 1, 2, 3, 4, 5, 6, 7, 4, 2, 4) (0, 0, 1, 1, 1, 1, 1, 1, 1, 2, 2) 0
[1, 0, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 4) (0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2) −2
[0, 1, 0, 0, 0, 0, 0, 0, 0, 2] (1, 1, 2, 3, 4, 5, 6, 7, 4, 1, 4) (0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 3) 2
[0, 0, 0, 0, 0, 0, 0, 1, 0, 0] (2, 3, 4, 5, 6, 7, 8, 9, 6, 3, 5) (1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2) −4
[0, 0, 1, 0, 1, 0, 0, 0, 0, 0] (1, 1, 1, 2, 3, 5, 7, 9, 6, 3, 5) (0, 0, 0, 1, 1, 2, 2, 2, 2, 2, 2) 2
[0, 1, 0, 0, 0, 1, 0, 0, 0, 0] (1, 1, 2, 3, 4, 5, 7, 9, 6, 3, 5) (0, 0, 1, 1, 1, 1, 2, 2, 2, 2, 2) 0
[1, 0, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 3, 4, 5, 6, 7, 9, 6, 3, 5) (0, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2) −2
[0, 0, 0, 0, 0, 0, 0, 0, 1, 1] (2, 3, 4, 5, 6, 7, 8, 9, 5, 2, 5) (1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 3) −2
[0, 1, 0, 0, 0, 0, 1, 0, 0, 1] (1, 1, 2, 3, 4, 5, 6, 8, 5, 2, 5) (0, 0, 1, 1, 1, 1, 1, 2, 2, 2, 3) 2
[1, 0, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 3, 4, 5, 6, 7, 8, 4, 2, 5) (0, 1, 1, 1, 1, 1, 1, 1, 1, 3, 3) 2
[1, 0, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 5) (0, 1, 1, 1, 1, 1, 1, 1, 2, 2, 3) 0
[0, 0, 0, 0, 0, 0, 0, 0, 0, 3] (2, 3, 4, 5, 6, 7, 8, 9, 5, 1, 5) (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 4) 2
[0, 0, 0, 0, 1, 0, 0, 0, 0, 0] (2, 3, 4, 5, 6, 8, 10, 12, 8, 4, 6) (1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2) −6
[0, 1, 1, 0, 0, 0, 0, 0, 0, 0] (1, 1, 2, 4, 6, 8, 10, 12, 8, 4, 6) (0, 0, 1, 2, 2, 2, 2, 2, 2, 2, 2) −2
[1, 0, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 3, 4, 6, 8, 10, 12, 8, 4, 6) (0, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2) −4
[0, 0, 0, 0, 0, 0, 0, 2, 0, 0] (2, 3, 4, 5, 6, 7, 8, 9, 6, 3, 6) (1, 1, 1, 1, 1, 1, 1, 1, 3, 3, 3) 0
[0, 0, 0, 0, 0, 0, 1, 0, 1, 0] (2, 3, 4, 5, 6, 7, 8, 10, 6, 3, 6) (1, 1, 1, 1, 1, 1, 1, 2, 2, 3, 3) −2
[0, 0, 0, 0, 0, 1, 0, 0, 0, 1] (2, 3, 4, 5, 6, 7, 9, 11, 7, 3, 6) (1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 3) −4
[0, 0, 2, 0, 0, 0, 0, 0, 0, 1] (1, 1, 1, 3, 5, 7, 9, 11, 7, 3, 6) (0, 0, 0, 2, 2, 2, 2, 2, 2, 2, 3) 2
[0, 1, 0, 0, 1, 0, 0, 0, 1, 0] (1, 1, 2, 3, 4, 6, 8, 10, 6, 3, 6) (0, 0, 1, 1, 1, 2, 2, 2, 2, 3, 3) 2
[0, 1, 0, 1, 0, 0, 0, 0, 0, 1] (1, 1, 2, 3, 5, 7, 9, 11, 7, 3, 6) (0, 0, 1, 1, 2, 2, 2, 2, 2, 2, 3) 0
[1, 0, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 3, 4, 5, 6, 7, 9, 6, 3, 6) (0, 1, 1, 1, 1, 1, 1, 2, 3, 3, 3) 2
[1, 0, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 3, 4, 5, 6, 8, 10, 6, 3, 6) (0, 1, 1, 1, 1, 1, 2, 2, 2, 3, 3) 0
[1, 0, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 7, 9, 11, 7, 3, 6) (0, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3) −2
[0, 0, 0, 0, 0, 0, 0, 1, 1, 1] (2, 3, 4, 5, 6, 7, 8, 9, 5, 2, 6) (1, 1, 1, 1, 1, 1, 1, 1, 2, 3, 4) 2
[0, 0, 0, 0, 0, 0, 1, 0, 0, 2] (2, 3, 4, 5, 6, 7, 8, 10, 6, 2, 6) (1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 4) 0
[1, 0, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 3, 4, 5, 6, 8, 10, 6, 2, 6) (0, 1, 1, 1, 1, 1, 2, 2, 2, 2, 4) 2
[0, 1, 0, 0, 0, 0, 0, 0, 0, 0] (2, 3, 5, 7, 9, 11, 13, 15, 10, 5, 7) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2) −10
[2, 0, 0, 0, 0, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 7) (0, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) −8
[0, 0, 0, 0, 0, 1, 1, 0, 0, 0] (2, 3, 4, 5, 6, 7, 9, 12, 8, 4, 7) (1, 1, 1, 1, 1, 1, 2, 3, 3, 3, 3) −2
[0, 0, 0, 0, 1, 0, 0, 1, 0, 0] (2, 3, 4, 5, 6, 8, 10, 12, 8, 4, 7) (1, 1, 1, 1, 1, 2, 2, 2, 3, 3, 3) −4
[0, 0, 0, 1, 0, 0, 0, 0, 1, 0] (2, 3, 4, 5, 7, 9, 11, 13, 8, 4, 7) (1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3) −6
[0, 0, 1, 0, 0, 0, 0, 0, 0, 1] (2, 3, 4, 6, 8, 10, 12, 14, 9, 4, 7) (1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 3) −8
[0, 1, 0, 1, 0, 0, 1, 0, 0, 0] (1, 1, 2, 3, 5, 7, 9, 12, 8, 4, 7) (0, 0, 1, 1, 2, 2, 2, 3, 3, 3, 3) 2
[0, 1, 1, 0, 0, 0, 0, 1, 0, 0] (1, 1, 2, 4, 6, 8, 10, 12, 8, 4, 7) (0, 0, 1, 2, 2, 2, 2, 2, 3, 3, 3) 0
[0, 2, 0, 0, 0, 0, 0, 0, 1, 0] (1, 1, 3, 5, 7, 9, 11, 13, 8, 4, 7) (0, 0, 2, 2, 2, 2, 2, 2, 2, 3, 3) −2
[1, 0, 0, 0, 0, 2, 0, 0, 0, 0] (1, 2, 3, 4, 5, 6, 9, 12, 8, 4, 7) (0, 1, 1, 1, 1, 1, 3, 3, 3, 3, 3) 2
[1, 0, 0, 0, 1, 0, 1, 0, 0, 0] (1, 2, 3, 4, 5, 7, 9, 12, 8, 4, 7) (0, 1, 1, 1, 1, 2, 2, 3, 3, 3, 3) 0
[1, 0, 0, 1, 0, 0, 0, 1, 0, 0] (1, 2, 3, 4, 6, 8, 10, 12, 8, 4, 7) (0, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3) −2
[1, 0, 1, 0, 0, 0, 0, 0, 1, 0] (1, 2, 3, 5, 7, 9, 11, 13, 8, 4, 7) (0, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3) −4
[1, 1, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 7) (0, 1, 2, 2, 2, 2, 2, 2, 2, 2, 3) −6
[0, 0, 0, 0, 0, 0, 2, 0, 0, 1] (2, 3, 4, 5, 6, 7, 8, 11, 7, 3, 7) (1, 1, 1, 1, 1, 1, 1, 3, 3, 3, 4) 2
[0, 0, 0, 0, 0, 1, 0, 0, 2, 0] (2, 3, 4, 5, 6, 7, 9, 11, 6, 3, 7) (1, 1, 1, 1, 1, 1, 2, 2, 2, 4, 4) 2
[0, 0, 0, 0, 0, 1, 0, 1, 0, 1] (2, 3, 4, 5, 6, 7, 9, 11, 7, 3, 7) (1, 1, 1, 1, 1, 1, 2, 2, 3, 3, 4) 0
Continued on the next page
163
Table 34 - continued from the previous page
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[0, 0, 0, 0, 1, 0, 0, 0, 1, 1] (2, 3, 4, 5, 6, 8, 10, 12, 7, 3, 7) (1, 1, 1, 1, 1, 2, 2, 2, 2, 3, 4) −2
[0, 0, 0, 1, 0, 0, 0, 0, 0, 2] (2, 3, 4, 5, 7, 9, 11, 13, 8, 3, 7) (1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 4) −4
[0, 1, 1, 0, 0, 0, 0, 0, 1, 1] (1, 1, 2, 4, 6, 8, 10, 12, 7, 3, 7) (0, 0, 1, 2, 2, 2, 2, 2, 2, 3, 4) 2
[0, 2, 0, 0, 0, 0, 0, 0, 0, 2] (1, 1, 3, 5, 7, 9, 11, 13, 8, 3, 7) (0, 0, 2, 2, 2, 2, 2, 2, 2, 2, 4) 0
[1, 0, 0, 0, 1, 0, 0, 1, 0, 1] (1, 2, 3, 4, 5, 7, 9, 11, 7, 3, 7) (0, 1, 1, 1, 1, 2, 2, 2, 3, 3, 4) 2
[1, 0, 0, 1, 0, 0, 0, 0, 1, 1] (1, 2, 3, 4, 6, 8, 10, 12, 7, 3, 7) (0, 1, 1, 1, 2, 2, 2, 2, 2, 3, 4) 0
[1, 0, 1, 0, 0, 0, 0, 0, 0, 2] (1, 2, 3, 5, 7, 9, 11, 13, 8, 3, 7) (0, 1, 1, 2, 2, 2, 2, 2, 2, 2, 4) −2
[0, 0, 0, 0, 1, 0, 0, 0, 0, 3] (2, 3, 4, 5, 6, 8, 10, 12, 7, 2, 7) (1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 5) 2
[0, 0, 0, 0, 0, 0, 0, 0, 0, 1] (3, 5, 7, 9, 11, 13, 15, 17, 11, 5, 8) (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3) −14
[0, 0, 0, 0, 2, 0, 0, 0, 0, 0] (2, 3, 4, 5, 6, 9, 12, 15, 10, 5, 8) (1, 1, 1, 1, 1, 3, 3, 3, 3, 3, 3) −4
[0, 0, 0, 1, 0, 1, 0, 0, 0, 0] (2, 3, 4, 5, 7, 9, 12, 15, 10, 5, 8) (1, 1, 1, 1, 2, 2, 3, 3, 3, 3, 3) −6
[0, 0, 1, 0, 0, 0, 1, 0, 0, 0] (2, 3, 4, 6, 8, 10, 12, 15, 10, 5, 8) (1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3) −8
[0, 1, 0, 0, 0, 0, 0, 1, 0, 0] (2, 3, 5, 7, 9, 11, 13, 15, 10, 5, 8) (1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 3) −10
[0, 1, 0, 2, 0, 0, 0, 0, 0, 0] (1, 1, 2, 3, 6, 9, 12, 15, 10, 5, 8) (0, 0, 1, 1, 3, 3, 3, 3, 3, 3, 3) 2
[0, 1, 1, 0, 1, 0, 0, 0, 0, 0] (1, 1, 2, 4, 6, 9, 12, 15, 10, 5, 8) (0, 0, 1, 2, 2, 3, 3, 3, 3, 3, 3) 0
[0, 2, 0, 0, 0, 1, 0, 0, 0, 0] (1, 1, 3, 5, 7, 9, 12, 15, 10, 5, 8) (0, 0, 2, 2, 2, 2, 3, 3, 3, 3, 3) −2
[1, 0, 0, 0, 0, 0, 0, 0, 1, 0] (2, 4, 6, 8, 10, 12, 14, 16, 10, 5, 8) (1, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3) −12
[1, 0, 0, 1, 1, 0, 0, 0, 0, 0] (1, 2, 3, 4, 6, 9, 12, 15, 10, 5, 8) (0, 1, 1, 1, 2, 3, 3, 3, 3, 3, 3) −2
[1, 0, 1, 0, 0, 1, 0, 0, 0, 0] (1, 2, 3, 5, 7, 9, 12, 15, 10, 5, 8) (0, 1, 1, 2, 2, 2, 3, 3, 3, 3, 3) −4
[1, 1, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 4, 6, 8, 10, 12, 15, 10, 5, 8) (0, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3) −6
[2, 0, 0, 0, 0, 0, 0, 1, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 8) (0, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3) −8
[0, 0, 0, 0, 0, 2, 0, 0, 1, 0] (2, 3, 4, 5, 6, 7, 10, 13, 8, 4, 8) (1, 1, 1, 1, 1, 1, 3, 3, 3, 4, 4) 2
[0, 0, 0, 0, 1, 0, 0, 2, 0, 0] (2, 3, 4, 5, 6, 8, 10, 12, 8, 4, 8) (1, 1, 1, 1, 1, 2, 2, 2, 4, 4, 4) 2
[0, 0, 0, 0, 1, 0, 1, 0, 1, 0] (2, 3, 4, 5, 6, 8, 10, 13, 8, 4, 8) (1, 1, 1, 1, 1, 2, 2, 3, 3, 4, 4) 0
[0, 0, 0, 0, 1, 1, 0, 0, 0, 1] (2, 3, 4, 5, 6, 8, 11, 14, 9, 4, 8) (1, 1, 1, 1, 1, 2, 3, 3, 3, 3, 4) −2
[0, 0, 0, 1, 0, 0, 0, 1, 1, 0] (2, 3, 4, 5, 7, 9, 11, 13, 8, 4, 8) (1, 1, 1, 1, 2, 2, 2, 2, 3, 4, 4) −2
[0, 0, 0, 1, 0, 0, 1, 0, 0, 1] (2, 3, 4, 5, 7, 9, 11, 14, 9, 4, 8) (1, 1, 1, 1, 2, 2, 2, 3, 3, 3, 4) −4
[0, 0, 1, 0, 0, 0, 0, 0, 2, 0] (2, 3, 4, 6, 8, 10, 12, 14, 8, 4, 8) (1, 1, 1, 2, 2, 2, 2, 2, 2, 4, 4) −4
[0, 0, 1, 0, 0, 0, 0, 1, 0, 1] (2, 3, 4, 6, 8, 10, 12, 14, 9, 4, 8) (1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 4) −6
[0, 1, 0, 0, 0, 0, 0, 0, 1, 1] (2, 3, 5, 7, 9, 11, 13, 15, 9, 4, 8) (1, 1, 2, 2, 2, 2, 2, 2, 2, 3, 4) −8
[0, 1, 1, 0, 0, 1, 0, 0, 0, 1] (1, 1, 2, 4, 6, 8, 11, 14, 9, 4, 8) (0, 0, 1, 2, 2, 2, 3, 3, 3, 3, 4) 2
[0, 2, 0, 0, 0, 0, 0, 1, 1, 0] (1, 1, 3, 5, 7, 9, 11, 13, 8, 4, 8) (0, 0, 2, 2, 2, 2, 2, 2, 3, 4, 4) 2
[0, 2, 0, 0, 0, 0, 1, 0, 0, 1] (1, 1, 3, 5, 7, 9, 11, 14, 9, 4, 8) (0, 0, 2, 2, 2, 2, 2, 3, 3, 3, 4) 0
[1, 0, 0, 0, 0, 0, 0, 0, 0, 2] (2, 4, 6, 8, 10, 12, 14, 16, 10, 4, 8) (1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 4) −10
[1, 0, 0, 0, 2, 0, 0, 0, 0, 1] (1, 2, 3, 4, 5, 8, 11, 14, 9, 4, 8) (0, 1, 1, 1, 1, 3, 3, 3, 3, 3, 4) 2
[1, 0, 0, 1, 0, 0, 1, 0, 1, 0] (1, 2, 3, 4, 6, 8, 10, 13, 8, 4, 8) (0, 1, 1, 1, 2, 2, 2, 3, 3, 4, 4) 2
[1, 0, 0, 1, 0, 1, 0, 0, 0, 1] (1, 2, 3, 4, 6, 8, 11, 14, 9, 4, 8) (0, 1, 1, 1, 2, 2, 3, 3, 3, 3, 4) 0
[1, 0, 1, 0, 0, 0, 0, 1, 1, 0] (1, 2, 3, 5, 7, 9, 11, 13, 8, 4, 8) (0, 1, 1, 2, 2, 2, 2, 2, 3, 4, 4) 0
[1, 0, 1, 0, 0, 0, 1, 0, 0, 1] (1, 2, 3, 5, 7, 9, 11, 14, 9, 4, 8) (0, 1, 1, 2, 2, 2, 2, 3, 3, 3, 4) −2
[1, 1, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 4, 6, 8, 10, 12, 14, 8, 4, 8) (0, 1, 2, 2, 2, 2, 2, 2, 2, 4, 4) −2
[1, 1, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 8) (0, 1, 2, 2, 2, 2, 2, 2, 3, 3, 4) −4
[2, 0, 0, 0, 0, 0, 0, 0, 1, 1] (1, 3, 5, 7, 9, 11, 13, 15, 9, 4, 8) (0, 2, 2, 2, 2, 2, 2, 2, 2, 3, 4) −6
[0, 0, 0, 0, 1, 0, 1, 0, 0, 2] (2, 3, 4, 5, 6, 8, 10, 13, 8, 3, 8) (1, 1, 1, 1, 1, 2, 2, 3, 3, 3, 5) 2
[0, 0, 0, 1, 0, 0, 0, 0, 2, 1] (2, 3, 4, 5, 7, 9, 11, 13, 7, 3, 8) (1, 1, 1, 1, 2, 2, 2, 2, 2, 4, 5) 2
[0, 0, 0, 1, 0, 0, 0, 1, 0, 2] (2, 3, 4, 5, 7, 9, 11, 13, 8, 3, 8) (1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 5) 0
[0, 0, 1, 0, 0, 0, 0, 0, 1, 2] (2, 3, 4, 6, 8, 10, 12, 14, 8, 3, 8) (1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 5) −2
[0, 1, 0, 0, 0, 0, 0, 0, 0, 3] (2, 3, 5, 7, 9, 11, 13, 15, 9, 3, 8) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 5) −4
[1, 0, 1, 0, 0, 0, 0, 1, 0, 2] (1, 2, 3, 5, 7, 9, 11, 13, 8, 3, 8) (0, 1, 1, 2, 2, 2, 2, 2, 3, 3, 5) 2
[1, 1, 0, 0, 0, 0, 0, 0, 1, 2] (1, 2, 4, 6, 8, 10, 12, 14, 8, 3, 8) (0, 1, 2, 2, 2, 2, 2, 2, 2, 3, 5) 0
[2, 0, 0, 0, 0, 0, 0, 0, 0, 3] (1, 3, 5, 7, 9, 11, 13, 15, 9, 3, 8) (0, 2, 2, 2, 2, 2, 2, 2, 2, 2, 5) −2
[0, 0, 0, 0, 0, 0, 1, 0, 0, 0] (3, 5, 7, 9, 11, 13, 15, 18, 12, 6, 9) (2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3) −16
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[0, 0, 1, 1, 0, 0, 0, 0, 0, 0] (2, 3, 4, 6, 9, 12, 15, 18, 12, 6, 9) (1, 1, 1, 2, 3, 3, 3, 3, 3, 3, 3) −10
[0, 1, 0, 0, 1, 0, 0, 0, 0, 0] (2, 3, 5, 7, 9, 12, 15, 18, 12, 6, 9) (1, 1, 2, 2, 2, 3, 3, 3, 3, 3, 3) −12
[0, 2, 1, 0, 0, 0, 0, 0, 0, 0] (1, 1, 3, 6, 9, 12, 15, 18, 12, 6, 9) (0, 0, 2, 3, 3, 3, 3, 3, 3, 3, 3) −4
[1, 0, 0, 0, 0, 1, 0, 0, 0, 0] (2, 4, 6, 8, 10, 12, 15, 18, 12, 6, 9) (1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3) −14
[1, 0, 2, 0, 0, 0, 0, 0, 0, 0] (1, 2, 3, 6, 9, 12, 15, 18, 12, 6, 9) (0, 1, 1, 3, 3, 3, 3, 3, 3, 3, 3) −6
[1, 1, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 4, 6, 9, 12, 15, 18, 12, 6, 9) (0, 1, 2, 2, 3, 3, 3, 3, 3, 3, 3) −8
[2, 0, 0, 0, 1, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 12, 15, 18, 12, 6, 9) (0, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3) −10
[0, 0, 0, 0, 0, 0, 0, 0, 2, 0] (3, 5, 7, 9, 11, 13, 15, 17, 10, 5, 9) (2, 2, 2, 2, 2, 2, 2, 2, 2, 4, 4) −12
[0, 0, 0, 0, 0, 0, 0, 1, 0, 1] (3, 5, 7, 9, 11, 13, 15, 17, 11, 5, 9) (2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 4) −14
[0, 0, 0, 0, 1, 1, 1, 0, 0, 0] (2, 3, 4, 5, 6, 8, 11, 15, 10, 5, 9) (1, 1, 1, 1, 1, 2, 3, 4, 4, 4, 4) 2
[0, 0, 0, 0, 2, 0, 0, 1, 0, 0] (2, 3, 4, 5, 6, 9, 12, 15, 10, 5, 9) (1, 1, 1, 1, 1, 3, 3, 3, 4, 4, 4) 0
[0, 0, 0, 1, 0, 0, 2, 0, 0, 0] (2, 3, 4, 5, 7, 9, 11, 15, 10, 5, 9) (1, 1, 1, 1, 2, 2, 2, 4, 4, 4, 4) 0
[0, 0, 0, 1, 0, 1, 0, 1, 0, 0] (2, 3, 4, 5, 7, 9, 12, 15, 10, 5, 9) (1, 1, 1, 1, 2, 2, 3, 3, 4, 4, 4) −2
[0, 0, 0, 1, 1, 0, 0, 0, 1, 0] (2, 3, 4, 5, 7, 10, 13, 16, 10, 5, 9) (1, 1, 1, 1, 2, 3, 3, 3, 3, 4, 4) −4
[0, 0, 0, 2, 0, 0, 0, 0, 0, 1] (2, 3, 4, 5, 8, 11, 14, 17, 11, 5, 9) (1, 1, 1, 1, 3, 3, 3, 3, 3, 3, 4) −6
[0, 0, 1, 0, 0, 0, 1, 1, 0, 0] (2, 3, 4, 6, 8, 10, 12, 15, 10, 5, 9) (1, 1, 1, 2, 2, 2, 2, 3, 4, 4, 4) −4
[0, 0, 1, 0, 0, 1, 0, 0, 1, 0] (2, 3, 4, 6, 8, 10, 13, 16, 10, 5, 9) (1, 1, 1, 2, 2, 2, 3, 3, 3, 4, 4) −6
[0, 0, 1, 0, 1, 0, 0, 0, 0, 1] (2, 3, 4, 6, 8, 11, 14, 17, 11, 5, 9) (1, 1, 1, 2, 2, 3, 3, 3, 3, 3, 4) −8
[0, 1, 0, 0, 0, 0, 0, 2, 0, 0] (2, 3, 5, 7, 9, 11, 13, 15, 10, 5, 9) (1, 1, 2, 2, 2, 2, 2, 2, 4, 4, 4) −6
[0, 1, 0, 0, 0, 0, 1, 0, 1, 0] (2, 3, 5, 7, 9, 11, 13, 16, 10, 5, 9) (1, 1, 2, 2, 2, 2, 2, 3, 3, 4, 4) −8
[0, 1, 0, 0, 0, 1, 0, 0, 0, 1] (2, 3, 5, 7, 9, 11, 14, 17, 11, 5, 9) (1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4) −10
[0, 1, 1, 1, 0, 0, 0, 0, 1, 0] (1, 1, 2, 4, 7, 10, 13, 16, 10, 5, 9) (0, 0, 1, 2, 3, 3, 3, 3, 3, 4, 4) 2
[0, 1, 2, 0, 0, 0, 0, 0, 0, 1] (1, 1, 2, 5, 8, 11, 14, 17, 11, 5, 9) (0, 0, 1, 3, 3, 3, 3, 3, 3, 3, 4) 0
[0, 2, 0, 0, 0, 1, 0, 1, 0, 0] (1, 1, 3, 5, 7, 9, 12, 15, 10, 5, 9) (0, 0, 2, 2, 2, 2, 3, 3, 4, 4, 4) 2
[0, 2, 0, 0, 1, 0, 0, 0, 1, 0] (1, 1, 3, 5, 7, 10, 13, 16, 10, 5, 9) (0, 0, 2, 2, 2, 3, 3, 3, 3, 4, 4) 0
[0, 2, 0, 1, 0, 0, 0, 0, 0, 1] (1, 1, 3, 5, 8, 11, 14, 17, 11, 5, 9) (0, 0, 2, 2, 3, 3, 3, 3, 3, 3, 4) −2
[1, 0, 0, 0, 0, 0, 0, 1, 1, 0] (2, 4, 6, 8, 10, 12, 14, 16, 10, 5, 9) (1, 2, 2, 2, 2, 2, 2, 2, 3, 4, 4) −10
[1, 0, 0, 0, 0, 0, 1, 0, 0, 1] (2, 4, 6, 8, 10, 12, 14, 17, 11, 5, 9) (1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 4) −12
[1, 0, 0, 1, 1, 0, 0, 1, 0, 0] (1, 2, 3, 4, 6, 9, 12, 15, 10, 5, 9) (0, 1, 1, 1, 2, 3, 3, 3, 4, 4, 4) 2
[1, 0, 0, 2, 0, 0, 0, 0, 1, 0] (1, 2, 3, 4, 7, 10, 13, 16, 10, 5, 9) (0, 1, 1, 1, 3, 3, 3, 3, 3, 4, 4) 0
[1, 0, 1, 0, 0, 0, 2, 0, 0, 0] (1, 2, 3, 5, 7, 9, 11, 15, 10, 5, 9) (0, 1, 1, 2, 2, 2, 2, 4, 4, 4, 4) 2
[1, 0, 1, 0, 0, 1, 0, 1, 0, 0] (1, 2, 3, 5, 7, 9, 12, 15, 10, 5, 9) (0, 1, 1, 2, 2, 2, 3, 3, 4, 4, 4) 0
[1, 0, 1, 0, 1, 0, 0, 0, 1, 0] (1, 2, 3, 5, 7, 10, 13, 16, 10, 5, 9) (0, 1, 1, 2, 2, 3, 3, 3, 3, 4, 4) −2
[1, 0, 1, 1, 0, 0, 0, 0, 0, 1] (1, 2, 3, 5, 8, 11, 14, 17, 11, 5, 9) (0, 1, 1, 2, 3, 3, 3, 3, 3, 3, 4) −4
[1, 1, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 4, 6, 8, 10, 12, 15, 10, 5, 9) (0, 1, 2, 2, 2, 2, 2, 3, 4, 4, 4) −2
[1, 1, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 4, 6, 8, 10, 13, 16, 10, 5, 9) (0, 1, 2, 2, 2, 2, 3, 3, 3, 4, 4) −4
[1, 1, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 11, 14, 17, 11, 5, 9) (0, 1, 2, 2, 2, 3, 3, 3, 3, 3, 4) −6
[2, 0, 0, 0, 0, 0, 0, 2, 0, 0] (1, 3, 5, 7, 9, 11, 13, 15, 10, 5, 9) (0, 2, 2, 2, 2, 2, 2, 2, 4, 4, 4) −4
[2, 0, 0, 0, 0, 0, 1, 0, 1, 0] (1, 3, 5, 7, 9, 11, 13, 16, 10, 5, 9) (0, 2, 2, 2, 2, 2, 2, 3, 3, 4, 4) −6
[2, 0, 0, 0, 0, 1, 0, 0, 0, 1] (1, 3, 5, 7, 9, 11, 14, 17, 11, 5, 9) (0, 2, 2, 2, 2, 2, 3, 3, 3, 3, 4) −8
[0, 0, 0, 0, 0, 0, 0, 0, 1, 2] (3, 5, 7, 9, 11, 13, 15, 17, 10, 4, 9) (2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 5) −10
[0, 0, 0, 0, 2, 0, 0, 0, 1, 1] (2, 3, 4, 5, 6, 9, 12, 15, 9, 4, 9) (1, 1, 1, 1, 1, 3, 3, 3, 3, 4, 5) 2
[0, 0, 0, 1, 0, 0, 1, 1, 0, 1] (2, 3, 4, 5, 7, 9, 11, 14, 9, 4, 9) (1, 1, 1, 1, 2, 2, 2, 3, 4, 4, 5) 2
[0, 0, 0, 1, 0, 1, 0, 0, 1, 1] (2, 3, 4, 5, 7, 9, 12, 15, 9, 4, 9) (1, 1, 1, 1, 2, 2, 3, 3, 3, 4, 5) 0
[0, 0, 0, 1, 1, 0, 0, 0, 0, 2] (2, 3, 4, 5, 7, 10, 13, 16, 10, 4, 9) (1, 1, 1, 1, 2, 3, 3, 3, 3, 3, 5) −2
[0, 0, 1, 0, 0, 0, 0, 1, 2, 0] (2, 3, 4, 6, 8, 10, 12, 14, 8, 4, 9) (1, 1, 1, 2, 2, 2, 2, 2, 3, 5, 5) 2
[0, 0, 1, 0, 0, 0, 0, 2, 0, 1] (2, 3, 4, 6, 8, 10, 12, 14, 9, 4, 9) (1, 1, 1, 2, 2, 2, 2, 2, 4, 4, 5) 0
[0, 0, 1, 0, 0, 0, 1, 0, 1, 1] (2, 3, 4, 6, 8, 10, 12, 15, 9, 4, 9) (1, 1, 1, 2, 2, 2, 2, 3, 3, 4, 5) −2
[0, 0, 1, 0, 0, 1, 0, 0, 0, 2] (2, 3, 4, 6, 8, 10, 13, 16, 10, 4, 9) (1, 1, 1, 2, 2, 2, 3, 3, 3, 3, 5) −4
[0, 1, 0, 0, 0, 0, 0, 0, 3, 0] (2, 3, 5, 7, 9, 11, 13, 15, 8, 4, 9) (1, 1, 2, 2, 2, 2, 2, 2, 2, 5, 5) 0
[0, 1, 0, 0, 0, 0, 0, 1, 1, 1] (2, 3, 5, 7, 9, 11, 13, 15, 9, 4, 9) (1, 1, 2, 2, 2, 2, 2, 2, 3, 4, 5) −4
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[0, 1, 0, 0, 0, 0, 1, 0, 0, 2] (2, 3, 5, 7, 9, 11, 13, 16, 10, 4, 9) (1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 5) −6
[0, 2, 0, 0, 1, 0, 0, 0, 0, 2] (1, 1, 3, 5, 7, 10, 13, 16, 10, 4, 9) (0, 0, 2, 2, 2, 3, 3, 3, 3, 3, 5) 2
[1, 0, 0, 0, 0, 0, 0, 0, 2, 1] (2, 4, 6, 8, 10, 12, 14, 16, 9, 4, 9) (1, 2, 2, 2, 2, 2, 2, 2, 2, 4, 5) −6
[1, 0, 0, 0, 0, 0, 0, 1, 0, 2] (2, 4, 6, 8, 10, 12, 14, 16, 10, 4, 9) (1, 2, 2, 2, 2, 2, 2, 2, 3, 3, 5) −8
[1, 0, 0, 2, 0, 0, 0, 0, 0, 2] (1, 2, 3, 4, 7, 10, 13, 16, 10, 4, 9) (0, 1, 1, 1, 3, 3, 3, 3, 3, 3, 5) 2
[1, 0, 1, 0, 0, 1, 0, 0, 1, 1] (1, 2, 3, 5, 7, 9, 12, 15, 9, 4, 9) (0, 1, 1, 2, 2, 2, 3, 3, 3, 4, 5) 2
[1, 0, 1, 0, 1, 0, 0, 0, 0, 2] (1, 2, 3, 5, 7, 10, 13, 16, 10, 4, 9) (0, 1, 1, 2, 2, 3, 3, 3, 3, 3, 5) 0
[1, 1, 0, 0, 0, 0, 0, 2, 0, 1] (1, 2, 4, 6, 8, 10, 12, 14, 9, 4, 9) (0, 1, 2, 2, 2, 2, 2, 2, 4, 4, 5) 2
[1, 1, 0, 0, 0, 0, 1, 0, 1, 1] (1, 2, 4, 6, 8, 10, 12, 15, 9, 4, 9) (0, 1, 2, 2, 2, 2, 2, 3, 3, 4, 5) 0
[1, 1, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 4, 6, 8, 10, 13, 16, 10, 4, 9) (0, 1, 2, 2, 2, 2, 3, 3, 3, 3, 5) −2
[2, 0, 0, 0, 0, 0, 0, 0, 3, 0] (1, 3, 5, 7, 9, 11, 13, 15, 8, 4, 9) (0, 2, 2, 2, 2, 2, 2, 2, 2, 5, 5) 2
[2, 0, 0, 0, 0, 0, 0, 1, 1, 1] (1, 3, 5, 7, 9, 11, 13, 15, 9, 4, 9) (0, 2, 2, 2, 2, 2, 2, 2, 3, 4, 5) −2
[2, 0, 0, 0, 0, 0, 1, 0, 0, 2] (1, 3, 5, 7, 9, 11, 13, 16, 10, 4, 9) (0, 2, 2, 2, 2, 2, 2, 3, 3, 3, 5) −4
[0, 0, 0, 0, 0, 0, 0, 0, 0, 4] (3, 5, 7, 9, 11, 13, 15, 17, 10, 3, 9) (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 6) −4
[0, 0, 1, 0, 0, 0, 1, 0, 0, 3] (2, 3, 4, 6, 8, 10, 12, 15, 9, 3, 9) (1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 6) 2
[0, 1, 0, 0, 0, 0, 0, 0, 2, 2] (2, 3, 5, 7, 9, 11, 13, 15, 8, 3, 9) (1, 1, 2, 2, 2, 2, 2, 2, 2, 4, 6) 2
[0, 1, 0, 0, 0, 0, 0, 1, 0, 3] (2, 3, 5, 7, 9, 11, 13, 15, 9, 3, 9) (1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 6) 0
[1, 0, 0, 0, 0, 0, 0, 0, 1, 3] (2, 4, 6, 8, 10, 12, 14, 16, 9, 3, 9) (1, 2, 2, 2, 2, 2, 2, 2, 2, 3, 6) −2
[2, 0, 0, 0, 0, 0, 0, 1, 0, 3] (1, 3, 5, 7, 9, 11, 13, 15, 9, 3, 9) (0, 2, 2, 2, 2, 2, 2, 2, 3, 3, 6) 2
[0, 0, 0, 1, 0, 0, 0, 0, 0, 0] (3, 5, 7, 9, 12, 15, 18, 21, 14, 7, 10) (2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3) −20
[0, 2, 0, 0, 0, 0, 0, 0, 0, 0] (2, 3, 6, 9, 12, 15, 18, 21, 14, 7, 10) (1, 1, 3, 3, 3, 3, 3, 3, 3, 3, 3) −16
[1, 0, 1, 0, 0, 0, 0, 0, 0, 0] (2, 4, 6, 9, 12, 15, 18, 21, 14, 7, 10) (1, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3) −18
[2, 1, 0, 0, 0, 0, 0, 0, 0, 0] (1, 3, 6, 9, 12, 15, 18, 21, 14, 7, 10) (0, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3) −14
[0, 0, 0, 0, 0, 0, 1, 1, 0, 0] (3, 5, 7, 9, 11, 13, 15, 18, 12, 6, 10) (2, 2, 2, 2, 2, 2, 2, 3, 4, 4, 4) −14
[0, 0, 0, 0, 0, 1, 0, 0, 1, 0] (3, 5, 7, 9, 11, 13, 16, 19, 12, 6, 10) (2, 2, 2, 2, 2, 2, 3, 3, 3, 4, 4) −16
[0, 0, 0, 0, 1, 0, 0, 0, 0, 1] (3, 5, 7, 9, 11, 14, 17, 20, 13, 6, 10) (2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 4) −18
[0, 0, 0, 0, 3, 0, 0, 0, 0, 0] (2, 3, 4, 5, 6, 10, 14, 18, 12, 6, 10) (1, 1, 1, 1, 1, 4, 4, 4, 4, 4, 4) 2
[0, 0, 0, 1, 1, 1, 0, 0, 0, 0] (2, 3, 4, 5, 7, 10, 14, 18, 12, 6, 10) (1, 1, 1, 1, 2, 3, 4, 4, 4, 4, 4) −2
[0, 0, 0, 2, 0, 0, 1, 0, 0, 0] (2, 3, 4, 5, 8, 11, 14, 18, 12, 6, 10) (1, 1, 1, 1, 3, 3, 3, 4, 4, 4, 4) −4
[0, 0, 1, 0, 0, 2, 0, 0, 0, 0] (2, 3, 4, 6, 8, 10, 14, 18, 12, 6, 10) (1, 1, 1, 2, 2, 2, 4, 4, 4, 4, 4) −4
[0, 0, 1, 0, 1, 0, 1, 0, 0, 0] (2, 3, 4, 6, 8, 11, 14, 18, 12, 6, 10) (1, 1, 1, 2, 2, 3, 3, 4, 4, 4, 4) −6
[0, 0, 1, 1, 0, 0, 0, 1, 0, 0] (2, 3, 4, 6, 9, 12, 15, 18, 12, 6, 10) (1, 1, 1, 2, 3, 3, 3, 3, 4, 4, 4) −8
[0, 0, 2, 0, 0, 0, 0, 0, 1, 0] (2, 3, 4, 7, 10, 13, 16, 19, 12, 6, 10) (1, 1, 1, 3, 3, 3, 3, 3, 3, 4, 4) −10
[0, 1, 0, 0, 0, 1, 1, 0, 0, 0] (2, 3, 5, 7, 9, 11, 14, 18, 12, 6, 10) (1, 1, 2, 2, 2, 2, 3, 4, 4, 4, 4) −8
[0, 1, 0, 0, 1, 0, 0, 1, 0, 0] (2, 3, 5, 7, 9, 12, 15, 18, 12, 6, 10) (1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4) −10
[0, 1, 0, 1, 0, 0, 0, 0, 1, 0] (2, 3, 5, 7, 10, 13, 16, 19, 12, 6, 10) (1, 1, 2, 2, 3, 3, 3, 3, 3, 4, 4) −12
[0, 1, 1, 0, 0, 0, 0, 0, 0, 1] (2, 3, 5, 8, 11, 14, 17, 20, 13, 6, 10) (1, 1, 2, 3, 3, 3, 3, 3, 3, 3, 4) −14
[0, 1, 2, 0, 0, 0, 1, 0, 0, 0] (1, 1, 2, 5, 8, 11, 14, 18, 12, 6, 10) (0, 0, 1, 3, 3, 3, 3, 4, 4, 4, 4) 2
[0, 2, 0, 0, 1, 1, 0, 0, 0, 0] (1, 1, 3, 5, 7, 10, 14, 18, 12, 6, 10) (0, 0, 2, 2, 2, 3, 4, 4, 4, 4, 4) 2
[0, 2, 0, 1, 0, 0, 1, 0, 0, 0] (1, 1, 3, 5, 8, 11, 14, 18, 12, 6, 10) (0, 0, 2, 2, 3, 3, 3, 4, 4, 4, 4) 0
[0, 2, 1, 0, 0, 0, 0, 1, 0, 0] (1, 1, 3, 6, 9, 12, 15, 18, 12, 6, 10) (0, 0, 2, 3, 3, 3, 3, 3, 4, 4, 4) −2
[0, 3, 0, 0, 0, 0, 0, 0, 1, 0] (1, 1, 4, 7, 10, 13, 16, 19, 12, 6, 10) (0, 0, 3, 3, 3, 3, 3, 3, 3, 4, 4) −4
[1, 0, 0, 0, 0, 0, 2, 0, 0, 0] (2, 4, 6, 8, 10, 12, 14, 18, 12, 6, 10) (1, 2, 2, 2, 2, 2, 2, 4, 4, 4, 4) −10
[1, 0, 0, 0, 0, 1, 0, 1, 0, 0] (2, 4, 6, 8, 10, 12, 15, 18, 12, 6, 10) (1, 2, 2, 2, 2, 2, 3, 3, 4, 4, 4) −12
[1, 0, 0, 0, 1, 0, 0, 0, 1, 0] (2, 4, 6, 8, 10, 13, 16, 19, 12, 6, 10) (1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4) −14
[1, 0, 0, 1, 0, 0, 0, 0, 0, 1] (2, 4, 6, 8, 11, 14, 17, 20, 13, 6, 10) (1, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4) −16
[1, 0, 0, 2, 0, 1, 0, 0, 0, 0] (1, 2, 3, 4, 7, 10, 14, 18, 12, 6, 10) (0, 1, 1, 1, 3, 3, 4, 4, 4, 4, 4) 2
[1, 0, 1, 0, 1, 1, 0, 0, 0, 0] (1, 2, 3, 5, 7, 10, 14, 18, 12, 6, 10) (0, 1, 1, 2, 2, 3, 4, 4, 4, 4, 4) 0
[1, 0, 1, 1, 0, 0, 1, 0, 0, 0] (1, 2, 3, 5, 8, 11, 14, 18, 12, 6, 10) (0, 1, 1, 2, 3, 3, 3, 4, 4, 4, 4) −2
[1, 0, 2, 0, 0, 0, 0, 1, 0, 0] (1, 2, 3, 6, 9, 12, 15, 18, 12, 6, 10) (0, 1, 1, 3, 3, 3, 3, 3, 4, 4, 4) −4
[1, 1, 0, 0, 0, 2, 0, 0, 0, 0] (1, 2, 4, 6, 8, 10, 14, 18, 12, 6, 10) (0, 1, 2, 2, 2, 2, 4, 4, 4, 4, 4) −2
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[1, 1, 0, 0, 1, 0, 1, 0, 0, 0] (1, 2, 4, 6, 8, 11, 14, 18, 12, 6, 10) (0, 1, 2, 2, 2, 3, 3, 4, 4, 4, 4) −4
[1, 1, 0, 1, 0, 0, 0, 1, 0, 0] (1, 2, 4, 6, 9, 12, 15, 18, 12, 6, 10) (0, 1, 2, 2, 3, 3, 3, 3, 4, 4, 4) −6
[1, 1, 1, 0, 0, 0, 0, 0, 1, 0] (1, 2, 4, 7, 10, 13, 16, 19, 12, 6, 10) (0, 1, 2, 3, 3, 3, 3, 3, 3, 4, 4) −8
[1, 2, 0, 0, 0, 0, 0, 0, 0, 1] (1, 2, 5, 8, 11, 14, 17, 20, 13, 6, 10) (0, 1, 3, 3, 3, 3, 3, 3, 3, 3, 4) −10
[2, 0, 0, 0, 0, 1, 1, 0, 0, 0] (1, 3, 5, 7, 9, 11, 14, 18, 12, 6, 10) (0, 2, 2, 2, 2, 2, 3, 4, 4, 4, 4) −6
[2, 0, 0, 0, 1, 0, 0, 1, 0, 0] (1, 3, 5, 7, 9, 12, 15, 18, 12, 6, 10) (0, 2, 2, 2, 2, 3, 3, 3, 4, 4, 4) −8
[2, 0, 0, 1, 0, 0, 0, 0, 1, 0] (1, 3, 5, 7, 10, 13, 16, 19, 12, 6, 10) (0, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4) −10
[2, 0, 1, 0, 0, 0, 0, 0, 0, 1] (1, 3, 5, 8, 11, 14, 17, 20, 13, 6, 10) (0, 2, 2, 3, 3, 3, 3, 3, 3, 3, 4) −12
[0, 0, 0, 0, 0, 0, 0, 1, 2, 0] (3, 5, 7, 9, 11, 13, 15, 17, 10, 5, 10) (2, 2, 2, 2, 2, 2, 2, 2, 3, 5, 5) −8
[0, 0, 0, 0, 0, 0, 0, 2, 0, 1] (3, 5, 7, 9, 11, 13, 15, 17, 11, 5, 10) (2, 2, 2, 2, 2, 2, 2, 2, 4, 4, 5) −10
[0, 0, 0, 0, 0, 0, 1, 0, 1, 1] (3, 5, 7, 9, 11, 13, 15, 18, 11, 5, 10) (2, 2, 2, 2, 2, 2, 2, 3, 3, 4, 5) −12
[0, 0, 0, 0, 0, 1, 0, 0, 0, 2] (3, 5, 7, 9, 11, 13, 16, 19, 12, 5, 10) (2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 5) −14
[0, 0, 0, 1, 0, 2, 0, 0, 0, 1] (2, 3, 4, 5, 7, 9, 13, 17, 11, 5, 10) (1, 1, 1, 1, 2, 2, 4, 4, 4, 4, 5) 2
[0, 0, 0, 1, 1, 0, 0, 1, 1, 0] (2, 3, 4, 5, 7, 10, 13, 16, 10, 5, 10) (1, 1, 1, 1, 2, 3, 3, 3, 4, 5, 5) 2
[0, 0, 0, 1, 1, 0, 1, 0, 0, 1] (2, 3, 4, 5, 7, 10, 13, 17, 11, 5, 10) (1, 1, 1, 1, 2, 3, 3, 4, 4, 4, 5) 0
[0, 0, 0, 2, 0, 0, 0, 0, 2, 0] (2, 3, 4, 5, 8, 11, 14, 17, 10, 5, 10) (1, 1, 1, 1, 3, 3, 3, 3, 3, 5, 5) 0
[0, 0, 0, 2, 0, 0, 0, 1, 0, 1] (2, 3, 4, 5, 8, 11, 14, 17, 11, 5, 10) (1, 1, 1, 1, 3, 3, 3, 3, 4, 4, 5) −2
[0, 0, 1, 0, 0, 0, 2, 0, 1, 0] (2, 3, 4, 6, 8, 10, 12, 16, 10, 5, 10) (1, 1, 1, 2, 2, 2, 2, 4, 4, 5, 5) 2
[0, 0, 1, 0, 0, 1, 0, 1, 1, 0] (2, 3, 4, 6, 8, 10, 13, 16, 10, 5, 10) (1, 1, 1, 2, 2, 2, 3, 3, 4, 5, 5) 0
[0, 0, 1, 0, 0, 1, 1, 0, 0, 1] (2, 3, 4, 6, 8, 10, 13, 17, 11, 5, 10) (1, 1, 1, 2, 2, 2, 3, 4, 4, 4, 5) −2
[0, 0, 1, 0, 1, 0, 0, 0, 2, 0] (2, 3, 4, 6, 8, 11, 14, 17, 10, 5, 10) (1, 1, 1, 2, 2, 3, 3, 3, 3, 5, 5) −2
[0, 0, 1, 0, 1, 0, 0, 1, 0, 1] (2, 3, 4, 6, 8, 11, 14, 17, 11, 5, 10) (1, 1, 1, 2, 2, 3, 3, 3, 4, 4, 5) −4
[0, 0, 1, 1, 0, 0, 0, 0, 1, 1] (2, 3, 4, 6, 9, 12, 15, 18, 11, 5, 10) (1, 1, 1, 2, 3, 3, 3, 3, 3, 4, 5) −6
[0, 0, 2, 0, 0, 0, 0, 0, 0, 2] (2, 3, 4, 7, 10, 13, 16, 19, 12, 5, 10) (1, 1, 1, 3, 3, 3, 3, 3, 3, 3, 5) −8
[0, 1, 0, 0, 0, 0, 0, 3, 0, 0] (2, 3, 5, 7, 9, 11, 13, 15, 10, 5, 10) (1, 1, 2, 2, 2, 2, 2, 2, 5, 5, 5) 2
[0, 1, 0, 0, 0, 0, 1, 1, 1, 0] (2, 3, 5, 7, 9, 11, 13, 16, 10, 5, 10) (1, 1, 2, 2, 2, 2, 2, 3, 4, 5, 5) −2
[0, 1, 0, 0, 0, 0, 2, 0, 0, 1] (2, 3, 5, 7, 9, 11, 13, 17, 11, 5, 10) (1, 1, 2, 2, 2, 2, 2, 4, 4, 4, 5) −4
[0, 1, 0, 0, 0, 1, 0, 0, 2, 0] (2, 3, 5, 7, 9, 11, 14, 17, 10, 5, 10) (1, 1, 2, 2, 2, 2, 3, 3, 3, 5, 5) −4
[0, 1, 0, 0, 0, 1, 0, 1, 0, 1] (2, 3, 5, 7, 9, 11, 14, 17, 11, 5, 10) (1, 1, 2, 2, 2, 2, 3, 3, 4, 4, 5) −6
[0, 1, 0, 0, 1, 0, 0, 0, 1, 1] (2, 3, 5, 7, 9, 12, 15, 18, 11, 5, 10) (1, 1, 2, 2, 2, 3, 3, 3, 3, 4, 5) −8
[0, 1, 0, 1, 0, 0, 0, 0, 0, 2] (2, 3, 5, 7, 10, 13, 16, 19, 12, 5, 10) (1, 1, 2, 2, 3, 3, 3, 3, 3, 3, 5) −10
[0, 2, 0, 1, 0, 0, 0, 1, 0, 1] (1, 1, 3, 5, 8, 11, 14, 17, 11, 5, 10) (0, 0, 2, 2, 3, 3, 3, 3, 4, 4, 5) 2
[0, 2, 1, 0, 0, 0, 0, 0, 1, 1] (1, 1, 3, 6, 9, 12, 15, 18, 11, 5, 10) (0, 0, 2, 3, 3, 3, 3, 3, 3, 4, 5) 0
[0, 3, 0, 0, 0, 0, 0, 0, 0, 2] (1, 1, 4, 7, 10, 13, 16, 19, 12, 5, 10) (0, 0, 3, 3, 3, 3, 3, 3, 3, 3, 5) −2
[1, 0, 0, 0, 0, 0, 0, 2, 1, 0] (2, 4, 6, 8, 10, 12, 14, 16, 10, 5, 10) (1, 2, 2, 2, 2, 2, 2, 2, 4, 5, 5) −4
[1, 0, 0, 0, 0, 0, 1, 0, 2, 0] (2, 4, 6, 8, 10, 12, 14, 17, 10, 5, 10) (1, 2, 2, 2, 2, 2, 2, 3, 3, 5, 5) −6
[1, 0, 0, 0, 0, 0, 1, 1, 0, 1] (2, 4, 6, 8, 10, 12, 14, 17, 11, 5, 10) (1, 2, 2, 2, 2, 2, 2, 3, 4, 4, 5) −8
[1, 0, 0, 0, 0, 1, 0, 0, 1, 1] (2, 4, 6, 8, 10, 12, 15, 18, 11, 5, 10) (1, 2, 2, 2, 2, 2, 3, 3, 3, 4, 5) −10
[1, 0, 0, 0, 1, 0, 0, 0, 0, 2] (2, 4, 6, 8, 10, 13, 16, 19, 12, 5, 10) (1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 5) −12
[1, 0, 1, 0, 1, 0, 1, 0, 0, 1] (1, 2, 3, 5, 7, 10, 13, 17, 11, 5, 10) (0, 1, 1, 2, 2, 3, 3, 4, 4, 4, 5) 2
[1, 0, 1, 1, 0, 0, 0, 0, 2, 0] (1, 2, 3, 5, 8, 11, 14, 17, 10, 5, 10) (0, 1, 1, 2, 3, 3, 3, 3, 3, 5, 5) 2
[1, 0, 1, 1, 0, 0, 0, 1, 0, 1] (1, 2, 3, 5, 8, 11, 14, 17, 11, 5, 10) (0, 1, 1, 2, 3, 3, 3, 3, 4, 4, 5) 0
[1, 0, 2, 0, 0, 0, 0, 0, 1, 1] (1, 2, 3, 6, 9, 12, 15, 18, 11, 5, 10) (0, 1, 1, 3, 3, 3, 3, 3, 3, 4, 5) −2
[1, 1, 0, 0, 0, 1, 0, 1, 1, 0] (1, 2, 4, 6, 8, 10, 13, 16, 10, 5, 10) (0, 1, 2, 2, 2, 2, 3, 3, 4, 5, 5) 2
[1, 1, 0, 0, 0, 1, 1, 0, 0, 1] (1, 2, 4, 6, 8, 10, 13, 17, 11, 5, 10) (0, 1, 2, 2, 2, 2, 3, 4, 4, 4, 5) 0
[1, 1, 0, 0, 1, 0, 0, 0, 2, 0] (1, 2, 4, 6, 8, 11, 14, 17, 10, 5, 10) (0, 1, 2, 2, 2, 3, 3, 3, 3, 5, 5) 0
[1, 1, 0, 0, 1, 0, 0, 1, 0, 1] (1, 2, 4, 6, 8, 11, 14, 17, 11, 5, 10) (0, 1, 2, 2, 2, 3, 3, 3, 4, 4, 5) −2
[1, 1, 0, 1, 0, 0, 0, 0, 1, 1] (1, 2, 4, 6, 9, 12, 15, 18, 11, 5, 10) (0, 1, 2, 2, 3, 3, 3, 3, 3, 4, 5) −4
[1, 1, 1, 0, 0, 0, 0, 0, 0, 2] (1, 2, 4, 7, 10, 13, 16, 19, 12, 5, 10) (0, 1, 2, 3, 3, 3, 3, 3, 3, 3, 5) −6
[2, 0, 0, 0, 0, 0, 1, 1, 1, 0] (1, 3, 5, 7, 9, 11, 13, 16, 10, 5, 10) (0, 2, 2, 2, 2, 2, 2, 3, 4, 5, 5) 0
[2, 0, 0, 0, 0, 0, 2, 0, 0, 1] (1, 3, 5, 7, 9, 11, 13, 17, 11, 5, 10) (0, 2, 2, 2, 2, 2, 2, 4, 4, 4, 5) −2
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[2, 0, 0, 0, 0, 1, 0, 0, 2, 0] (1, 3, 5, 7, 9, 11, 14, 17, 10, 5, 10) (0, 2, 2, 2, 2, 2, 3, 3, 3, 5, 5) −2
[2, 0, 0, 0, 0, 1, 0, 1, 0, 1] (1, 3, 5, 7, 9, 11, 14, 17, 11, 5, 10) (0, 2, 2, 2, 2, 2, 3, 3, 4, 4, 5) −4
[2, 0, 0, 0, 1, 0, 0, 0, 1, 1] (1, 3, 5, 7, 9, 12, 15, 18, 11, 5, 10) (0, 2, 2, 2, 2, 3, 3, 3, 3, 4, 5) −6
[2, 0, 0, 1, 0, 0, 0, 0, 0, 2] (1, 3, 5, 7, 10, 13, 16, 19, 12, 5, 10) (0, 2, 2, 2, 3, 3, 3, 3, 3, 3, 5) −8
[0, 0, 0, 0, 0, 0, 0, 0, 3, 1] (3, 5, 7, 9, 11, 13, 15, 17, 9, 4, 10) (2, 2, 2, 2, 2, 2, 2, 2, 2, 5, 6) −2
[0, 0, 0, 0, 0, 0, 0, 1, 1, 2] (3, 5, 7, 9, 11, 13, 15, 17, 10, 4, 10) (2, 2, 2, 2, 2, 2, 2, 2, 3, 4, 6) −6
[0, 0, 0, 0, 0, 0, 1, 0, 0, 3] (3, 5, 7, 9, 11, 13, 15, 18, 11, 4, 10) (2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 6) −8
[0, 0, 0, 2, 0, 0, 0, 0, 1, 2] (2, 3, 4, 5, 8, 11, 14, 17, 10, 4, 10) (1, 1, 1, 1, 3, 3, 3, 3, 3, 4, 6) 2
[0, 0, 1, 0, 0, 1, 0, 1, 0, 2] (2, 3, 4, 6, 8, 10, 13, 16, 10, 4, 10) (1, 1, 1, 2, 2, 2, 3, 3, 4, 4, 6) 2
[0, 0, 1, 0, 1, 0, 0, 0, 1, 2] (2, 3, 4, 6, 8, 11, 14, 17, 10, 4, 10) (1, 1, 1, 2, 2, 3, 3, 3, 3, 4, 6) 0
[0, 0, 1, 1, 0, 0, 0, 0, 0, 3] (2, 3, 4, 6, 9, 12, 15, 18, 11, 4, 10) (1, 1, 1, 2, 3, 3, 3, 3, 3, 3, 6) −2
[0, 1, 0, 0, 0, 0, 1, 0, 2, 1] (2, 3, 5, 7, 9, 11, 13, 16, 9, 4, 10) (1, 1, 2, 2, 2, 2, 2, 3, 3, 5, 6) 2
[0, 1, 0, 0, 0, 0, 1, 1, 0, 2] (2, 3, 5, 7, 9, 11, 13, 16, 10, 4, 10) (1, 1, 2, 2, 2, 2, 2, 3, 4, 4, 6) 0
[0, 1, 0, 0, 0, 1, 0, 0, 1, 2] (2, 3, 5, 7, 9, 11, 14, 17, 10, 4, 10) (1, 1, 2, 2, 2, 2, 3, 3, 3, 4, 6) −2
[0, 1, 0, 0, 1, 0, 0, 0, 0, 3] (2, 3, 5, 7, 9, 12, 15, 18, 11, 4, 10) (1, 1, 2, 2, 2, 3, 3, 3, 3, 3, 6) −4
[1, 0, 0, 0, 0, 0, 0, 1, 2, 1] (2, 4, 6, 8, 10, 12, 14, 16, 9, 4, 10) (1, 2, 2, 2, 2, 2, 2, 2, 3, 5, 6) 0
[1, 0, 0, 0, 0, 0, 0, 2, 0, 2] (2, 4, 6, 8, 10, 12, 14, 16, 10, 4, 10) (1, 2, 2, 2, 2, 2, 2, 2, 4, 4, 6) −2
[1, 0, 0, 0, 0, 0, 1, 0, 1, 2] (2, 4, 6, 8, 10, 12, 14, 17, 10, 4, 10) (1, 2, 2, 2, 2, 2, 2, 3, 3, 4, 6) −4
[1, 0, 0, 0, 0, 1, 0, 0, 0, 3] (2, 4, 6, 8, 10, 12, 15, 18, 11, 4, 10) (1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 6) −6
[1, 0, 2, 0, 0, 0, 0, 0, 0, 3] (1, 2, 3, 6, 9, 12, 15, 18, 11, 4, 10) (0, 1, 1, 3, 3, 3, 3, 3, 3, 3, 6) 2
[1, 1, 0, 0, 1, 0, 0, 0, 1, 2] (1, 2, 4, 6, 8, 11, 14, 17, 10, 4, 10) (0, 1, 2, 2, 2, 3, 3, 3, 3, 4, 6) 2
[1, 1, 0, 1, 0, 0, 0, 0, 0, 3] (1, 2, 4, 6, 9, 12, 15, 18, 11, 4, 10) (0, 1, 2, 2, 3, 3, 3, 3, 3, 3, 6) 0
[2, 0, 0, 0, 0, 0, 1, 1, 0, 2] (1, 3, 5, 7, 9, 11, 13, 16, 10, 4, 10) (0, 2, 2, 2, 2, 2, 2, 3, 4, 4, 6) 2
[2, 0, 0, 0, 0, 1, 0, 0, 1, 2] (1, 3, 5, 7, 9, 11, 14, 17, 10, 4, 10) (0, 2, 2, 2, 2, 2, 3, 3, 3, 4, 6) 0
[2, 0, 0, 0, 1, 0, 0, 0, 0, 3] (1, 3, 5, 7, 9, 12, 15, 18, 11, 4, 10) (0, 2, 2, 2, 2, 3, 3, 3, 3, 3, 6) −2
[0, 0, 0, 0, 0, 0, 0, 0, 2, 3] (3, 5, 7, 9, 11, 13, 15, 17, 9, 3, 10) (2, 2, 2, 2, 2, 2, 2, 2, 2, 4, 7) 2
[0, 0, 0, 0, 0, 0, 0, 1, 0, 4] (3, 5, 7, 9, 11, 13, 15, 17, 10, 3, 10) (2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 7) 0
[1, 0, 0, 0, 0, 0, 1, 0, 0, 4] (2, 4, 6, 8, 10, 12, 14, 17, 10, 3, 10) (1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 7) 2
[1, 0, 0, 0, 0, 0, 0, 0, 0, 0] (3, 6, 9, 12, 15, 18, 21, 24, 16, 8, 11) (2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3) −26
[0, 0, 0, 0, 0, 2, 0, 0, 0, 0] (3, 5, 7, 9, 11, 13, 17, 21, 14, 7, 11) (2, 2, 2, 2, 2, 2, 4, 4, 4, 4, 4) −16
[0, 0, 0, 0, 1, 0, 1, 0, 0, 0] (3, 5, 7, 9, 11, 14, 17, 21, 14, 7, 11) (2, 2, 2, 2, 2, 3, 3, 4, 4, 4, 4) −18
[0, 0, 0, 1, 0, 0, 0, 1, 0, 0] (3, 5, 7, 9, 12, 15, 18, 21, 14, 7, 11) (2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4) −20
[0, 0, 0, 3, 0, 0, 0, 0, 0, 0] (2, 3, 4, 5, 9, 13, 17, 21, 14, 7, 11) (1, 1, 1, 1, 4, 4, 4, 4, 4, 4, 4) −4
[0, 0, 1, 0, 0, 0, 0, 0, 1, 0] (3, 5, 7, 10, 13, 16, 19, 22, 14, 7, 11) (2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 4) −22
[0, 0, 1, 1, 1, 0, 0, 0, 0, 0] (2, 3, 4, 6, 9, 13, 17, 21, 14, 7, 11) (1, 1, 1, 2, 3, 4, 4, 4, 4, 4, 4) −8
[0, 0, 2, 0, 0, 1, 0, 0, 0, 0] (2, 3, 4, 7, 10, 13, 17, 21, 14, 7, 11) (1, 1, 1, 3, 3, 3, 4, 4, 4, 4, 4) −10
[0, 1, 0, 0, 0, 0, 0, 0, 0, 1] (3, 5, 8, 11, 14, 17, 20, 23, 15, 7, 11) (2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 4) −24
[0, 1, 0, 0, 2, 0, 0, 0, 0, 0] (2, 3, 5, 7, 9, 13, 17, 21, 14, 7, 11) (1, 1, 2, 2, 2, 4, 4, 4, 4, 4, 4) −10
[0, 1, 0, 1, 0, 1, 0, 0, 0, 0] (2, 3, 5, 7, 10, 13, 17, 21, 14, 7, 11) (1, 1, 2, 2, 3, 3, 4, 4, 4, 4, 4) −12
[0, 1, 1, 0, 0, 0, 1, 0, 0, 0] (2, 3, 5, 8, 11, 14, 17, 21, 14, 7, 11) (1, 1, 2, 3, 3, 3, 3, 4, 4, 4, 4) −14
[0, 1, 2, 1, 0, 0, 0, 0, 0, 0] (1, 1, 2, 5, 9, 13, 17, 21, 14, 7, 11) (0, 0, 1, 3, 4, 4, 4, 4, 4, 4, 4) 2
[0, 2, 0, 0, 0, 0, 0, 1, 0, 0] (2, 3, 6, 9, 12, 15, 18, 21, 14, 7, 11) (1, 1, 3, 3, 3, 3, 3, 3, 4, 4, 4) −16
[0, 2, 0, 2, 0, 0, 0, 0, 0, 0] (1, 1, 3, 5, 9, 13, 17, 21, 14, 7, 11) (0, 0, 2, 2, 4, 4, 4, 4, 4, 4, 4) 0
[0, 2, 1, 0, 1, 0, 0, 0, 0, 0] (1, 1, 3, 6, 9, 13, 17, 21, 14, 7, 11) (0, 0, 2, 3, 3, 4, 4, 4, 4, 4, 4) −2
[0, 3, 0, 0, 0, 1, 0, 0, 0, 0] (1, 1, 4, 7, 10, 13, 17, 21, 14, 7, 11) (0, 0, 3, 3, 3, 3, 4, 4, 4, 4, 4) −4
[1, 0, 0, 0, 1, 1, 0, 0, 0, 0] (2, 4, 6, 8, 10, 13, 17, 21, 14, 7, 11) (1, 2, 2, 2, 2, 3, 4, 4, 4, 4, 4) −14
[1, 0, 0, 1, 0, 0, 1, 0, 0, 0] (2, 4, 6, 8, 11, 14, 17, 21, 14, 7, 11) (1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4) −16
[1, 0, 1, 0, 0, 0, 0, 1, 0, 0] (2, 4, 6, 9, 12, 15, 18, 21, 14, 7, 11) (1, 2, 2, 3, 3, 3, 3, 3, 4, 4, 4) −18
[1, 0, 1, 2, 0, 0, 0, 0, 0, 0] (1, 2, 3, 5, 9, 13, 17, 21, 14, 7, 11) (0, 1, 1, 2, 4, 4, 4, 4, 4, 4, 4) −2
[1, 0, 2, 0, 1, 0, 0, 0, 0, 0] (1, 2, 3, 6, 9, 13, 17, 21, 14, 7, 11) (0, 1, 1, 3, 3, 4, 4, 4, 4, 4, 4) −4
[1, 1, 0, 0, 0, 0, 0, 0, 1, 0] (2, 4, 7, 10, 13, 16, 19, 22, 14, 7, 11) (1, 2, 3, 3, 3, 3, 3, 3, 3, 4, 4) −20
Continued on the next page
168
Table 34 - continued from the previous page
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[1, 1, 0, 1, 1, 0, 0, 0, 0, 0] (1, 2, 4, 6, 9, 13, 17, 21, 14, 7, 11) (0, 1, 2, 2, 3, 4, 4, 4, 4, 4, 4) −6
[1, 1, 1, 0, 0, 1, 0, 0, 0, 0] (1, 2, 4, 7, 10, 13, 17, 21, 14, 7, 11) (0, 1, 2, 3, 3, 3, 4, 4, 4, 4, 4) −8
[1, 2, 0, 0, 0, 0, 1, 0, 0, 0] (1, 2, 5, 8, 11, 14, 17, 21, 14, 7, 11) (0, 1, 3, 3, 3, 3, 3, 4, 4, 4, 4) −10
[2, 0, 0, 0, 0, 0, 0, 0, 0, 1] (2, 5, 8, 11, 14, 17, 20, 23, 15, 7, 11) (1, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4) −22
[2, 0, 0, 0, 2, 0, 0, 0, 0, 0] (1, 3, 5, 7, 9, 13, 17, 21, 14, 7, 11) (0, 2, 2, 2, 2, 4, 4, 4, 4, 4, 4) −8
[2, 0, 0, 1, 0, 1, 0, 0, 0, 0] (1, 3, 5, 7, 10, 13, 17, 21, 14, 7, 11) (0, 2, 2, 2, 3, 3, 4, 4, 4, 4, 4) −10
[2, 0, 1, 0, 0, 0, 1, 0, 0, 0] (1, 3, 5, 8, 11, 14, 17, 21, 14, 7, 11) (0, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4) −12
[2, 1, 0, 0, 0, 0, 0, 1, 0, 0] (1, 3, 6, 9, 12, 15, 18, 21, 14, 7, 11) (0, 2, 3, 3, 3, 3, 3, 3, 4, 4, 4) −14
[3, 0, 0, 0, 0, 0, 0, 0, 1, 0] (1, 4, 7, 10, 13, 16, 19, 22, 14, 7, 11) (0, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4) −16
[0, 0, 0, 0, 0, 0, 1, 2, 0, 0] (3, 5, 7, 9, 11, 13, 15, 18, 12, 6, 11) (2, 2, 2, 2, 2, 2, 2, 3, 5, 5, 5) −8
[0, 0, 0, 0, 0, 0, 2, 0, 1, 0] (3, 5, 7, 9, 11, 13, 15, 19, 12, 6, 11) (2, 2, 2, 2, 2, 2, 2, 4, 4, 5, 5) −10
[0, 0, 0, 0, 0, 1, 0, 1, 1, 0] (3, 5, 7, 9, 11, 13, 16, 19, 12, 6, 11) (2, 2, 2, 2, 2, 2, 3, 3, 4, 5, 5) −12
[0, 0, 0, 0, 0, 1, 1, 0, 0, 1] (3, 5, 7, 9, 11, 13, 16, 20, 13, 6, 11) (2, 2, 2, 2, 2, 2, 3, 4, 4, 4, 5) −14
[0, 0, 0, 0, 1, 0, 0, 0, 2, 0] (3, 5, 7, 9, 11, 14, 17, 20, 12, 6, 11) (2, 2, 2, 2, 2, 3, 3, 3, 3, 5, 5) −14
[0, 0, 0, 0, 1, 0, 0, 1, 0, 1] (3, 5, 7, 9, 11, 14, 17, 20, 13, 6, 11) (2, 2, 2, 2, 2, 3, 3, 3, 4, 4, 5) −16
[0, 0, 0, 1, 0, 0, 0, 0, 1, 1] (3, 5, 7, 9, 12, 15, 18, 21, 13, 6, 11) (2, 2, 2, 2, 3, 3, 3, 3, 3, 4, 5) −18
[0, 0, 0, 1, 2, 0, 0, 0, 1, 0] (2, 3, 4, 5, 7, 11, 15, 19, 12, 6, 11) (1, 1, 1, 1, 2, 4, 4, 4, 4, 5, 5) 2
[0, 0, 0, 2, 0, 0, 1, 1, 0, 0] (2, 3, 4, 5, 8, 11, 14, 18, 12, 6, 11) (1, 1, 1, 1, 3, 3, 3, 4, 5, 5, 5) 2
[0, 0, 0, 2, 0, 1, 0, 0, 1, 0] (2, 3, 4, 5, 8, 11, 15, 19, 12, 6, 11) (1, 1, 1, 1, 3, 3, 4, 4, 4, 5, 5) 0
[0, 0, 0, 2, 1, 0, 0, 0, 0, 1] (2, 3, 4, 5, 8, 12, 16, 20, 13, 6, 11) (1, 1, 1, 1, 3, 4, 4, 4, 4, 4, 5) −2
[0, 0, 1, 0, 0, 0, 0, 0, 0, 2] (3, 5, 7, 10, 13, 16, 19, 22, 14, 6, 11) (2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 5) −20
[0, 0, 1, 0, 0, 2, 0, 1, 0, 0] (2, 3, 4, 6, 8, 10, 14, 18, 12, 6, 11) (1, 1, 1, 2, 2, 2, 4, 4, 5, 5, 5) 2
[0, 0, 1, 0, 1, 0, 1, 1, 0, 0] (2, 3, 4, 6, 8, 11, 14, 18, 12, 6, 11) (1, 1, 1, 2, 2, 3, 3, 4, 5, 5, 5) 0
[0, 0, 1, 0, 1, 1, 0, 0, 1, 0] (2, 3, 4, 6, 8, 11, 15, 19, 12, 6, 11) (1, 1, 1, 2, 2, 3, 4, 4, 4, 5, 5) −2
[0, 0, 1, 0, 2, 0, 0, 0, 0, 1] (2, 3, 4, 6, 8, 12, 16, 20, 13, 6, 11) (1, 1, 1, 2, 2, 4, 4, 4, 4, 4, 5) −4
[0, 0, 1, 1, 0, 0, 0, 2, 0, 0] (2, 3, 4, 6, 9, 12, 15, 18, 12, 6, 11) (1, 1, 1, 2, 3, 3, 3, 3, 5, 5, 5) −2
[0, 0, 1, 1, 0, 0, 1, 0, 1, 0] (2, 3, 4, 6, 9, 12, 15, 19, 12, 6, 11) (1, 1, 1, 2, 3, 3, 3, 4, 4, 5, 5) −4
[0, 0, 1, 1, 0, 1, 0, 0, 0, 1] (2, 3, 4, 6, 9, 12, 16, 20, 13, 6, 11) (1, 1, 1, 2, 3, 3, 4, 4, 4, 4, 5) −6
[0, 0, 2, 0, 0, 0, 0, 1, 1, 0] (2, 3, 4, 7, 10, 13, 16, 19, 12, 6, 11) (1, 1, 1, 3, 3, 3, 3, 3, 4, 5, 5) −6
[0, 0, 2, 0, 0, 0, 1, 0, 0, 1] (2, 3, 4, 7, 10, 13, 16, 20, 13, 6, 11) (1, 1, 1, 3, 3, 3, 3, 4, 4, 4, 5) −8
[0, 1, 0, 0, 0, 0, 3, 0, 0, 0] (2, 3, 5, 7, 9, 11, 13, 18, 12, 6, 11) (1, 1, 2, 2, 2, 2, 2, 5, 5, 5, 5) 2
[0, 1, 0, 0, 0, 1, 1, 1, 0, 0] (2, 3, 5, 7, 9, 11, 14, 18, 12, 6, 11) (1, 1, 2, 2, 2, 2, 3, 4, 5, 5, 5) −2
[0, 1, 0, 0, 0, 2, 0, 0, 1, 0] (2, 3, 5, 7, 9, 11, 15, 19, 12, 6, 11) (1, 1, 2, 2, 2, 2, 4, 4, 4, 5, 5) −4
[0, 1, 0, 0, 1, 0, 0, 2, 0, 0] (2, 3, 5, 7, 9, 12, 15, 18, 12, 6, 11) (1, 1, 2, 2, 2, 3, 3, 3, 5, 5, 5) −4
[0, 1, 0, 0, 1, 0, 1, 0, 1, 0] (2, 3, 5, 7, 9, 12, 15, 19, 12, 6, 11) (1, 1, 2, 2, 2, 3, 3, 4, 4, 5, 5) −6
[0, 1, 0, 0, 1, 1, 0, 0, 0, 1] (2, 3, 5, 7, 9, 12, 16, 20, 13, 6, 11) (1, 1, 2, 2, 2, 3, 4, 4, 4, 4, 5) −8
[0, 1, 0, 1, 0, 0, 0, 1, 1, 0] (2, 3, 5, 7, 10, 13, 16, 19, 12, 6, 11) (1, 1, 2, 2, 3, 3, 3, 3, 4, 5, 5) −8
[0, 1, 0, 1, 0, 0, 1, 0, 0, 1] (2, 3, 5, 7, 10, 13, 16, 20, 13, 6, 11) (1, 1, 2, 2, 3, 3, 3, 4, 4, 4, 5) −10
[0, 1, 1, 0, 0, 0, 0, 0, 2, 0] (2, 3, 5, 8, 11, 14, 17, 20, 12, 6, 11) (1, 1, 2, 3, 3, 3, 3, 3, 3, 5, 5) −10
[0, 1, 1, 0, 0, 0, 0, 1, 0, 1] (2, 3, 5, 8, 11, 14, 17, 20, 13, 6, 11) (1, 1, 2, 3, 3, 3, 3, 3, 4, 4, 5) −12
[0, 2, 0, 0, 0, 0, 0, 0, 1, 1] (2, 3, 6, 9, 12, 15, 18, 21, 13, 6, 11) (1, 1, 3, 3, 3, 3, 3, 3, 3, 4, 5) −14
[0, 2, 0, 1, 1, 0, 0, 0, 0, 1] (1, 1, 3, 5, 8, 12, 16, 20, 13, 6, 11) (0, 0, 2, 2, 3, 4, 4, 4, 4, 4, 5) 2
[0, 2, 1, 0, 0, 0, 1, 0, 1, 0] (1, 1, 3, 6, 9, 12, 15, 19, 12, 6, 11) (0, 0, 2, 3, 3, 3, 3, 4, 4, 5, 5) 2
[0, 2, 1, 0, 0, 1, 0, 0, 0, 1] (1, 1, 3, 6, 9, 12, 16, 20, 13, 6, 11) (0, 0, 2, 3, 3, 3, 4, 4, 4, 4, 5) 0
[0, 3, 0, 0, 0, 0, 0, 1, 1, 0] (1, 1, 4, 7, 10, 13, 16, 19, 12, 6, 11) (0, 0, 3, 3, 3, 3, 3, 3, 4, 5, 5) 0
[0, 3, 0, 0, 0, 0, 1, 0, 0, 1] (1, 1, 4, 7, 10, 13, 16, 20, 13, 6, 11) (0, 0, 3, 3, 3, 3, 3, 4, 4, 4, 5) −2
[1, 0, 0, 0, 0, 0, 2, 1, 0, 0] (2, 4, 6, 8, 10, 12, 14, 18, 12, 6, 11) (1, 2, 2, 2, 2, 2, 2, 4, 5, 5, 5) −4
[1, 0, 0, 0, 0, 1, 0, 2, 0, 0] (2, 4, 6, 8, 10, 12, 15, 18, 12, 6, 11) (1, 2, 2, 2, 2, 2, 3, 3, 5, 5, 5) −6
[1, 0, 0, 0, 0, 1, 1, 0, 1, 0] (2, 4, 6, 8, 10, 12, 15, 19, 12, 6, 11) (1, 2, 2, 2, 2, 2, 3, 4, 4, 5, 5) −8
[1, 0, 0, 0, 0, 2, 0, 0, 0, 1] (2, 4, 6, 8, 10, 12, 16, 20, 13, 6, 11) (1, 2, 2, 2, 2, 2, 4, 4, 4, 4, 5) −10
[1, 0, 0, 0, 1, 0, 0, 1, 1, 0] (2, 4, 6, 8, 10, 13, 16, 19, 12, 6, 11) (1, 2, 2, 2, 2, 3, 3, 3, 4, 5, 5) −10
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[1, 0, 0, 0, 1, 0, 1, 0, 0, 1] (2, 4, 6, 8, 10, 13, 16, 20, 13, 6, 11) (1, 2, 2, 2, 2, 3, 3, 4, 4, 4, 5) −12
[1, 0, 0, 1, 0, 0, 0, 0, 2, 0] (2, 4, 6, 8, 11, 14, 17, 20, 12, 6, 11) (1, 2, 2, 2, 3, 3, 3, 3, 3, 5, 5) −12
[1, 0, 0, 1, 0, 0, 0, 1, 0, 1] (2, 4, 6, 8, 11, 14, 17, 20, 13, 6, 11) (1, 2, 2, 2, 3, 3, 3, 3, 4, 4, 5) −14
[1, 0, 1, 0, 0, 0, 0, 0, 1, 1] (2, 4, 6, 9, 12, 15, 18, 21, 13, 6, 11) (1, 2, 2, 3, 3, 3, 3, 3, 3, 4, 5) −16
[1, 0, 1, 1, 0, 1, 0, 0, 1, 0] (1, 2, 3, 5, 8, 11, 15, 19, 12, 6, 11) (0, 1, 1, 2, 3, 3, 4, 4, 4, 5, 5) 2
[1, 0, 1, 1, 1, 0, 0, 0, 0, 1] (1, 2, 3, 5, 8, 12, 16, 20, 13, 6, 11) (0, 1, 1, 2, 3, 4, 4, 4, 4, 4, 5) 0
[1, 0, 2, 0, 0, 0, 0, 2, 0, 0] (1, 2, 3, 6, 9, 12, 15, 18, 12, 6, 11) (0, 1, 1, 3, 3, 3, 3, 3, 5, 5, 5) 2
[1, 0, 2, 0, 0, 0, 1, 0, 1, 0] (1, 2, 3, 6, 9, 12, 15, 19, 12, 6, 11) (0, 1, 1, 3, 3, 3, 3, 4, 4, 5, 5) 0
[1, 0, 2, 0, 0, 1, 0, 0, 0, 1] (1, 2, 3, 6, 9, 12, 16, 20, 13, 6, 11) (0, 1, 1, 3, 3, 3, 4, 4, 4, 4, 5) −2
[1, 1, 0, 0, 0, 0, 0, 0, 0, 2] (2, 4, 7, 10, 13, 16, 19, 22, 14, 6, 11) (1, 2, 3, 3, 3, 3, 3, 3, 3, 3, 5) −18
[1, 1, 0, 0, 1, 0, 1, 1, 0, 0] (1, 2, 4, 6, 8, 11, 14, 18, 12, 6, 11) (0, 1, 2, 2, 2, 3, 3, 4, 5, 5, 5) 2
[1, 1, 0, 0, 1, 1, 0, 0, 1, 0] (1, 2, 4, 6, 8, 11, 15, 19, 12, 6, 11) (0, 1, 2, 2, 2, 3, 4, 4, 4, 5, 5) 0
[1, 1, 0, 0, 2, 0, 0, 0, 0, 1] (1, 2, 4, 6, 8, 12, 16, 20, 13, 6, 11) (0, 1, 2, 2, 2, 4, 4, 4, 4, 4, 5) −2
[1, 1, 0, 1, 0, 0, 0, 2, 0, 0] (1, 2, 4, 6, 9, 12, 15, 18, 12, 6, 11) (0, 1, 2, 2, 3, 3, 3, 3, 5, 5, 5) 0
[1, 1, 0, 1, 0, 0, 1, 0, 1, 0] (1, 2, 4, 6, 9, 12, 15, 19, 12, 6, 11) (0, 1, 2, 2, 3, 3, 3, 4, 4, 5, 5) −2
[1, 1, 0, 1, 0, 1, 0, 0, 0, 1] (1, 2, 4, 6, 9, 12, 16, 20, 13, 6, 11) (0, 1, 2, 2, 3, 3, 4, 4, 4, 4, 5) −4
[1, 1, 1, 0, 0, 0, 0, 1, 1, 0] (1, 2, 4, 7, 10, 13, 16, 19, 12, 6, 11) (0, 1, 2, 3, 3, 3, 3, 3, 4, 5, 5) −4
[1, 1, 1, 0, 0, 0, 1, 0, 0, 1] (1, 2, 4, 7, 10, 13, 16, 20, 13, 6, 11) (0, 1, 2, 3, 3, 3, 3, 4, 4, 4, 5) −6
[1, 2, 0, 0, 0, 0, 0, 0, 2, 0] (1, 2, 5, 8, 11, 14, 17, 20, 12, 6, 11) (0, 1, 3, 3, 3, 3, 3, 3, 3, 5, 5) −6
[1, 2, 0, 0, 0, 0, 0, 1, 0, 1] (1, 2, 5, 8, 11, 14, 17, 20, 13, 6, 11) (0, 1, 3, 3, 3, 3, 3, 3, 4, 4, 5) −8
[2, 0, 0, 0, 0, 1, 1, 1, 0, 0] (1, 3, 5, 7, 9, 11, 14, 18, 12, 6, 11) (0, 2, 2, 2, 2, 2, 3, 4, 5, 5, 5) 0
[2, 0, 0, 0, 0, 2, 0, 0, 1, 0] (1, 3, 5, 7, 9, 11, 15, 19, 12, 6, 11) (0, 2, 2, 2, 2, 2, 4, 4, 4, 5, 5) −2
[2, 0, 0, 0, 1, 0, 0, 2, 0, 0] (1, 3, 5, 7, 9, 12, 15, 18, 12, 6, 11) (0, 2, 2, 2, 2, 3, 3, 3, 5, 5, 5) −2
[2, 0, 0, 0, 1, 0, 1, 0, 1, 0] (1, 3, 5, 7, 9, 12, 15, 19, 12, 6, 11) (0, 2, 2, 2, 2, 3, 3, 4, 4, 5, 5) −4
[2, 0, 0, 0, 1, 1, 0, 0, 0, 1] (1, 3, 5, 7, 9, 12, 16, 20, 13, 6, 11) (0, 2, 2, 2, 2, 3, 4, 4, 4, 4, 5) −6
[2, 0, 0, 1, 0, 0, 0, 1, 1, 0] (1, 3, 5, 7, 10, 13, 16, 19, 12, 6, 11) (0, 2, 2, 2, 3, 3, 3, 3, 4, 5, 5) −6
[2, 0, 0, 1, 0, 0, 1, 0, 0, 1] (1, 3, 5, 7, 10, 13, 16, 20, 13, 6, 11) (0, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5) −8
[2, 0, 1, 0, 0, 0, 0, 0, 2, 0] (1, 3, 5, 8, 11, 14, 17, 20, 12, 6, 11) (0, 2, 2, 3, 3, 3, 3, 3, 3, 5, 5) −8
[2, 0, 1, 0, 0, 0, 0, 1, 0, 1] (1, 3, 5, 8, 11, 14, 17, 20, 13, 6, 11) (0, 2, 2, 3, 3, 3, 3, 3, 4, 4, 5) −10
[2, 1, 0, 0, 0, 0, 0, 0, 1, 1] (1, 3, 6, 9, 12, 15, 18, 21, 13, 6, 11) (0, 2, 3, 3, 3, 3, 3, 3, 3, 4, 5) −12
[3, 0, 0, 0, 0, 0, 0, 0, 0, 2] (1, 4, 7, 10, 13, 16, 19, 22, 14, 6, 11) (0, 3, 3, 3, 3, 3, 3, 3, 3, 3, 5) −14
[0, 0, 0, 0, 0, 0, 0, 2, 2, 0] (3, 5, 7, 9, 11, 13, 15, 17, 10, 5, 11) (2, 2, 2, 2, 2, 2, 2, 2, 4, 6, 6) 0
[0, 0, 0, 0, 0, 0, 0, 3, 0, 1] (3, 5, 7, 9, 11, 13, 15, 17, 11, 5, 11) (2, 2, 2, 2, 2, 2, 2, 2, 5, 5, 6) −2
[0, 0, 0, 0, 0, 0, 1, 0, 3, 0] (3, 5, 7, 9, 11, 13, 15, 18, 10, 5, 11) (2, 2, 2, 2, 2, 2, 2, 3, 3, 6, 6) −2
[0, 0, 0, 0, 0, 0, 1, 1, 1, 1] (3, 5, 7, 9, 11, 13, 15, 18, 11, 5, 11) (2, 2, 2, 2, 2, 2, 2, 3, 4, 5, 6) −6
[0, 0, 0, 0, 0, 0, 2, 0, 0, 2] (3, 5, 7, 9, 11, 13, 15, 19, 12, 5, 11) (2, 2, 2, 2, 2, 2, 2, 4, 4, 4, 6) −8
[0, 0, 0, 0, 0, 1, 0, 0, 2, 1] (3, 5, 7, 9, 11, 13, 16, 19, 11, 5, 11) (2, 2, 2, 2, 2, 2, 3, 3, 3, 5, 6) −8
[0, 0, 0, 0, 0, 1, 0, 1, 0, 2] (3, 5, 7, 9, 11, 13, 16, 19, 12, 5, 11) (2, 2, 2, 2, 2, 2, 3, 3, 4, 4, 6) −10
[0, 0, 0, 0, 1, 0, 0, 0, 1, 2] (3, 5, 7, 9, 11, 14, 17, 20, 12, 5, 11) (2, 2, 2, 2, 2, 3, 3, 3, 3, 4, 6) −12
[0, 0, 0, 1, 0, 0, 0, 0, 0, 3] (3, 5, 7, 9, 12, 15, 18, 21, 13, 5, 11) (2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 6) −14
[0, 0, 0, 2, 0, 1, 0, 0, 0, 2] (2, 3, 4, 5, 8, 11, 15, 19, 12, 5, 11) (1, 1, 1, 1, 3, 3, 4, 4, 4, 4, 6) 2
[0, 0, 1, 0, 1, 0, 1, 0, 1, 1] (2, 3, 4, 6, 8, 11, 14, 18, 11, 5, 11) (1, 1, 1, 2, 2, 3, 3, 4, 4, 5, 6) 2
[0, 0, 1, 0, 1, 1, 0, 0, 0, 2] (2, 3, 4, 6, 8, 11, 15, 19, 12, 5, 11) (1, 1, 1, 2, 2, 3, 4, 4, 4, 4, 6) 0
[0, 0, 1, 1, 0, 0, 0, 1, 1, 1] (2, 3, 4, 6, 9, 12, 15, 18, 11, 5, 11) (1, 1, 1, 2, 3, 3, 3, 3, 4, 5, 6) 0
[0, 0, 1, 1, 0, 0, 1, 0, 0, 2] (2, 3, 4, 6, 9, 12, 15, 19, 12, 5, 11) (1, 1, 1, 2, 3, 3, 3, 4, 4, 4, 6) −2
[0, 0, 2, 0, 0, 0, 0, 0, 2, 1] (2, 3, 4, 7, 10, 13, 16, 19, 11, 5, 11) (1, 1, 1, 3, 3, 3, 3, 3, 3, 5, 6) −2
[0, 0, 2, 0, 0, 0, 0, 1, 0, 2] (2, 3, 4, 7, 10, 13, 16, 19, 12, 5, 11) (1, 1, 1, 3, 3, 3, 3, 3, 4, 4, 6) −4
[0, 1, 0, 0, 0, 1, 0, 2, 0, 1] (2, 3, 5, 7, 9, 11, 14, 17, 11, 5, 11) (1, 1, 2, 2, 2, 2, 3, 3, 5, 5, 6) 2
[0, 1, 0, 0, 0, 1, 1, 0, 1, 1] (2, 3, 5, 7, 9, 11, 14, 18, 11, 5, 11) (1, 1, 2, 2, 2, 2, 3, 4, 4, 5, 6) 0
[0, 1, 0, 0, 0, 2, 0, 0, 0, 2] (2, 3, 5, 7, 9, 11, 15, 19, 12, 5, 11) (1, 1, 2, 2, 2, 2, 4, 4, 4, 4, 6) −2
[0, 1, 0, 0, 1, 0, 0, 0, 3, 0] (2, 3, 5, 7, 9, 12, 15, 18, 10, 5, 11) (1, 1, 2, 2, 2, 3, 3, 3, 3, 6, 6) 2
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A10 weights β (αi basis) β (ei basis) β2
[0, 1, 0, 0, 1, 0, 0, 1, 1, 1] (2, 3, 5, 7, 9, 12, 15, 18, 11, 5, 11) (1, 1, 2, 2, 2, 3, 3, 3, 4, 5, 6) −2
[0, 1, 0, 0, 1, 0, 1, 0, 0, 2] (2, 3, 5, 7, 9, 12, 15, 19, 12, 5, 11) (1, 1, 2, 2, 2, 3, 3, 4, 4, 4, 6) −4
[0, 1, 0, 1, 0, 0, 0, 0, 2, 1] (2, 3, 5, 7, 10, 13, 16, 19, 11, 5, 11) (1, 1, 2, 2, 3, 3, 3, 3, 3, 5, 6) −4
[0, 1, 0, 1, 0, 0, 0, 1, 0, 2] (2, 3, 5, 7, 10, 13, 16, 19, 12, 5, 11) (1, 1, 2, 2, 3, 3, 3, 3, 4, 4, 6) −6
[0, 1, 1, 0, 0, 0, 0, 0, 1, 2] (2, 3, 5, 8, 11, 14, 17, 20, 12, 5, 11) (1, 1, 2, 3, 3, 3, 3, 3, 3, 4, 6) −8
[0, 2, 0, 0, 0, 0, 0, 0, 0, 3] (2, 3, 6, 9, 12, 15, 18, 21, 13, 5, 11) (1, 1, 3, 3, 3, 3, 3, 3, 3, 3, 6) −10
[0, 3, 0, 0, 0, 0, 0, 1, 0, 2] (1, 1, 4, 7, 10, 13, 16, 19, 12, 5, 11) (0, 0, 3, 3, 3, 3, 3, 3, 4, 4, 6) 2
[1, 0, 0, 0, 0, 0, 1, 1, 2, 0] (2, 4, 6, 8, 10, 12, 14, 17, 10, 5, 11) (1, 2, 2, 2, 2, 2, 2, 3, 4, 6, 6) 2
[1, 0, 0, 0, 0, 0, 1, 2, 0, 1] (2, 4, 6, 8, 10, 12, 14, 17, 11, 5, 11) (1, 2, 2, 2, 2, 2, 2, 3, 5, 5, 6) 0
[1, 0, 0, 0, 0, 0, 2, 0, 1, 1] (2, 4, 6, 8, 10, 12, 14, 18, 11, 5, 11) (1, 2, 2, 2, 2, 2, 2, 4, 4, 5, 6) −2
[1, 0, 0, 0, 0, 1, 0, 0, 3, 0] (2, 4, 6, 8, 10, 12, 15, 18, 10, 5, 11) (1, 2, 2, 2, 2, 2, 3, 3, 3, 6, 6) 0
[1, 0, 0, 0, 0, 1, 0, 1, 1, 1] (2, 4, 6, 8, 10, 12, 15, 18, 11, 5, 11) (1, 2, 2, 2, 2, 2, 3, 3, 4, 5, 6) −4
[1, 0, 0, 0, 0, 1, 1, 0, 0, 2] (2, 4, 6, 8, 10, 12, 15, 19, 12, 5, 11) (1, 2, 2, 2, 2, 2, 3, 4, 4, 4, 6) −6
[1, 0, 0, 0, 1, 0, 0, 0, 2, 1] (2, 4, 6, 8, 10, 13, 16, 19, 11, 5, 11) (1, 2, 2, 2, 2, 3, 3, 3, 3, 5, 6) −6
[1, 0, 0, 0, 1, 0, 0, 1, 0, 2] (2, 4, 6, 8, 10, 13, 16, 19, 12, 5, 11) (1, 2, 2, 2, 2, 3, 3, 3, 4, 4, 6) −8
[1, 0, 0, 1, 0, 0, 0, 0, 1, 2] (2, 4, 6, 8, 11, 14, 17, 20, 12, 5, 11) (1, 2, 2, 2, 3, 3, 3, 3, 3, 4, 6) −10
[1, 0, 1, 0, 0, 0, 0, 0, 0, 3] (2, 4, 6, 9, 12, 15, 18, 21, 13, 5, 11) (1, 2, 2, 3, 3, 3, 3, 3, 3, 3, 6) −12
[1, 0, 2, 0, 0, 0, 1, 0, 0, 2] (1, 2, 3, 6, 9, 12, 15, 19, 12, 5, 11) (0, 1, 1, 3, 3, 3, 3, 4, 4, 4, 6) 2
[1, 1, 0, 0, 1, 1, 0, 0, 0, 2] (1, 2, 4, 6, 8, 11, 15, 19, 12, 5, 11) (0, 1, 2, 2, 2, 3, 4, 4, 4, 4, 6) 2
[1, 1, 0, 1, 0, 0, 0, 1, 1, 1] (1, 2, 4, 6, 9, 12, 15, 18, 11, 5, 11) (0, 1, 2, 2, 3, 3, 3, 3, 4, 5, 6) 2
[1, 1, 0, 1, 0, 0, 1, 0, 0, 2] (1, 2, 4, 6, 9, 12, 15, 19, 12, 5, 11) (0, 1, 2, 2, 3, 3, 3, 4, 4, 4, 6) 0
[1, 1, 1, 0, 0, 0, 0, 0, 2, 1] (1, 2, 4, 7, 10, 13, 16, 19, 11, 5, 11) (0, 1, 2, 3, 3, 3, 3, 3, 3, 5, 6) 0
[1, 1, 1, 0, 0, 0, 0, 1, 0, 2] (1, 2, 4, 7, 10, 13, 16, 19, 12, 5, 11) (0, 1, 2, 3, 3, 3, 3, 3, 4, 4, 6) −2
[1, 2, 0, 0, 0, 0, 0, 0, 1, 2] (1, 2, 5, 8, 11, 14, 17, 20, 12, 5, 11) (0, 1, 3, 3, 3, 3, 3, 3, 3, 4, 6) −4
[2, 0, 0, 0, 0, 1, 1, 0, 1, 1] (1, 3, 5, 7, 9, 11, 14, 18, 11, 5, 11) (0, 2, 2, 2, 2, 2, 3, 4, 4, 5, 6) 2
[2, 0, 0, 0, 0, 2, 0, 0, 0, 2] (1, 3, 5, 7, 9, 11, 15, 19, 12, 5, 11) (0, 2, 2, 2, 2, 2, 4, 4, 4, 4, 6) 0
[2, 0, 0, 0, 1, 0, 0, 1, 1, 1] (1, 3, 5, 7, 9, 12, 15, 18, 11, 5, 11) (0, 2, 2, 2, 2, 3, 3, 3, 4, 5, 6) 0
[2, 0, 0, 0, 1, 0, 1, 0, 0, 2] (1, 3, 5, 7, 9, 12, 15, 19, 12, 5, 11) (0, 2, 2, 2, 2, 3, 3, 4, 4, 4, 6) −2
[2, 0, 0, 1, 0, 0, 0, 0, 2, 1] (1, 3, 5, 7, 10, 13, 16, 19, 11, 5, 11) (0, 2, 2, 2, 3, 3, 3, 3, 3, 5, 6) −2
[2, 0, 0, 1, 0, 0, 0, 1, 0, 2] (1, 3, 5, 7, 10, 13, 16, 19, 12, 5, 11) (0, 2, 2, 2, 3, 3, 3, 3, 4, 4, 6) −4
[2, 0, 1, 0, 0, 0, 0, 0, 1, 2] (1, 3, 5, 8, 11, 14, 17, 20, 12, 5, 11) (0, 2, 2, 3, 3, 3, 3, 3, 3, 4, 6) −6
[2, 1, 0, 0, 0, 0, 0, 0, 0, 3] (1, 3, 6, 9, 12, 15, 18, 21, 13, 5, 11) (0, 2, 3, 3, 3, 3, 3, 3, 3, 3, 6) −8
[0, 0, 0, 0, 0, 0, 0, 2, 1, 2] (3, 5, 7, 9, 11, 13, 15, 17, 10, 4, 11) (2, 2, 2, 2, 2, 2, 2, 2, 4, 5, 7) 2
[0, 0, 0, 0, 0, 0, 1, 0, 2, 2] (3, 5, 7, 9, 11, 13, 15, 18, 10, 4, 11) (2, 2, 2, 2, 2, 2, 2, 3, 3, 5, 7) 0
[0, 0, 0, 0, 0, 0, 1, 1, 0, 3] (3, 5, 7, 9, 11, 13, 15, 18, 11, 4, 11) (2, 2, 2, 2, 2, 2, 2, 3, 4, 4, 7) −2
[0, 0, 0, 0, 0, 1, 0, 0, 1, 3] (3, 5, 7, 9, 11, 13, 16, 19, 11, 4, 11) (2, 2, 2, 2, 2, 2, 3, 3, 3, 4, 7) −4
[0, 0, 0, 0, 1, 0, 0, 0, 0, 4] (3, 5, 7, 9, 11, 14, 17, 20, 12, 4, 11) (2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 7) −6
[0, 0, 2, 0, 0, 0, 0, 0, 1, 3] (2, 3, 4, 7, 10, 13, 16, 19, 11, 4, 11) (1, 1, 1, 3, 3, 3, 3, 3, 3, 4, 7) 2
[0, 1, 0, 0, 1, 0, 0, 1, 0, 3] (2, 3, 5, 7, 9, 12, 15, 18, 11, 4, 11) (1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 7) 2
[0, 1, 0, 1, 0, 0, 0, 0, 1, 3] (2, 3, 5, 7, 10, 13, 16, 19, 11, 4, 11) (1, 1, 2, 2, 3, 3, 3, 3, 3, 4, 7) 0
[0, 1, 1, 0, 0, 0, 0, 0, 0, 4] (2, 3, 5, 8, 11, 14, 17, 20, 12, 4, 11) (1, 1, 2, 3, 3, 3, 3, 3, 3, 3, 7) −2
[1, 0, 0, 0, 0, 0, 2, 0, 0, 3] (2, 4, 6, 8, 10, 12, 14, 18, 11, 4, 11) (1, 2, 2, 2, 2, 2, 2, 4, 4, 4, 7) 2
[1, 0, 0, 0, 0, 1, 0, 0, 2, 2] (2, 4, 6, 8, 10, 12, 15, 18, 10, 4, 11) (1, 2, 2, 2, 2, 2, 3, 3, 3, 5, 7) 2
[1, 0, 0, 0, 0, 1, 0, 1, 0, 3] (2, 4, 6, 8, 10, 12, 15, 18, 11, 4, 11) (1, 2, 2, 2, 2, 2, 3, 3, 4, 4, 7) 0
[1, 0, 0, 0, 1, 0, 0, 0, 1, 3] (2, 4, 6, 8, 10, 13, 16, 19, 11, 4, 11) (1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 7) −2
[1, 0, 0, 1, 0, 0, 0, 0, 0, 4] (2, 4, 6, 8, 11, 14, 17, 20, 12, 4, 11) (1, 2, 2, 2, 3, 3, 3, 3, 3, 3, 7) −4
[1, 2, 0, 0, 0, 0, 0, 0, 0, 4] (1, 2, 5, 8, 11, 14, 17, 20, 12, 4, 11) (0, 1, 3, 3, 3, 3, 3, 3, 3, 3, 7) 2
[2, 0, 0, 1, 0, 0, 0, 0, 1, 3] (1, 3, 5, 7, 10, 13, 16, 19, 11, 4, 11) (0, 2, 2, 2, 3, 3, 3, 3, 3, 4, 7) 2
[2, 0, 1, 0, 0, 0, 0, 0, 0, 4] (1, 3, 5, 8, 11, 14, 17, 20, 12, 4, 11) (0, 2, 2, 3, 3, 3, 3, 3, 3, 3, 7) 0
[0, 0, 0, 0, 0, 0, 0, 0, 1, 0] (4, 7, 10, 13, 16, 19, 22, 25, 16, 8, 12) (3, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4) −30
[0, 0, 0, 1, 1, 0, 0, 0, 0, 0] (3, 5, 7, 9, 12, 16, 20, 24, 16, 8, 12) (2, 2, 2, 2, 3, 4, 4, 4, 4, 4, 4) −22
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A10 weights β (αi basis) β (ei basis) β2
[0, 0, 1, 0, 0, 1, 0, 0, 0, 0] (3, 5, 7, 10, 13, 16, 20, 24, 16, 8, 12) (2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 4) −24
[0, 0, 3, 0, 0, 0, 0, 0, 0, 0] (2, 3, 4, 8, 12, 16, 20, 24, 16, 8, 12) (1, 1, 1, 4, 4, 4, 4, 4, 4, 4, 4) −12
[0, 1, 0, 0, 0, 0, 1, 0, 0, 0] (3, 5, 8, 11, 14, 17, 20, 24, 16, 8, 12) (2, 2, 3, 3, 3, 3, 3, 4, 4, 4, 4) −26
[0, 1, 1, 1, 0, 0, 0, 0, 0, 0] (2, 3, 5, 8, 12, 16, 20, 24, 16, 8, 12) (1, 1, 2, 3, 4, 4, 4, 4, 4, 4, 4) −16
[0, 2, 0, 0, 1, 0, 0, 0, 0, 0] (2, 3, 6, 9, 12, 16, 20, 24, 16, 8, 12) (1, 1, 3, 3, 3, 4, 4, 4, 4, 4, 4) −18
[0, 3, 1, 0, 0, 0, 0, 0, 0, 0] (1, 1, 4, 8, 12, 16, 20, 24, 16, 8, 12) (0, 0, 3, 4, 4, 4, 4, 4, 4, 4, 4) −6
[1, 0, 0, 0, 0, 0, 0, 1, 0, 0] (3, 6, 9, 12, 15, 18, 21, 24, 16, 8, 12) (2, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4) −28
[1, 0, 0, 2, 0, 0, 0, 0, 0, 0] (2, 4, 6, 8, 12, 16, 20, 24, 16, 8, 12) (1, 2, 2, 2, 4, 4, 4, 4, 4, 4, 4) −18
[1, 0, 1, 0, 1, 0, 0, 0, 0, 0] (2, 4, 6, 9, 12, 16, 20, 24, 16, 8, 12) (1, 2, 2, 3, 3, 4, 4, 4, 4, 4, 4) −20
[1, 1, 0, 0, 0, 1, 0, 0, 0, 0] (2, 4, 7, 10, 13, 16, 20, 24, 16, 8, 12) (1, 2, 3, 3, 3, 3, 4, 4, 4, 4, 4) −22
[1, 1, 2, 0, 0, 0, 0, 0, 0, 0] (1, 2, 4, 8, 12, 16, 20, 24, 16, 8, 12) (0, 1, 2, 4, 4, 4, 4, 4, 4, 4, 4) −10
[1, 2, 0, 1, 0, 0, 0, 0, 0, 0] (1, 2, 5, 8, 12, 16, 20, 24, 16, 8, 12) (0, 1, 3, 3, 4, 4, 4, 4, 4, 4, 4) −12
[2, 0, 0, 0, 0, 0, 1, 0, 0, 0] (2, 5, 8, 11, 14, 17, 20, 24, 16, 8, 12) (1, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4) −24
[2, 0, 1, 1, 0, 0, 0, 0, 0, 0] (1, 3, 5, 8, 12, 16, 20, 24, 16, 8, 12) (0, 2, 2, 3, 4, 4, 4, 4, 4, 4, 4) −14
[2, 1, 0, 0, 1, 0, 0, 0, 0, 0] (1, 3, 6, 9, 12, 16, 20, 24, 16, 8, 12) (0, 2, 3, 3, 3, 4, 4, 4, 4, 4, 4) −16
[3, 0, 0, 0, 0, 1, 0, 0, 0, 0] (1, 4, 7, 10, 13, 16, 20, 24, 16, 8, 12) (0, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4) −18
[0, 0, 0, 0, 0, 0, 0, 0, 0, 2] (4, 7, 10, 13, 16, 19, 22, 25, 16, 7, 12) (3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 5) −28
[0, 0, 0, 0, 0, 1, 2, 0, 0, 0] (3, 5, 7, 9, 11, 13, 16, 21, 14, 7, 12) (2, 2, 2, 2, 2, 2, 3, 5, 5, 5, 5) −10
[0, 0, 0, 0, 0, 2, 0, 1, 0, 0] (3, 5, 7, 9, 11, 13, 17, 21, 14, 7, 12) (2, 2, 2, 2, 2, 2, 4, 4, 5, 5, 5) −12
[0, 0, 0, 0, 1, 0, 1, 1, 0, 0] (3, 5, 7, 9, 11, 14, 17, 21, 14, 7, 12) (2, 2, 2, 2, 2, 3, 3, 4, 5, 5, 5) −14
[0, 0, 0, 0, 1, 1, 0, 0, 1, 0] (3, 5, 7, 9, 11, 14, 18, 22, 14, 7, 12) (2, 2, 2, 2, 2, 3, 4, 4, 4, 5, 5) −16
[0, 0, 0, 0, 2, 0, 0, 0, 0, 1] (3, 5, 7, 9, 11, 15, 19, 23, 15, 7, 12) (2, 2, 2, 2, 2, 4, 4, 4, 4, 4, 5) −18
[0, 0, 0, 1, 0, 0, 0, 2, 0, 0] (3, 5, 7, 9, 12, 15, 18, 21, 14, 7, 12) (2, 2, 2, 2, 3, 3, 3, 3, 5, 5, 5) −16
[0, 0, 0, 1, 0, 0, 1, 0, 1, 0] (3, 5, 7, 9, 12, 15, 18, 22, 14, 7, 12) (2, 2, 2, 2, 3, 3, 3, 4, 4, 5, 5) −18
[0, 0, 0, 1, 0, 1, 0, 0, 0, 1] (3, 5, 7, 9, 12, 15, 19, 23, 15, 7, 12) (2, 2, 2, 2, 3, 3, 4, 4, 4, 4, 5) −20
[0, 0, 0, 2, 1, 0, 1, 0, 0, 0] (2, 3, 4, 5, 8, 12, 16, 21, 14, 7, 12) (1, 1, 1, 1, 3, 4, 4, 5, 5, 5, 5) 2
[0, 0, 0, 3, 0, 0, 0, 1, 0, 0] (2, 3, 4, 5, 9, 13, 17, 21, 14, 7, 12) (1, 1, 1, 1, 4, 4, 4, 4, 5, 5, 5) 0
[0, 0, 1, 0, 0, 0, 0, 1, 1, 0] (3, 5, 7, 10, 13, 16, 19, 22, 14, 7, 12) (2, 2, 2, 3, 3, 3, 3, 3, 4, 5, 5) −20
[0, 0, 1, 0, 0, 0, 1, 0, 0, 1] (3, 5, 7, 10, 13, 16, 19, 23, 15, 7, 12) (2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 5) −22
[0, 0, 1, 0, 1, 2, 0, 0, 0, 0] (2, 3, 4, 6, 8, 11, 16, 21, 14, 7, 12) (1, 1, 1, 2, 2, 3, 5, 5, 5, 5, 5) 2
[0, 0, 1, 0, 2, 0, 1, 0, 0, 0] (2, 3, 4, 6, 8, 12, 16, 21, 14, 7, 12) (1, 1, 1, 2, 2, 4, 4, 5, 5, 5, 5) 0
[0, 0, 1, 1, 0, 1, 1, 0, 0, 0] (2, 3, 4, 6, 9, 12, 16, 21, 14, 7, 12) (1, 1, 1, 2, 3, 3, 4, 5, 5, 5, 5) −2
[0, 0, 1, 1, 1, 0, 0, 1, 0, 0] (2, 3, 4, 6, 9, 13, 17, 21, 14, 7, 12) (1, 1, 1, 2, 3, 4, 4, 4, 5, 5, 5) −4
[0, 0, 1, 2, 0, 0, 0, 0, 1, 0] (2, 3, 4, 6, 10, 14, 18, 22, 14, 7, 12) (1, 1, 1, 2, 4, 4, 4, 4, 4, 5, 5) −6
[0, 0, 2, 0, 0, 0, 2, 0, 0, 0] (2, 3, 4, 7, 10, 13, 16, 21, 14, 7, 12) (1, 1, 1, 3, 3, 3, 3, 5, 5, 5, 5) −4
[0, 0, 2, 0, 0, 1, 0, 1, 0, 0] (2, 3, 4, 7, 10, 13, 17, 21, 14, 7, 12) (1, 1, 1, 3, 3, 3, 4, 4, 5, 5, 5) −6
[0, 0, 2, 0, 1, 0, 0, 0, 1, 0] (2, 3, 4, 7, 10, 14, 18, 22, 14, 7, 12) (1, 1, 1, 3, 3, 4, 4, 4, 4, 5, 5) −8
[0, 0, 2, 1, 0, 0, 0, 0, 0, 1] (2, 3, 4, 7, 11, 15, 19, 23, 15, 7, 12) (1, 1, 1, 3, 4, 4, 4, 4, 4, 4, 5) −10
[0, 1, 0, 0, 0, 0, 0, 0, 2, 0] (3, 5, 8, 11, 14, 17, 20, 23, 14, 7, 12) (2, 2, 3, 3, 3, 3, 3, 3, 3, 5, 5) −22
[0, 1, 0, 0, 0, 0, 0, 1, 0, 1] (3, 5, 8, 11, 14, 17, 20, 23, 15, 7, 12) (2, 2, 3, 3, 3, 3, 3, 3, 4, 4, 5) −24
[0, 1, 0, 0, 0, 3, 0, 0, 0, 0] (2, 3, 5, 7, 9, 11, 16, 21, 14, 7, 12) (1, 1, 2, 2, 2, 2, 5, 5, 5, 5, 5) 0
[0, 1, 0, 0, 1, 1, 1, 0, 0, 0] (2, 3, 5, 7, 9, 12, 16, 21, 14, 7, 12) (1, 1, 2, 2, 2, 3, 4, 5, 5, 5, 5) −4
[0, 1, 0, 0, 2, 0, 0, 1, 0, 0] (2, 3, 5, 7, 9, 13, 17, 21, 14, 7, 12) (1, 1, 2, 2, 2, 4, 4, 4, 5, 5, 5) −6
[0, 1, 0, 1, 0, 0, 2, 0, 0, 0] (2, 3, 5, 7, 10, 13, 16, 21, 14, 7, 12) (1, 1, 2, 2, 3, 3, 3, 5, 5, 5, 5) −6
[0, 1, 0, 1, 0, 1, 0, 1, 0, 0] (2, 3, 5, 7, 10, 13, 17, 21, 14, 7, 12) (1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 5) −8
[0, 1, 0, 1, 1, 0, 0, 0, 1, 0] (2, 3, 5, 7, 10, 14, 18, 22, 14, 7, 12) (1, 1, 2, 2, 3, 4, 4, 4, 4, 5, 5) −10
[0, 1, 0, 2, 0, 0, 0, 0, 0, 1] (2, 3, 5, 7, 11, 15, 19, 23, 15, 7, 12) (1, 1, 2, 2, 4, 4, 4, 4, 4, 4, 5) −12
[0, 1, 1, 0, 0, 0, 1, 1, 0, 0] (2, 3, 5, 8, 11, 14, 17, 21, 14, 7, 12) (1, 1, 2, 3, 3, 3, 3, 4, 5, 5, 5) −10
[0, 1, 1, 0, 0, 1, 0, 0, 1, 0] (2, 3, 5, 8, 11, 14, 18, 22, 14, 7, 12) (1, 1, 2, 3, 3, 3, 4, 4, 4, 5, 5) −12
[0, 1, 1, 0, 1, 0, 0, 0, 0, 1] (2, 3, 5, 8, 11, 15, 19, 23, 15, 7, 12) (1, 1, 2, 3, 3, 4, 4, 4, 4, 4, 5) −14
[0, 2, 0, 0, 0, 0, 0, 2, 0, 0] (2, 3, 6, 9, 12, 15, 18, 21, 14, 7, 12) (1, 1, 3, 3, 3, 3, 3, 3, 5, 5, 5) −12
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[0, 2, 0, 0, 0, 0, 1, 0, 1, 0] (2, 3, 6, 9, 12, 15, 18, 22, 14, 7, 12) (1, 1, 3, 3, 3, 3, 3, 4, 4, 5, 5) −14
[0, 2, 0, 0, 0, 1, 0, 0, 0, 1] (2, 3, 6, 9, 12, 15, 19, 23, 15, 7, 12) (1, 1, 3, 3, 3, 3, 4, 4, 4, 4, 5) −16
[0, 2, 1, 0, 1, 0, 0, 1, 0, 0] (1, 1, 3, 6, 9, 13, 17, 21, 14, 7, 12) (0, 0, 2, 3, 3, 4, 4, 4, 5, 5, 5) 2
[0, 2, 1, 1, 0, 0, 0, 0, 1, 0] (1, 1, 3, 6, 10, 14, 18, 22, 14, 7, 12) (0, 0, 2, 3, 4, 4, 4, 4, 4, 5, 5) 0
[0, 2, 2, 0, 0, 0, 0, 0, 0, 1] (1, 1, 3, 7, 11, 15, 19, 23, 15, 7, 12) (0, 0, 2, 4, 4, 4, 4, 4, 4, 4, 5) −2
[0, 3, 0, 0, 0, 0, 2, 0, 0, 0] (1, 1, 4, 7, 10, 13, 16, 21, 14, 7, 12) (0, 0, 3, 3, 3, 3, 3, 5, 5, 5, 5) 2
[0, 3, 0, 0, 0, 1, 0, 1, 0, 0] (1, 1, 4, 7, 10, 13, 17, 21, 14, 7, 12) (0, 0, 3, 3, 3, 3, 4, 4, 5, 5, 5) 0
[0, 3, 0, 0, 1, 0, 0, 0, 1, 0] (1, 1, 4, 7, 10, 14, 18, 22, 14, 7, 12) (0, 0, 3, 3, 3, 4, 4, 4, 4, 5, 5) −2
[0, 3, 0, 1, 0, 0, 0, 0, 0, 1] (1, 1, 4, 7, 11, 15, 19, 23, 15, 7, 12) (0, 0, 3, 3, 4, 4, 4, 4, 4, 4, 5) −4
[1, 0, 0, 0, 0, 0, 0, 0, 1, 1] (3, 6, 9, 12, 15, 18, 21, 24, 15, 7, 12) (2, 3, 3, 3, 3, 3, 3, 3, 3, 4, 5) −26
[1, 0, 0, 0, 0, 2, 1, 0, 0, 0] (2, 4, 6, 8, 10, 12, 16, 21, 14, 7, 12) (1, 2, 2, 2, 2, 2, 4, 5, 5, 5, 5) −6
[1, 0, 0, 0, 1, 0, 2, 0, 0, 0] (2, 4, 6, 8, 10, 13, 16, 21, 14, 7, 12) (1, 2, 2, 2, 2, 3, 3, 5, 5, 5, 5) −8
[1, 0, 0, 0, 1, 1, 0, 1, 0, 0] (2, 4, 6, 8, 10, 13, 17, 21, 14, 7, 12) (1, 2, 2, 2, 2, 3, 4, 4, 5, 5, 5) −10
[1, 0, 0, 0, 2, 0, 0, 0, 1, 0] (2, 4, 6, 8, 10, 14, 18, 22, 14, 7, 12) (1, 2, 2, 2, 2, 4, 4, 4, 4, 5, 5) −12
[1, 0, 0, 1, 0, 0, 1, 1, 0, 0] (2, 4, 6, 8, 11, 14, 17, 21, 14, 7, 12) (1, 2, 2, 2, 3, 3, 3, 4, 5, 5, 5) −12
[1, 0, 0, 1, 0, 1, 0, 0, 1, 0] (2, 4, 6, 8, 11, 14, 18, 22, 14, 7, 12) (1, 2, 2, 2, 3, 3, 4, 4, 4, 5, 5) −14
[1, 0, 0, 1, 1, 0, 0, 0, 0, 1] (2, 4, 6, 8, 11, 15, 19, 23, 15, 7, 12) (1, 2, 2, 2, 3, 4, 4, 4, 4, 4, 5) −16
[1, 0, 1, 0, 0, 0, 0, 2, 0, 0] (2, 4, 6, 9, 12, 15, 18, 21, 14, 7, 12) (1, 2, 2, 3, 3, 3, 3, 3, 5, 5, 5) −14
[1, 0, 1, 0, 0, 0, 1, 0, 1, 0] (2, 4, 6, 9, 12, 15, 18, 22, 14, 7, 12) (1, 2, 2, 3, 3, 3, 3, 4, 4, 5, 5) −16
[1, 0, 1, 0, 0, 1, 0, 0, 0, 1] (2, 4, 6, 9, 12, 15, 19, 23, 15, 7, 12) (1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5) −18
[1, 0, 1, 2, 0, 0, 0, 1, 0, 0] (1, 2, 3, 5, 9, 13, 17, 21, 14, 7, 12) (0, 1, 1, 2, 4, 4, 4, 4, 5, 5, 5) 2
[1, 0, 2, 0, 0, 1, 1, 0, 0, 0] (1, 2, 3, 6, 9, 12, 16, 21, 14, 7, 12) (0, 1, 1, 3, 3, 3, 4, 5, 5, 5, 5) 2
[1, 0, 2, 0, 1, 0, 0, 1, 0, 0] (1, 2, 3, 6, 9, 13, 17, 21, 14, 7, 12) (0, 1, 1, 3, 3, 4, 4, 4, 5, 5, 5) 0
[1, 0, 2, 1, 0, 0, 0, 0, 1, 0] (1, 2, 3, 6, 10, 14, 18, 22, 14, 7, 12) (0, 1, 1, 3, 4, 4, 4, 4, 4, 5, 5) −2
[1, 0, 3, 0, 0, 0, 0, 0, 0, 1] (1, 2, 3, 7, 11, 15, 19, 23, 15, 7, 12) (0, 1, 1, 4, 4, 4, 4, 4, 4, 4, 5) −4
[1, 1, 0, 0, 0, 0, 0, 1, 1, 0] (2, 4, 7, 10, 13, 16, 19, 22, 14, 7, 12) (1, 2, 3, 3, 3, 3, 3, 3, 4, 5, 5) −18
[1, 1, 0, 0, 0, 0, 1, 0, 0, 1] (2, 4, 7, 10, 13, 16, 19, 23, 15, 7, 12) (1, 2, 3, 3, 3, 3, 3, 4, 4, 4, 5) −20
[1, 1, 0, 0, 2, 0, 1, 0, 0, 0] (1, 2, 4, 6, 8, 12, 16, 21, 14, 7, 12) (0, 1, 2, 2, 2, 4, 4, 5, 5, 5, 5) 2
[1, 1, 0, 1, 0, 1, 1, 0, 0, 0] (1, 2, 4, 6, 9, 12, 16, 21, 14, 7, 12) (0, 1, 2, 2, 3, 3, 4, 5, 5, 5, 5) 0
[1, 1, 0, 1, 1, 0, 0, 1, 0, 0] (1, 2, 4, 6, 9, 13, 17, 21, 14, 7, 12) (0, 1, 2, 2, 3, 4, 4, 4, 5, 5, 5) −2
[1, 1, 0, 2, 0, 0, 0, 0, 1, 0] (1, 2, 4, 6, 10, 14, 18, 22, 14, 7, 12) (0, 1, 2, 2, 4, 4, 4, 4, 4, 5, 5) −4
[1, 1, 1, 0, 0, 0, 2, 0, 0, 0] (1, 2, 4, 7, 10, 13, 16, 21, 14, 7, 12) (0, 1, 2, 3, 3, 3, 3, 5, 5, 5, 5) −2
[1, 1, 1, 0, 0, 1, 0, 1, 0, 0] (1, 2, 4, 7, 10, 13, 17, 21, 14, 7, 12) (0, 1, 2, 3, 3, 3, 4, 4, 5, 5, 5) −4
[1, 1, 1, 0, 1, 0, 0, 0, 1, 0] (1, 2, 4, 7, 10, 14, 18, 22, 14, 7, 12) (0, 1, 2, 3, 3, 4, 4, 4, 4, 5, 5) −6
[1, 1, 1, 1, 0, 0, 0, 0, 0, 1] (1, 2, 4, 7, 11, 15, 19, 23, 15, 7, 12) (0, 1, 2, 3, 4, 4, 4, 4, 4, 4, 5) −8
[1, 2, 0, 0, 0, 0, 1, 1, 0, 0] (1, 2, 5, 8, 11, 14, 17, 21, 14, 7, 12) (0, 1, 3, 3, 3, 3, 3, 4, 5, 5, 5) −6
[1, 2, 0, 0, 0, 1, 0, 0, 1, 0] (1, 2, 5, 8, 11, 14, 18, 22, 14, 7, 12) (0, 1, 3, 3, 3, 3, 4, 4, 4, 5, 5) −8
[1, 2, 0, 0, 1, 0, 0, 0, 0, 1] (1, 2, 5, 8, 11, 15, 19, 23, 15, 7, 12) (0, 1, 3, 3, 3, 4, 4, 4, 4, 4, 5) −10
[2, 0, 0, 0, 0, 0, 0, 0, 2, 0] (2, 5, 8, 11, 14, 17, 20, 23, 14, 7, 12) (1, 3, 3, 3, 3, 3, 3, 3, 3, 5, 5) −20
[2, 0, 0, 0, 0, 0, 0, 1, 0, 1] (2, 5, 8, 11, 14, 17, 20, 23, 15, 7, 12) (1, 3, 3, 3, 3, 3, 3, 3, 4, 4, 5) −22
[2, 0, 0, 0, 0, 3, 0, 0, 0, 0] (1, 3, 5, 7, 9, 11, 16, 21, 14, 7, 12) (0, 2, 2, 2, 2, 2, 5, 5, 5, 5, 5) 2
[2, 0, 0, 0, 1, 1, 1, 0, 0, 0] (1, 3, 5, 7, 9, 12, 16, 21, 14, 7, 12) (0, 2, 2, 2, 2, 3, 4, 5, 5, 5, 5) −2
[2, 0, 0, 0, 2, 0, 0, 1, 0, 0] (1, 3, 5, 7, 9, 13, 17, 21, 14, 7, 12) (0, 2, 2, 2, 2, 4, 4, 4, 5, 5, 5) −4
[2, 0, 0, 1, 0, 0, 2, 0, 0, 0] (1, 3, 5, 7, 10, 13, 16, 21, 14, 7, 12) (0, 2, 2, 2, 3, 3, 3, 5, 5, 5, 5) −4
[2, 0, 0, 1, 0, 1, 0, 1, 0, 0] (1, 3, 5, 7, 10, 13, 17, 21, 14, 7, 12) (0, 2, 2, 2, 3, 3, 4, 4, 5, 5, 5) −6
[2, 0, 0, 1, 1, 0, 0, 0, 1, 0] (1, 3, 5, 7, 10, 14, 18, 22, 14, 7, 12) (0, 2, 2, 2, 3, 4, 4, 4, 4, 5, 5) −8
[2, 0, 0, 2, 0, 0, 0, 0, 0, 1] (1, 3, 5, 7, 11, 15, 19, 23, 15, 7, 12) (0, 2, 2, 2, 4, 4, 4, 4, 4, 4, 5) −10
[2, 0, 1, 0, 0, 0, 1, 1, 0, 0] (1, 3, 5, 8, 11, 14, 17, 21, 14, 7, 12) (0, 2, 2, 3, 3, 3, 3, 4, 5, 5, 5) −8
[2, 0, 1, 0, 0, 1, 0, 0, 1, 0] (1, 3, 5, 8, 11, 14, 18, 22, 14, 7, 12) (0, 2, 2, 3, 3, 3, 4, 4, 4, 5, 5) −10
[2, 0, 1, 0, 1, 0, 0, 0, 0, 1] (1, 3, 5, 8, 11, 15, 19, 23, 15, 7, 12) (0, 2, 2, 3, 3, 4, 4, 4, 4, 4, 5) −12
[2, 1, 0, 0, 0, 0, 0, 2, 0, 0] (1, 3, 6, 9, 12, 15, 18, 21, 14, 7, 12) (0, 2, 3, 3, 3, 3, 3, 3, 5, 5, 5) −10
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[2, 1, 0, 0, 0, 0, 1, 0, 1, 0] (1, 3, 6, 9, 12, 15, 18, 22, 14, 7, 12) (0, 2, 3, 3, 3, 3, 3, 4, 4, 5, 5) −12
[2, 1, 0, 0, 0, 1, 0, 0, 0, 1] (1, 3, 6, 9, 12, 15, 19, 23, 15, 7, 12) (0, 2, 3, 3, 3, 3, 4, 4, 4, 4, 5) −14
[3, 0, 0, 0, 0, 0, 0, 1, 1, 0] (1, 4, 7, 10, 13, 16, 19, 22, 14, 7, 12) (0, 3, 3, 3, 3, 3, 3, 3, 4, 5, 5) −14
[3, 0, 0, 0, 0, 0, 1, 0, 0, 1] (1, 4, 7, 10, 13, 16, 19, 23, 15, 7, 12) (0, 3, 3, 3, 3, 3, 3, 4, 4, 4, 5) −16
[0, 0, 0, 0, 0, 0, 1, 3, 0, 0] (3, 5, 7, 9, 11, 13, 15, 18, 12, 6, 12) (2, 2, 2, 2, 2, 2, 2, 3, 6, 6, 6) 2
[0, 0, 0, 0, 0, 0, 2, 1, 1, 0] (3, 5, 7, 9, 11, 13, 15, 19, 12, 6, 12) (2, 2, 2, 2, 2, 2, 2, 4, 5, 6, 6) −2
[0, 0, 0, 0, 0, 0, 3, 0, 0, 1] (3, 5, 7, 9, 11, 13, 15, 20, 13, 6, 12) (2, 2, 2, 2, 2, 2, 2, 5, 5, 5, 6) −4
[0, 0, 0, 0, 0, 1, 0, 2, 1, 0] (3, 5, 7, 9, 11, 13, 16, 19, 12, 6, 12) (2, 2, 2, 2, 2, 2, 3, 3, 5, 6, 6) −4
[0, 0, 0, 0, 0, 1, 1, 0, 2, 0] (3, 5, 7, 9, 11, 13, 16, 20, 12, 6, 12) (2, 2, 2, 2, 2, 2, 3, 4, 4, 6, 6) −6
[0, 0, 0, 0, 0, 1, 1, 1, 0, 1] (3, 5, 7, 9, 11, 13, 16, 20, 13, 6, 12) (2, 2, 2, 2, 2, 2, 3, 4, 5, 5, 6) −8
[0, 0, 0, 0, 0, 2, 0, 0, 1, 1] (3, 5, 7, 9, 11, 13, 17, 21, 13, 6, 12) (2, 2, 2, 2, 2, 2, 4, 4, 4, 5, 6) −10
[0, 0, 0, 0, 1, 0, 0, 1, 2, 0] (3, 5, 7, 9, 11, 14, 17, 20, 12, 6, 12) (2, 2, 2, 2, 2, 3, 3, 3, 4, 6, 6) −8
[0, 0, 0, 0, 1, 0, 0, 2, 0, 1] (3, 5, 7, 9, 11, 14, 17, 20, 13, 6, 12) (2, 2, 2, 2, 2, 3, 3, 3, 5, 5, 6) −10
[0, 0, 0, 0, 1, 0, 1, 0, 1, 1] (3, 5, 7, 9, 11, 14, 17, 21, 13, 6, 12) (2, 2, 2, 2, 2, 3, 3, 4, 4, 5, 6) −12
[0, 0, 0, 0, 1, 1, 0, 0, 0, 2] (3, 5, 7, 9, 11, 14, 18, 22, 14, 6, 12) (2, 2, 2, 2, 2, 3, 4, 4, 4, 4, 6) −14
[0, 0, 0, 1, 0, 0, 0, 0, 3, 0] (3, 5, 7, 9, 12, 15, 18, 21, 12, 6, 12) (2, 2, 2, 2, 3, 3, 3, 3, 3, 6, 6) −10
[0, 0, 0, 1, 0, 0, 0, 1, 1, 1] (3, 5, 7, 9, 12, 15, 18, 21, 13, 6, 12) (2, 2, 2, 2, 3, 3, 3, 3, 4, 5, 6) −14
[0, 0, 0, 1, 0, 0, 1, 0, 0, 2] (3, 5, 7, 9, 12, 15, 18, 22, 14, 6, 12) (2, 2, 2, 2, 3, 3, 3, 4, 4, 4, 6) −16
[0, 0, 0, 3, 0, 0, 0, 0, 1, 1] (2, 3, 4, 5, 9, 13, 17, 21, 13, 6, 12) (1, 1, 1, 1, 4, 4, 4, 4, 4, 5, 6) 2
[0, 0, 1, 0, 0, 0, 0, 0, 2, 1] (3, 5, 7, 10, 13, 16, 19, 22, 13, 6, 12) (2, 2, 2, 3, 3, 3, 3, 3, 3, 5, 6) −16
[0, 0, 1, 0, 0, 0, 0, 1, 0, 2] (3, 5, 7, 10, 13, 16, 19, 22, 14, 6, 12) (2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 6) −18
[0, 0, 1, 0, 2, 0, 0, 1, 0, 1] (2, 3, 4, 6, 8, 12, 16, 20, 13, 6, 12) (1, 1, 1, 2, 2, 4, 4, 4, 5, 5, 6) 2
[0, 0, 1, 1, 0, 0, 2, 0, 0, 1] (2, 3, 4, 6, 9, 12, 15, 20, 13, 6, 12) (1, 1, 1, 2, 3, 3, 3, 5, 5, 5, 6) 2
[0, 0, 1, 1, 0, 1, 0, 0, 2, 0] (2, 3, 4, 6, 9, 12, 16, 20, 12, 6, 12) (1, 1, 1, 2, 3, 3, 4, 4, 4, 6, 6) 2
[0, 0, 1, 1, 0, 1, 0, 1, 0, 1] (2, 3, 4, 6, 9, 12, 16, 20, 13, 6, 12) (1, 1, 1, 2, 3, 3, 4, 4, 5, 5, 6) 0
[0, 0, 1, 1, 1, 0, 0, 0, 1, 1] (2, 3, 4, 6, 9, 13, 17, 21, 13, 6, 12) (1, 1, 1, 2, 3, 4, 4, 4, 4, 5, 6) −2
[0, 0, 1, 2, 0, 0, 0, 0, 0, 2] (2, 3, 4, 6, 10, 14, 18, 22, 14, 6, 12) (1, 1, 1, 2, 4, 4, 4, 4, 4, 4, 6) −4
[0, 0, 2, 0, 0, 0, 0, 2, 1, 0] (2, 3, 4, 7, 10, 13, 16, 19, 12, 6, 12) (1, 1, 1, 3, 3, 3, 3, 3, 5, 6, 6) 2
[0, 0, 2, 0, 0, 0, 1, 0, 2, 0] (2, 3, 4, 7, 10, 13, 16, 20, 12, 6, 12) (1, 1, 1, 3, 3, 3, 3, 4, 4, 6, 6) 0
[0, 0, 2, 0, 0, 0, 1, 1, 0, 1] (2, 3, 4, 7, 10, 13, 16, 20, 13, 6, 12) (1, 1, 1, 3, 3, 3, 3, 4, 5, 5, 6) −2
[0, 0, 2, 0, 0, 1, 0, 0, 1, 1] (2, 3, 4, 7, 10, 13, 17, 21, 13, 6, 12) (1, 1, 1, 3, 3, 3, 4, 4, 4, 5, 6) −4
[0, 0, 2, 0, 1, 0, 0, 0, 0, 2] (2, 3, 4, 7, 10, 14, 18, 22, 14, 6, 12) (1, 1, 1, 3, 3, 4, 4, 4, 4, 4, 6) −6
[0, 1, 0, 0, 0, 0, 0, 0, 1, 2] (3, 5, 8, 11, 14, 17, 20, 23, 14, 6, 12) (2, 2, 3, 3, 3, 3, 3, 3, 3, 4, 6) −20
[0, 1, 0, 0, 0, 2, 1, 0, 0, 1] (2, 3, 5, 7, 9, 11, 15, 20, 13, 6, 12) (1, 1, 2, 2, 2, 2, 4, 5, 5, 5, 6) 2
[0, 1, 0, 0, 1, 0, 1, 1, 1, 0] (2, 3, 5, 7, 9, 12, 15, 19, 12, 6, 12) (1, 1, 2, 2, 2, 3, 3, 4, 5, 6, 6) 2
[0, 1, 0, 0, 1, 0, 2, 0, 0, 1] (2, 3, 5, 7, 9, 12, 15, 20, 13, 6, 12) (1, 1, 2, 2, 2, 3, 3, 5, 5, 5, 6) 0
[0, 1, 0, 0, 1, 1, 0, 0, 2, 0] (2, 3, 5, 7, 9, 12, 16, 20, 12, 6, 12) (1, 1, 2, 2, 2, 3, 4, 4, 4, 6, 6) 0
[0, 1, 0, 0, 1, 1, 0, 1, 0, 1] (2, 3, 5, 7, 9, 12, 16, 20, 13, 6, 12) (1, 1, 2, 2, 2, 3, 4, 4, 5, 5, 6) −2
[0, 1, 0, 0, 2, 0, 0, 0, 1, 1] (2, 3, 5, 7, 9, 13, 17, 21, 13, 6, 12) (1, 1, 2, 2, 2, 4, 4, 4, 4, 5, 6) −4
[0, 1, 0, 1, 0, 0, 0, 2, 1, 0] (2, 3, 5, 7, 10, 13, 16, 19, 12, 6, 12) (1, 1, 2, 2, 3, 3, 3, 3, 5, 6, 6) 0
[0, 1, 0, 1, 0, 0, 1, 0, 2, 0] (2, 3, 5, 7, 10, 13, 16, 20, 12, 6, 12) (1, 1, 2, 2, 3, 3, 3, 4, 4, 6, 6) −2
[0, 1, 0, 1, 0, 0, 1, 1, 0, 1] (2, 3, 5, 7, 10, 13, 16, 20, 13, 6, 12) (1, 1, 2, 2, 3, 3, 3, 4, 5, 5, 6) −4
[0, 1, 0, 1, 0, 1, 0, 0, 1, 1] (2, 3, 5, 7, 10, 13, 17, 21, 13, 6, 12) (1, 1, 2, 2, 3, 3, 4, 4, 4, 5, 6) −6
[0, 1, 0, 1, 1, 0, 0, 0, 0, 2] (2, 3, 5, 7, 10, 14, 18, 22, 14, 6, 12) (1, 1, 2, 2, 3, 4, 4, 4, 4, 4, 6) −8
[0, 1, 1, 0, 0, 0, 0, 1, 2, 0] (2, 3, 5, 8, 11, 14, 17, 20, 12, 6, 12) (1, 1, 2, 3, 3, 3, 3, 3, 4, 6, 6) −4
[0, 1, 1, 0, 0, 0, 0, 2, 0, 1] (2, 3, 5, 8, 11, 14, 17, 20, 13, 6, 12) (1, 1, 2, 3, 3, 3, 3, 3, 5, 5, 6) −6
[0, 1, 1, 0, 0, 0, 1, 0, 1, 1] (2, 3, 5, 8, 11, 14, 17, 21, 13, 6, 12) (1, 1, 2, 3, 3, 3, 3, 4, 4, 5, 6) −8
[0, 1, 1, 0, 0, 1, 0, 0, 0, 2] (2, 3, 5, 8, 11, 14, 18, 22, 14, 6, 12) (1, 1, 2, 3, 3, 3, 4, 4, 4, 4, 6) −10
[0, 2, 0, 0, 0, 0, 0, 0, 3, 0] (2, 3, 6, 9, 12, 15, 18, 21, 12, 6, 12) (1, 1, 3, 3, 3, 3, 3, 3, 3, 6, 6) −6
[0, 2, 0, 0, 0, 0, 0, 1, 1, 1] (2, 3, 6, 9, 12, 15, 18, 21, 13, 6, 12) (1, 1, 3, 3, 3, 3, 3, 3, 4, 5, 6) −10
[0, 2, 0, 0, 0, 0, 1, 0, 0, 2] (2, 3, 6, 9, 12, 15, 18, 22, 14, 6, 12) (1, 1, 3, 3, 3, 3, 3, 4, 4, 4, 6) −12
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[0, 2, 1, 1, 0, 0, 0, 0, 0, 2] (1, 1, 3, 6, 10, 14, 18, 22, 14, 6, 12) (0, 0, 2, 3, 4, 4, 4, 4, 4, 4, 6) 2
[0, 3, 0, 0, 0, 1, 0, 0, 1, 1] (1, 1, 4, 7, 10, 13, 17, 21, 13, 6, 12) (0, 0, 3, 3, 3, 3, 4, 4, 4, 5, 6) 2
[0, 3, 0, 0, 1, 0, 0, 0, 0, 2] (1, 1, 4, 7, 10, 14, 18, 22, 14, 6, 12) (0, 0, 3, 3, 3, 4, 4, 4, 4, 4, 6) 0
[1, 0, 0, 0, 0, 0, 0, 0, 0, 3] (3, 6, 9, 12, 15, 18, 21, 24, 15, 6, 12) (2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 6) −22
[1, 0, 0, 0, 0, 1, 1, 1, 1, 0] (2, 4, 6, 8, 10, 12, 15, 19, 12, 6, 12) (1, 2, 2, 2, 2, 2, 3, 4, 5, 6, 6) 0
[1, 0, 0, 0, 0, 1, 2, 0, 0, 1] (2, 4, 6, 8, 10, 12, 15, 20, 13, 6, 12) (1, 2, 2, 2, 2, 2, 3, 5, 5, 5, 6) −2
[1, 0, 0, 0, 0, 2, 0, 0, 2, 0] (2, 4, 6, 8, 10, 12, 16, 20, 12, 6, 12) (1, 2, 2, 2, 2, 2, 4, 4, 4, 6, 6) −2
[1, 0, 0, 0, 0, 2, 0, 1, 0, 1] (2, 4, 6, 8, 10, 12, 16, 20, 13, 6, 12) (1, 2, 2, 2, 2, 2, 4, 4, 5, 5, 6) −4
[1, 0, 0, 0, 1, 0, 0, 2, 1, 0] (2, 4, 6, 8, 10, 13, 16, 19, 12, 6, 12) (1, 2, 2, 2, 2, 3, 3, 3, 5, 6, 6) −2
[1, 0, 0, 0, 1, 0, 1, 0, 2, 0] (2, 4, 6, 8, 10, 13, 16, 20, 12, 6, 12) (1, 2, 2, 2, 2, 3, 3, 4, 4, 6, 6) −4
[1, 0, 0, 0, 1, 0, 1, 1, 0, 1] (2, 4, 6, 8, 10, 13, 16, 20, 13, 6, 12) (1, 2, 2, 2, 2, 3, 3, 4, 5, 5, 6) −6
[1, 0, 0, 0, 1, 1, 0, 0, 1, 1] (2, 4, 6, 8, 10, 13, 17, 21, 13, 6, 12) (1, 2, 2, 2, 2, 3, 4, 4, 4, 5, 6) −8
[1, 0, 0, 0, 2, 0, 0, 0, 0, 2] (2, 4, 6, 8, 10, 14, 18, 22, 14, 6, 12) (1, 2, 2, 2, 2, 4, 4, 4, 4, 4, 6) −10
[1, 0, 0, 1, 0, 0, 0, 1, 2, 0] (2, 4, 6, 8, 11, 14, 17, 20, 12, 6, 12) (1, 2, 2, 2, 3, 3, 3, 3, 4, 6, 6) −6
[1, 0, 0, 1, 0, 0, 0, 2, 0, 1] (2, 4, 6, 8, 11, 14, 17, 20, 13, 6, 12) (1, 2, 2, 2, 3, 3, 3, 3, 5, 5, 6) −8
[1, 0, 0, 1, 0, 0, 1, 0, 1, 1] (2, 4, 6, 8, 11, 14, 17, 21, 13, 6, 12) (1, 2, 2, 2, 3, 3, 3, 4, 4, 5, 6) −10
[1, 0, 0, 1, 0, 1, 0, 0, 0, 2] (2, 4, 6, 8, 11, 14, 18, 22, 14, 6, 12) (1, 2, 2, 2, 3, 3, 4, 4, 4, 4, 6) −12
[1, 0, 1, 0, 0, 0, 0, 0, 3, 0] (2, 4, 6, 9, 12, 15, 18, 21, 12, 6, 12) (1, 2, 2, 3, 3, 3, 3, 3, 3, 6, 6) −8
[1, 0, 1, 0, 0, 0, 0, 1, 1, 1] (2, 4, 6, 9, 12, 15, 18, 21, 13, 6, 12) (1, 2, 2, 3, 3, 3, 3, 3, 4, 5, 6) −12
[1, 0, 1, 0, 0, 0, 1, 0, 0, 2] (2, 4, 6, 9, 12, 15, 18, 22, 14, 6, 12) (1, 2, 2, 3, 3, 3, 3, 4, 4, 4, 6) −14
[1, 0, 2, 0, 1, 0, 0, 0, 1, 1] (1, 2, 3, 6, 9, 13, 17, 21, 13, 6, 12) (0, 1, 1, 3, 3, 4, 4, 4, 4, 5, 6) 2
[1, 0, 2, 1, 0, 0, 0, 0, 0, 2] (1, 2, 3, 6, 10, 14, 18, 22, 14, 6, 12) (0, 1, 1, 3, 4, 4, 4, 4, 4, 4, 6) 0
[1, 1, 0, 0, 0, 0, 0, 0, 2, 1] (2, 4, 7, 10, 13, 16, 19, 22, 13, 6, 12) (1, 2, 3, 3, 3, 3, 3, 3, 3, 5, 6) −14
[1, 1, 0, 0, 0, 0, 0, 1, 0, 2] (2, 4, 7, 10, 13, 16, 19, 22, 14, 6, 12) (1, 2, 3, 3, 3, 3, 3, 3, 4, 4, 6) −16
[1, 1, 0, 1, 0, 1, 0, 1, 0, 1] (1, 2, 4, 6, 9, 12, 16, 20, 13, 6, 12) (0, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6) 2
[1, 1, 0, 1, 1, 0, 0, 0, 1, 1] (1, 2, 4, 6, 9, 13, 17, 21, 13, 6, 12) (0, 1, 2, 2, 3, 4, 4, 4, 4, 5, 6) 0
[1, 1, 0, 2, 0, 0, 0, 0, 0, 2] (1, 2, 4, 6, 10, 14, 18, 22, 14, 6, 12) (0, 1, 2, 2, 4, 4, 4, 4, 4, 4, 6) −2
[1, 1, 1, 0, 0, 0, 1, 0, 2, 0] (1, 2, 4, 7, 10, 13, 16, 20, 12, 6, 12) (0, 1, 2, 3, 3, 3, 3, 4, 4, 6, 6) 2
[1, 1, 1, 0, 0, 0, 1, 1, 0, 1] (1, 2, 4, 7, 10, 13, 16, 20, 13, 6, 12) (0, 1, 2, 3, 3, 3, 3, 4, 5, 5, 6) 0
[1, 1, 1, 0, 0, 1, 0, 0, 1, 1] (1, 2, 4, 7, 10, 13, 17, 21, 13, 6, 12) (0, 1, 2, 3, 3, 3, 4, 4, 4, 5, 6) −2
[1, 1, 1, 0, 1, 0, 0, 0, 0, 2] (1, 2, 4, 7, 10, 14, 18, 22, 14, 6, 12) (0, 1, 2, 3, 3, 4, 4, 4, 4, 4, 6) −4
[1, 2, 0, 0, 0, 0, 0, 1, 2, 0] (1, 2, 5, 8, 11, 14, 17, 20, 12, 6, 12) (0, 1, 3, 3, 3, 3, 3, 3, 4, 6, 6) 0
[1, 2, 0, 0, 0, 0, 0, 2, 0, 1] (1, 2, 5, 8, 11, 14, 17, 20, 13, 6, 12) (0, 1, 3, 3, 3, 3, 3, 3, 5, 5, 6) −2
[1, 2, 0, 0, 0, 0, 1, 0, 1, 1] (1, 2, 5, 8, 11, 14, 17, 21, 13, 6, 12) (0, 1, 3, 3, 3, 3, 3, 4, 4, 5, 6) −4
[1, 2, 0, 0, 0, 1, 0, 0, 0, 2] (1, 2, 5, 8, 11, 14, 18, 22, 14, 6, 12) (0, 1, 3, 3, 3, 3, 4, 4, 4, 4, 6) −6
[2, 0, 0, 0, 0, 0, 0, 0, 1, 2] (2, 5, 8, 11, 14, 17, 20, 23, 14, 6, 12) (1, 3, 3, 3, 3, 3, 3, 3, 3, 4, 6) −18
[2, 0, 0, 0, 1, 0, 2, 0, 0, 1] (1, 3, 5, 7, 9, 12, 15, 20, 13, 6, 12) (0, 2, 2, 2, 2, 3, 3, 5, 5, 5, 6) 2
[2, 0, 0, 0, 1, 1, 0, 0, 2, 0] (1, 3, 5, 7, 9, 12, 16, 20, 12, 6, 12) (0, 2, 2, 2, 2, 3, 4, 4, 4, 6, 6) 2
[2, 0, 0, 0, 1, 1, 0, 1, 0, 1] (1, 3, 5, 7, 9, 12, 16, 20, 13, 6, 12) (0, 2, 2, 2, 2, 3, 4, 4, 5, 5, 6) 0
[2, 0, 0, 0, 2, 0, 0, 0, 1, 1] (1, 3, 5, 7, 9, 13, 17, 21, 13, 6, 12) (0, 2, 2, 2, 2, 4, 4, 4, 4, 5, 6) −2
[2, 0, 0, 1, 0, 0, 0, 2, 1, 0] (1, 3, 5, 7, 10, 13, 16, 19, 12, 6, 12) (0, 2, 2, 2, 3, 3, 3, 3, 5, 6, 6) 2
[2, 0, 0, 1, 0, 0, 1, 0, 2, 0] (1, 3, 5, 7, 10, 13, 16, 20, 12, 6, 12) (0, 2, 2, 2, 3, 3, 3, 4, 4, 6, 6) 0
[2, 0, 0, 1, 0, 0, 1, 1, 0, 1] (1, 3, 5, 7, 10, 13, 16, 20, 13, 6, 12) (0, 2, 2, 2, 3, 3, 3, 4, 5, 5, 6) −2
[2, 0, 0, 1, 0, 1, 0, 0, 1, 1] (1, 3, 5, 7, 10, 13, 17, 21, 13, 6, 12) (0, 2, 2, 2, 3, 3, 4, 4, 4, 5, 6) −4
[2, 0, 0, 1, 1, 0, 0, 0, 0, 2] (1, 3, 5, 7, 10, 14, 18, 22, 14, 6, 12) (0, 2, 2, 2, 3, 4, 4, 4, 4, 4, 6) −6
[2, 0, 1, 0, 0, 0, 0, 1, 2, 0] (1, 3, 5, 8, 11, 14, 17, 20, 12, 6, 12) (0, 2, 2, 3, 3, 3, 3, 3, 4, 6, 6) −2
[2, 0, 1, 0, 0, 0, 0, 2, 0, 1] (1, 3, 5, 8, 11, 14, 17, 20, 13, 6, 12) (0, 2, 2, 3, 3, 3, 3, 3, 5, 5, 6) −4
[2, 0, 1, 0, 0, 0, 1, 0, 1, 1] (1, 3, 5, 8, 11, 14, 17, 21, 13, 6, 12) (0, 2, 2, 3, 3, 3, 3, 4, 4, 5, 6) −6
[2, 0, 1, 0, 0, 1, 0, 0, 0, 2] (1, 3, 5, 8, 11, 14, 18, 22, 14, 6, 12) (0, 2, 2, 3, 3, 3, 4, 4, 4, 4, 6) −8
[2, 1, 0, 0, 0, 0, 0, 0, 3, 0] (1, 3, 6, 9, 12, 15, 18, 21, 12, 6, 12) (0, 2, 3, 3, 3, 3, 3, 3, 3, 6, 6) −4
[2, 1, 0, 0, 0, 0, 0, 1, 1, 1] (1, 3, 6, 9, 12, 15, 18, 21, 13, 6, 12) (0, 2, 3, 3, 3, 3, 3, 3, 4, 5, 6) −8
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[2, 1, 0, 0, 0, 0, 1, 0, 0, 2] (1, 3, 6, 9, 12, 15, 18, 22, 14, 6, 12) (0, 2, 3, 3, 3, 3, 3, 4, 4, 4, 6) −10
[3, 0, 0, 0, 0, 0, 0, 0, 2, 1] (1, 4, 7, 10, 13, 16, 19, 22, 13, 6, 12) (0, 3, 3, 3, 3, 3, 3, 3, 3, 5, 6) −10
[3, 0, 0, 0, 0, 0, 0, 1, 0, 2] (1, 4, 7, 10, 13, 16, 19, 22, 14, 6, 12) (0, 3, 3, 3, 3, 3, 3, 3, 4, 4, 6) −12
[0, 0, 0, 0, 0, 0, 2, 0, 2, 1] (3, 5, 7, 9, 11, 13, 15, 19, 11, 5, 12) (2, 2, 2, 2, 2, 2, 2, 4, 4, 6, 7) 2
[0, 0, 0, 0, 0, 0, 2, 1, 0, 2] (3, 5, 7, 9, 11, 13, 15, 19, 12, 5, 12) (2, 2, 2, 2, 2, 2, 2, 4, 5, 5, 7) 0
[0, 0, 0, 0, 0, 1, 0, 1, 2, 1] (3, 5, 7, 9, 11, 13, 16, 19, 11, 5, 12) (2, 2, 2, 2, 2, 2, 3, 3, 4, 6, 7) 0
[0, 0, 0, 0, 0, 1, 0, 2, 0, 2] (3, 5, 7, 9, 11, 13, 16, 19, 12, 5, 12) (2, 2, 2, 2, 2, 2, 3, 3, 5, 5, 7) −2
[0, 0, 0, 0, 0, 1, 1, 0, 1, 2] (3, 5, 7, 9, 11, 13, 16, 20, 12, 5, 12) (2, 2, 2, 2, 2, 2, 3, 4, 4, 5, 7) −4
[0, 0, 0, 0, 0, 2, 0, 0, 0, 3] (3, 5, 7, 9, 11, 13, 17, 21, 13, 5, 12) (2, 2, 2, 2, 2, 2, 4, 4, 4, 4, 7) −6
[0, 0, 0, 0, 1, 0, 0, 0, 3, 1] (3, 5, 7, 9, 11, 14, 17, 20, 11, 5, 12) (2, 2, 2, 2, 2, 3, 3, 3, 3, 6, 7) −2
[0, 0, 0, 0, 1, 0, 0, 1, 1, 2] (3, 5, 7, 9, 11, 14, 17, 20, 12, 5, 12) (2, 2, 2, 2, 2, 3, 3, 3, 4, 5, 7) −6
[0, 0, 0, 0, 1, 0, 1, 0, 0, 3] (3, 5, 7, 9, 11, 14, 17, 21, 13, 5, 12) (2, 2, 2, 2, 2, 3, 3, 4, 4, 4, 7) −8
[0, 0, 0, 1, 0, 0, 0, 0, 2, 2] (3, 5, 7, 9, 12, 15, 18, 21, 12, 5, 12) (2, 2, 2, 2, 3, 3, 3, 3, 3, 5, 7) −8
[0, 0, 0, 1, 0, 0, 0, 1, 0, 3] (3, 5, 7, 9, 12, 15, 18, 21, 13, 5, 12) (2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 7) −10
[0, 0, 1, 0, 0, 0, 0, 0, 1, 3] (3, 5, 7, 10, 13, 16, 19, 22, 13, 5, 12) (2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 7) −12
[0, 0, 1, 1, 1, 0, 0, 0, 0, 3] (2, 3, 4, 6, 9, 13, 17, 21, 13, 5, 12) (1, 1, 1, 2, 3, 4, 4, 4, 4, 4, 7) 2
[0, 0, 2, 0, 0, 0, 1, 0, 1, 2] (2, 3, 4, 7, 10, 13, 16, 20, 12, 5, 12) (1, 1, 1, 3, 3, 3, 3, 4, 4, 5, 7) 2
[0, 0, 2, 0, 0, 1, 0, 0, 0, 3] (2, 3, 4, 7, 10, 13, 17, 21, 13, 5, 12) (1, 1, 1, 3, 3, 3, 4, 4, 4, 4, 7) 0
[0, 1, 0, 0, 0, 0, 0, 0, 0, 4] (3, 5, 8, 11, 14, 17, 20, 23, 14, 5, 12) (2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 7) −14
[0, 1, 0, 0, 1, 1, 0, 0, 1, 2] (2, 3, 5, 7, 9, 12, 16, 20, 12, 5, 12) (1, 1, 2, 2, 2, 3, 4, 4, 4, 5, 7) 2
[0, 1, 0, 0, 2, 0, 0, 0, 0, 3] (2, 3, 5, 7, 9, 13, 17, 21, 13, 5, 12) (1, 1, 2, 2, 2, 4, 4, 4, 4, 4, 7) 0
[0, 1, 0, 1, 0, 0, 0, 2, 0, 2] (2, 3, 5, 7, 10, 13, 16, 19, 12, 5, 12) (1, 1, 2, 2, 3, 3, 3, 3, 5, 5, 7) 2
[0, 1, 0, 1, 0, 0, 1, 0, 1, 2] (2, 3, 5, 7, 10, 13, 16, 20, 12, 5, 12) (1, 1, 2, 2, 3, 3, 3, 4, 4, 5, 7) 0
[0, 1, 0, 1, 0, 1, 0, 0, 0, 3] (2, 3, 5, 7, 10, 13, 17, 21, 13, 5, 12) (1, 1, 2, 2, 3, 3, 4, 4, 4, 4, 7) −2
[0, 1, 1, 0, 0, 0, 0, 0, 3, 1] (2, 3, 5, 8, 11, 14, 17, 20, 11, 5, 12) (1, 1, 2, 3, 3, 3, 3, 3, 3, 6, 7) 2
[0, 1, 1, 0, 0, 0, 0, 1, 1, 2] (2, 3, 5, 8, 11, 14, 17, 20, 12, 5, 12) (1, 1, 2, 3, 3, 3, 3, 3, 4, 5, 7) −2
[0, 1, 1, 0, 0, 0, 1, 0, 0, 3] (2, 3, 5, 8, 11, 14, 17, 21, 13, 5, 12) (1, 1, 2, 3, 3, 3, 3, 4, 4, 4, 7) −4
[0, 2, 0, 0, 0, 0, 0, 0, 2, 2] (2, 3, 6, 9, 12, 15, 18, 21, 12, 5, 12) (1, 1, 3, 3, 3, 3, 3, 3, 3, 5, 7) −4
[0, 2, 0, 0, 0, 0, 0, 1, 0, 3] (2, 3, 6, 9, 12, 15, 18, 21, 13, 5, 12) (1, 1, 3, 3, 3, 3, 3, 3, 4, 4, 7) −6
[1, 0, 0, 0, 0, 1, 1, 1, 0, 2] (2, 4, 6, 8, 10, 12, 15, 19, 12, 5, 12) (1, 2, 2, 2, 2, 2, 3, 4, 5, 5, 7) 2
[1, 0, 0, 0, 0, 2, 0, 0, 1, 2] (2, 4, 6, 8, 10, 12, 16, 20, 12, 5, 12) (1, 2, 2, 2, 2, 2, 4, 4, 4, 5, 7) 0
[1, 0, 0, 0, 1, 0, 0, 1, 2, 1] (2, 4, 6, 8, 10, 13, 16, 19, 11, 5, 12) (1, 2, 2, 2, 2, 3, 3, 3, 4, 6, 7) 2
[1, 0, 0, 0, 1, 0, 0, 2, 0, 2] (2, 4, 6, 8, 10, 13, 16, 19, 12, 5, 12) (1, 2, 2, 2, 2, 3, 3, 3, 5, 5, 7) 0
[1, 0, 0, 0, 1, 0, 1, 0, 1, 2] (2, 4, 6, 8, 10, 13, 16, 20, 12, 5, 12) (1, 2, 2, 2, 2, 3, 3, 4, 4, 5, 7) −2
[1, 0, 0, 0, 1, 1, 0, 0, 0, 3] (2, 4, 6, 8, 10, 13, 17, 21, 13, 5, 12) (1, 2, 2, 2, 2, 3, 4, 4, 4, 4, 7) −4
[1, 0, 0, 1, 0, 0, 0, 0, 3, 1] (2, 4, 6, 8, 11, 14, 17, 20, 11, 5, 12) (1, 2, 2, 2, 3, 3, 3, 3, 3, 6, 7) 0
[1, 0, 0, 1, 0, 0, 0, 1, 1, 2] (2, 4, 6, 8, 11, 14, 17, 20, 12, 5, 12) (1, 2, 2, 2, 3, 3, 3, 3, 4, 5, 7) −4
[1, 0, 0, 1, 0, 0, 1, 0, 0, 3] (2, 4, 6, 8, 11, 14, 17, 21, 13, 5, 12) (1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 7) −6
[1, 0, 1, 0, 0, 0, 0, 0, 2, 2] (2, 4, 6, 9, 12, 15, 18, 21, 12, 5, 12) (1, 2, 2, 3, 3, 3, 3, 3, 3, 5, 7) −6
[1, 0, 1, 0, 0, 0, 0, 1, 0, 3] (2, 4, 6, 9, 12, 15, 18, 21, 13, 5, 12) (1, 2, 2, 3, 3, 3, 3, 3, 4, 4, 7) −8
[1, 1, 0, 0, 0, 0, 0, 0, 1, 3] (2, 4, 7, 10, 13, 16, 19, 22, 13, 5, 12) (1, 2, 3, 3, 3, 3, 3, 3, 3, 4, 7) −10
[1, 1, 1, 0, 0, 1, 0, 0, 0, 3] (1, 2, 4, 7, 10, 13, 17, 21, 13, 5, 12) (0, 1, 2, 3, 3, 3, 4, 4, 4, 4, 7) 2
[1, 2, 0, 0, 0, 0, 0, 1, 1, 2] (1, 2, 5, 8, 11, 14, 17, 20, 12, 5, 12) (0, 1, 3, 3, 3, 3, 3, 3, 4, 5, 7) 2
[1, 2, 0, 0, 0, 0, 1, 0, 0, 3] (1, 2, 5, 8, 11, 14, 17, 21, 13, 5, 12) (0, 1, 3, 3, 3, 3, 3, 4, 4, 4, 7) 0
[2, 0, 0, 0, 0, 0, 0, 0, 0, 4] (2, 5, 8, 11, 14, 17, 20, 23, 14, 5, 12) (1, 3, 3, 3, 3, 3, 3, 3, 3, 3, 7) −12
[2, 0, 0, 0, 2, 0, 0, 0, 0, 3] (1, 3, 5, 7, 9, 13, 17, 21, 13, 5, 12) (0, 2, 2, 2, 2, 4, 4, 4, 4, 4, 7) 2
[2, 0, 0, 1, 0, 0, 1, 0, 1, 2] (1, 3, 5, 7, 10, 13, 16, 20, 12, 5, 12) (0, 2, 2, 2, 3, 3, 3, 4, 4, 5, 7) 2
[2, 0, 0, 1, 0, 1, 0, 0, 0, 3] (1, 3, 5, 7, 10, 13, 17, 21, 13, 5, 12) (0, 2, 2, 2, 3, 3, 4, 4, 4, 4, 7) 0
[2, 0, 1, 0, 0, 0, 0, 1, 1, 2] (1, 3, 5, 8, 11, 14, 17, 20, 12, 5, 12) (0, 2, 2, 3, 3, 3, 3, 3, 4, 5, 7) 0
[2, 0, 1, 0, 0, 0, 1, 0, 0, 3] (1, 3, 5, 8, 11, 14, 17, 21, 13, 5, 12) (0, 2, 2, 3, 3, 3, 3, 4, 4, 4, 7) −2
[2, 1, 0, 0, 0, 0, 0, 0, 2, 2] (1, 3, 6, 9, 12, 15, 18, 21, 12, 5, 12) (0, 2, 3, 3, 3, 3, 3, 3, 3, 5, 7) −2
Continued on the next page
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Table 34 - continued from the previous page
A10 weights β (αi basis) β (ei basis) β2
[2, 1, 0, 0, 0, 0, 0, 1, 0, 3] (1, 3, 6, 9, 12, 15, 18, 21, 13, 5, 12) (0, 2, 3, 3, 3, 3, 3, 3, 4, 4, 7) −4
[3, 0, 0, 0, 0, 0, 0, 0, 1, 3] (1, 4, 7, 10, 13, 16, 19, 22, 13, 5, 12) (0, 3, 3, 3, 3, 3, 3, 3, 3, 4, 7) −6
[0, 0, 0, 0, 0, 1, 1, 0, 0, 4] (3, 5, 7, 9, 11, 13, 16, 20, 12, 4, 12) (2, 2, 2, 2, 2, 2, 3, 4, 4, 4, 8) 2
[0, 0, 0, 0, 1, 0, 0, 0, 2, 3] (3, 5, 7, 9, 11, 14, 17, 20, 11, 4, 12) (2, 2, 2, 2, 2, 3, 3, 3, 3, 5, 8) 2
[0, 0, 0, 0, 1, 0, 0, 1, 0, 4] (3, 5, 7, 9, 11, 14, 17, 20, 12, 4, 12) (2, 2, 2, 2, 2, 3, 3, 3, 4, 4, 8) 0
[0, 0, 0, 1, 0, 0, 0, 0, 1, 4] (3, 5, 7, 9, 12, 15, 18, 21, 12, 4, 12) (2, 2, 2, 2, 3, 3, 3, 3, 3, 4, 8) −2
[0, 0, 1, 0, 0, 0, 0, 0, 0, 5] (3, 5, 7, 10, 13, 16, 19, 22, 13, 4, 12) (2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 8) −4
[0, 2, 0, 0, 0, 0, 0, 0, 1, 4] (2, 3, 6, 9, 12, 15, 18, 21, 12, 4, 12) (1, 1, 3, 3, 3, 3, 3, 3, 3, 4, 8) 2
[1, 0, 0, 1, 0, 0, 0, 1, 0, 4] (2, 4, 6, 8, 11, 14, 17, 20, 12, 4, 12) (1, 2, 2, 2, 3, 3, 3, 3, 4, 4, 8) 2
[1, 0, 1, 0, 0, 0, 0, 0, 1, 4] (2, 4, 6, 9, 12, 15, 18, 21, 12, 4, 12) (1, 2, 2, 3, 3, 3, 3, 3, 3, 4, 8) 0
[1, 1, 0, 0, 0, 0, 0, 0, 0, 5] (2, 4, 7, 10, 13, 16, 19, 22, 13, 4, 12) (1, 2, 3, 3, 3, 3, 3, 3, 3, 3, 8) −2
[3, 0, 0, 0, 0, 0, 0, 0, 0, 5] (1, 4, 7, 10, 13, 16, 19, 22, 13, 4, 12) (0, 3, 3, 3, 3, 3, 3, 3, 3, 3, 8) 2
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B Solutions of M-theory
B.1 Electric Branes
There is a substantial literature deriving single brane solutions in generic supergravity theories
[90], for a review see [77, 78]. The M2, M5 and pp-wave solutions of M -theory have been derived
from E11 in [68].
For E11 we have no dilaton and find the single brane solutions to be determined from a truncated
action of the form
A =
1
16piG11
∫
d11x
√−g(R− 1
2.4!
Fa1...anF
a1...an) (B.1)
Fa1...an is a general n-form field strength formed in the non-linear realisation from the gauge fields.
From [68] we have two field strengths, which are dual to each other, which we consider as arising
from the a 3-form and a 6-form gauge field
Ft1x1x2r =4∂[rAt1x1x2] = ∂rAt1x1x2 = ∂rN
−1
(0,8) (B.2)
Ft1x1x2x3x4x5r =7∂[rAt1x1x2x3x4x5] = ∂rAt1x1x2x3x4x5 = ∂rN
−1
(0,5)
The appropriate Einstein and gauge equations may be found by setting φ = 0, δˆti ti = 1, δˆ
xi
xi = p,
δˆuaua = 0 and δˆ
ya
ya = D−p−1 in equations (6.2) and (6.8). The line element of an electric solution
is derived from the solution generating group element and coincides with line element for single
brane BPS solutions specified by equations (6.4) [68, 28]. The non-linear realisation decomposes
E11 with respect to its longest gravity line A10 obtaining a gravitational theory in 11 dimensions
and an infinite array of irreducible representations. These representations are classified by level,
the coefficient of the exceptional root α11 associated to the representation; all the usual solutions
of eleven dimensional supergravity appear below level three. In the group element above, β is the
root associated to the lowest weight of each representation. The following solutions are found,
B.2 The M2-Brane
The line element of the M2-brane solution is [97]
ds2 = N−
2
3
(0,8)(−dt12 + dx21 + dx22) +N
1
3
(0,8)(dy
2
1 + . . . dy
2
8) (B.3)
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B.2 The M2-Brane
Giving a metric
gµν =

t1 x1 x2 y1 . . . y8
t1 −N−
2
3
(0,8) 0 0 0 0 0
x1 0 N
− 23
(0,8) 0 0 0 0
x2 0 0 N
− 23
(0,8) 0 0 0
y1 0 0 0 N
1
3
(0,8) 0 0
... 0 0 0 0
. . . 0
y8 0 0 0 0 0 N
1
3
(0,8)

So
√−g = N 13(0,8) and we see that the gauge equation is satisfied by Ft1x1x2ya = ∂yaN−1(0,8) in the
following manner,
∂ya(
√−gF t1x1x2ya) =∂ya(N
1
3
(0,8)g
t1t
′
1gx1x
′
1gx2x
′
2gyay
′
aFt′1x′1x′2y′a)
=∂y1(−N2(0,8)Ft1x1x2y1) + . . . ∂y8(−N2(0,8)Ft1x1x2y8)
=∂ya(−N2(0,8)∂yaN−1(0,8))δˆyaya
=∂ya∂yaN(0,8)δˆ
ya
ya
=0
In the last line we have used the fact that N(0,8) is an harmonic function in ya, as can be checked
from its definition in equation (6.5). We see that the Einstein equations are satisfied by checking
that the right-hand-side of each equation equals the curvature term for the electric solution. A
term that appears frequently is F t1x1x2yaFt1x1x2ya which we evaluate at the outset
F t1x1x2yaFt1x1x2ya = F
t1x1x2y1Ft1x1x2y1 + . . . F
t1x1x2y8Ft1x1x2y8 (B.4)
= −N− 13(0,8)N2(0,8)(Ft1x1x2y1)2 − . . .−N
− 13
(0,8)N
2
(0,8)(Ft1x1x2y8)
2
= −8N− 13(0,8)N−2(0,8)(∂yaN(0,8))2
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B.3 The M5-Brane
We proceed to check the Einstein equations,
(
ti
ti
) 1
2.4!
(4F t1µ1µ2µ3Ft1µ1µ2µ3 −
1
3
Fµ1µ2µ3µ4Fµ1µ2µ3µ4)
=
1
2.4!
(4.3!− 4!
3
)F t1x1x2yaFt1x1x2ya (B.5)
= −8
3
N
− 13
(0,8)N
−2
(0,8)(∂yaN(0,8))
2
= N−
1
3
(0,8){−∂ya∂ya lnN
− 13
(0,8)}δˆyaya
≡ Rti ti(
xi
xi
) 1
2.4!
(4F xiµ1µ2µ3Fxiµ1µ2µ3 −
1
3
Fµ1µ2µ3µ4Fµ1µ2µ3µ4 δˆ
xi
xi)
=
1
2.4!
(4.3!− 4!
3
)F t1x1x2yaFt1x1x2ya δˆ
xi
xi (B.6)
= N−
1
3
(0,8){−∂ya∂ya lnN
− 13
(0,8)}δˆyaya δˆxixi
≡ Rxixi(
ya
ya
) 1
2.4!
(4F yaµ1µ2µ3Fyaµ1µ2µ3 −
1
3
Fµ1µ2µ3µ4Fµ1µ2µ3µ4)
=
1
2.4!
(4.3!− 4!
3
δˆyaya)F
t1x1x2yaFt1x1x2ya (B.7)
=
5
6
N
− 13
(0,8)N
−2
(0,8)(∂yaN(0,8))
2
δˆyaya
= N−
1
3
2 {−8∂ya∂ya lnN
1
6
(0,8) − 3(∂ya lnN
− 13
(0,8))
2
− 6(∂ya lnN
1
6
(0,8))
2}δˆyaya
≡ Ryaya
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The line element of the M5-brane solution is [98]
ds2 = N−
1
3
(0,5)(−dt12 + dx21 + . . . dx25) +N
2
3
(0,5)(dy
2
1 + . . . dy
2
5) (B.8)
Giving a metric
gµν =

t1 x1 . . . x5 y1 . . . y5
t1 −N−
1
3
(0,5) 0 0 0 0 0 0
x1 0 N
− 13
(0,5) 0 0 0 0 0
... 0 0
. . . 0 0 0 0
x5 0 0 0 N
− 13
(0,5) 0 0 0
y1 0 0 0 0 N
2
3
(0,5) 0 0
... 0 0 0 0 0
. . . 0
y5 0 0 0 0 0 0 N
2
3
(0,5)

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So
√−g = N 23(0,5) and we see that the gauge equation is satisfied by Ft1x1...x5ya = ∂yaN−1(0,5) in the
following manner,
∂ya(
√−gF t1x1...x5ya) =∂a(−N2(0,5)∂aN−1(0,5))δˆyaya
=∂ya∂yaN(0,5)δˆ
ya
ya
=0
As N(0,5) is an harmonic function in ya. The Einstein equations are satisfied in the same way as
the M2-brane solution, but it will be useful to express the equations in terms of the harmonic
function N(0,5) for reference.
(
ti
ti
) 1
2.7!
(7.6!− 2.7!
3
)F t1x1...x5yaFt1x1...x5ya = −
1
6
N
− 23
(0,5)N
−2
(0,5)(∂yaN(0,5))
2
δˆyaya(
xi
xi
) 1
2.7!
(7.6!− 2.7!
3
)5F t1x1...x5yaFt1x1...x5ya = −
5
6
N
− 23
(0,5)N
−2
(0,5)(∂yaN(0,5))
2
δˆyaya(
ya
ya
) 1
2.7!
(7.6!− 52.7!
3
)F t1x1...x5yaFt1x1...x5ya =
7
6
N
− 23
(0,5)N
−2
(0,5)(∂yaN(0,5))
2
δˆyaya
B.4 The pp-Wave
The pp-wave solution [99] arises from considering the lowest weight generator associated to a
positive root, namely K12, in the weight chain whose highest weight has root β = α1 +α2 + . . . α10.
K12 is the generator of the root α1 and we find an associated line element,
ds2 = −(1−K)dt12 + (1 +K)dx22 − 2Kdt1dx2 + dΩ29 (B.9)
Where we have made the substitution Npp = 1 + K and we note that Npp = 1 + Q7r7 , and r
2 =
y21 + . . . y
2
9 . We note that K = K(y1, . . . y9), which is less general than the solution in [99], but fits
with the generic harmonic functions we have used for all brane solutions in this paper.
B.5 Spacelike Brane Solutions
In this appendix we demonstrate that the S-brane solutions discussed in section 6.5 satisfy the
Einstein equations (6.2) in signature (1, 10,−) for our ansatz (6.3). As discussed in section 6.5 our
field strength may be constructed out of a complexified version of the generators that give rise to the
usual electric solutions in (1, 10,+), such that these solutions are derived from a truncated action
with a +F 2 term. Equivalently we may use a real form of the sub-algebra generators in signature
(1, 10,−) to construct our putative solutions. We follow the same approach as in appendix B.1 and
have two field strengths derived from a 3-form and a 6-form gauge field both of which have purely
spatial indices, given in equation (6.28). The appropriate Einstein and gauge equations may be
found by setting φ = 0, δˆti ti = 0, δˆ
xi
xi = p + 1, δˆ
ua
ua = 1 and δˆ
ya
ya = D − p − 2 in equations
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(6.2) and (6.8). The line element of a spacelike solution is derived from the solution generating
group element in the same way as the electric case but using a choice of local sub-algebra that
invokes a non-compact timelike generator in the transverse coordinates. The following solutions
are associated with the lowest weights,
B.6 The S2-Brane
We now demonstrate that there exists an S2-brane solution in signature (1, 10,−) for our ansatz
(6.3). The line element of the S2-brane solution is
ds2 = N−
2
3
(1,7)(dx
2
1 + . . . dx
2
3) +N
1
3
(1,7)(−du21 + dy21 + . . . dy27) (B.10)
Giving a metric
gµν =

x1 x2 x3 u1 y1 . . . y7
x1 N
− 23
(1,7) 0 0 0 0 0 0
x2 0 N
− 23
(1,7) 0 0 0 0 0
x3 0 0 N
− 23
(1,7) 0 0 0 0
u1 0 0 0 −N
1
3
(1,7) 0 0 0
y1 0 0 0 0 N
1
3
(1,7) 0 0
... 0 0 0 0 0
. . . 0
y7 0 0 0 0 0 0 N
1
3
(1,7)

So
√−g = N 13(1,7) and we see that the gauge equation is satisfied by Fx1x2x3rˆ = ∂rˆN−1(1,7) in the
following manner,
∂rˆ(
√−gF x1x2x3rˆ) =∂rˆ(N
1
3
(1,7)g
x1x
′
1gx2x
′
2gx3x
′
3grˆrˆ
′
Fx′1x′2x′3rˆ′)
=∂u1(−N2(1,7)∂u1N−1(1,7)) + ∂ya(N2(1,7)∂yaN−1(1,7))δˆyaya
=∂u1∂u1N(1,7) − ∂ya∂yaN(1,7)δˆyaya (B.11)
=0
In the last line we have used the fact that N(1,7) is an harmonic function in ya, as can be checked
from its definition in equation (6.5),
−∂u1∂u1N(1,7) + ∂ya∂yaN(1,7)δˆyaya = −
6k
rˆ8
− 8.6ku
2
1
rˆ10
− 6k
rˆ8
δˆyaya +
8.6ky2a
rˆ10
δˆyaya
= −8.6k
rˆ8
+
8.6krˆ2
rˆ10
(B.12)
= 0
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Where k = ±‖Q‖6 for the S2-brane, as defined in equation (6.5).
We now check that the Einstein equations are satisfied by verifying that the right-hand-side of
each equation equals the curvature term for the spacelike solution. A term that appears frequently
is F x1x2x3rˆFx1x2x3rˆ which we evaluate at the outset
F x1x2x3rˆFx1x2x3rˆ = F
x1x2x3u1Fx1x2x3u1 + F
t1x1x2y1Ft1x1x2y1 + . . .
F t1x1x2y7Ft1x1x2y7 (B.13)
= −N− 13(1,7)N2(1,7)(Fx1x2x3u1)2 + 7N
− 13
(1,7)N
2
(1,7)(Fx1x2x3ya)
2
We proceed to check the Einstein equations,
(
xi
xi
) − 1
2.4!
(4F xiµ1µ2µ3Fxiµ1µ2µ3 −
1
3
Fµ1µ2µ3µ4Fµ1µ2µ3µ4 δˆ
xi
xi)
= − 1
2.4!
(4.3!− 4!
3
)F x1x2x3rˆFx1x2x3rˆ δˆ
xi
xi (B.14)
= N−
1
3
(1,7){∂u1∂u1 lnN
− 13
(1,7) − ∂ya∂ya lnN
− 13
(1,7)δˆ
ya
ya}δˆxixi
≡ Rxixi(
ua
ua
) − 1
2.4!
(4Fu1µ1µ2µ3Fu1µ1µ2µ3 −
1
3
Fµ1µ2µ3µ4Fµ1µ2µ3µ4)
= − 1
2.4!
(4.3!F x1x2x3u1Fx1x2x3u1 −
4!
3
F x1x2x3rˆFx1x2x3rˆ) (B.15)
= N−
1
3
(1,7)N
−2
(1,7){
1
3
(∂u1N(1,7))
2 +
7
6
(∂yaN(1,7))
2}
≡ Ruaua(
ya
ya
) − 1
2.4!
(4F yaµ1µ2µ3Fyaµ1µ2µ3 −
1
3
Fµ1µ2µ3µ4Fµ1µ2µ3µ4)
= − 1
2.4!
(4.3!F x1x2x3yaFx1x2x3ya −
4!
3
δˆyayaF
x1x2x3rˆFx1x2x3rˆ) (B.16)
= N−
1
3
(1,7)N
−2
(1,7){−
1
6
(∂u1N(1,7))
2 +
2
3
(∂yaN(1,7))
2}δˆyaya
≡ Ryaya
B.7 The S5-Brane
We now demonstrate that there exists an S5-brane solution in signature (1, 10,−) for our ansatz
(6.3). The line element of the S5-brane solution is
ds2 = N−
1
3
(1,4)(dx
2
1 + . . . dx
2
6) +N
2
3
(1,4)(−du21 + dy21 + . . . dy24) (B.17)
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Giving a metric
gµν =

x1 . . . x6 u1 y1 . . . y4
x1 N
− 13
(1,4) 0 0 0 0 0 0
... 0
. . . 0 0 0 0 0
x6 0 0 N
− 13
(1,4) 0 0 0 0
u1 0 0 0 −N
2
3
(1,4) 0 0 0
y1 0 0 0 0 N
2
3
(1,4) 0 0
... 0 0 0 0 0
. . . 0
y4 0 0 0 0 0 0 N
2
3
(1,4)

So
√−g = N 23(1,4) and we see that the gauge equation is satisfied by Fx1...x6rˆa = ∂rˆaN−1(1,4) in the
same manner as the field strength associated to the S2-brane in equations (B.11) and (B.12). The
Einstein equations are also satisfied in the same way as the S2-brane solution. We first note that
F x1...x6rˆFx1...x6rˆ = −N−
2
3
(1,4)N
−2
(1,4)(∂u1N(1,4))
2 + 4N−
2
3
(1,4)N
−2
(1,4)(∂yaN(1,4))
2 (B.18)
Let us now confirm that the Einstein equations in (1, 10,−) are satisfied for our ansatz (6.3).
(
xi
xi
) − 1
2.7!
(7F xiµ1...µ6Fxiµ1...µ6 −
2
3
Fµ1...µ7Fµ1...µ7 δˆ
xi
xi)
= − 1
2.7!
(7.6!− 2.7!
3
)F x1...x6rˆFx1...x6rˆ δˆ
xi
xi (B.19)
= N−
2
3
(1,4){∂u1∂u1 lnN
− 16
(1,4) − ∂ya∂ya lnN
− 16
(1,4)δˆ
ya
ya}δˆxixi
≡ Rxixi(
ua
ua
) − 1
2.7!
(7Fu1µ1...µ6Fu1µ1...µ6 −
2
3
Fµ1...µ7Fµ1...µ7)
= − 1
2.7!
(7.6!F x1...x6u1Fx1...x6u1 −
2.7!
3
F x1...x6rˆFx1...x6rˆ) (B.20)
= N−
2
3
(1,4)N
−2
(1,4){
1
6
(∂u1N(1,4))
2 +
4
3
(∂yaN(1,4))
2}
≡ Ruaua(
ya
ya
) − 1
2.7!
(7F yaµ1...µ6Fyaµ1...µ6 −
2
3
Fµ1...µ7Fµ1...µ7)
= − 1
2.7!
(7.6!F x1...x6yaFx1...x6ya −
2.7!
3
δˆyayaF
x1...x6rˆFx1...x6rˆ) (B.21)
= N−
2
3
(1,4)N
−2
(1,4){−
1
3
(∂u1N(1,4))
2 +
5
6
(∂yaN(1,4))
2}δˆyaya
≡ Ryaya
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B.8 The Spp-Wave
The Spp-wave solution arises from considering the lowest weight in the weight chain whose highest
weight has root β = α1 + α2 + . . . α10, with a choice of local sub-algebra such that the temporal
coordinate of M -theory is not one of the two distinguished coordinates as it is in the pp-wave
solution. The line element derived from the group element (5.5) using Eβ = iK12 is a solution of
the vacuum Einstein equations and is,
ds2 = (1−K)dx21 + (1 +K)dx22 − 2iKdx1dx2 + dΩ2(1,8) (B.22)
Where dΩ2(1,8) = −du21 + dy21 + . . . dy28 , and K = K(u1, y1, . . . y8). This Spp-wave metric is the line
element expected from a double Wick rotation of the pp-wave solution. A further Wick rotation
would give a pp-wave solution of the M∗-theory in (2, 9). It is non-static and has wavefronts that
progress in the spacelike directions transverse to {x1, x2}.
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C Electric Branes from Kac-Moody Algebras
C.1 Very Extended E6
The Dynkin diagram for E+++6 is given in appendix D. The E
+++
6 algebra may only be uniquely de-
composed with respect to an A7 gravity line, giving an 8-dimensional theory. The simple roots that
we eliminate are α9 and α8 whose corresponding generators are R1(00 . . . 001) and R6780 (00 . . . 010)
and we associate the levels l1 and l2 with these respectively. The s labels on our generators are
chosen to be the l1 level of the generator. The alternative decomposition along the other branch
of the Dynkin diagram is related to the first decomposition via an automorphism.
From [64] we find the remaining algebra contains the generators Kab at level (0,0) and the
following generators at up to level (1,2)
l1 −→ 0 1
l2 ↓ 0 R0 R1
1 Ra1a2a30 R
a1a2a3
1 (C.1)
2 Ra1...a60 R
a1...a6
1
Ra1...a5,b1
All the generators have β2 = 2, where β is the associated root for the generator, with the exceptions
of R0 and Ra1...a61 which have β
2 = 0 and so will not be used as starting points for finding electric
branes.
We make use of the following commutator relations where we have chosen the commutator
coefficient for [R0, R1] and the others have followed from equations (5.18)-(5.21) and the Serre
relations (2.72)
[R0, R1] = −R1
[R0, Ra1a2a30 ] =
1
2
Ra1a2a30 [R0, R
a1a2a3
1 ] = −
1
2
R1
a1a2a3 (C.2)
[R0, Ra1...a60 ] = R
a1...a6
0 [R0, R
a1...a6
1 ] = 0
The simple root generators of E+++6 are
Ea = Kaa+1, a = 1, . . . 7, E8 = R6780 , E9 = R1 (C.3)
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and the Cartan sub-algebra generators, Ha, are given by
Ha = Kaa −Ka+1a+1, a = 1, . . . 7,
H8 = − 12 (K11 + . . .K55) + 12 (K66 + . . .K88) +R0, (C.4)
H9 = −2R0
The low-level field content [64] is hˆab, A, Aa1a2a30, Aa1...a60 and their field strengths have duals
derived from Aa1...a5,b1, Aa1...a61, Aa1a2a31, A1, respectively. Our choice of local sub-algebra for
the non-linear realisation allows us to write the group element of E+++6 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
6!
Aa1...a61R
a1...a6
1 ) exp(
1
6!
Aa1...a60R
a1...a6
0 )
exp(
1
5!
Aa1...a5,b1R
a1...a5,b
1 ) exp(
1
3!
Aa1a2a31R
a1...a3
1 ) (C.5)
exp(
1
3!
Aa1a2a30R
a1...a3
0 ) exp(A1R1) exp(AR0)
The field content of the associated maximally oxidised theory given in [73] agrees with the low-order
E+++6 content given above. The Lagrangian for the oxidised theory, contains contains a graviton,
φ, a 4-form field strength, Fµνρσ0 = 4∂[µAνρσ]0, a 1-form field strength, Fµ1 = ∂µA1 and a dilaton
A and is given by
A =
1
16piGn−1
∫
d8x
√−g(R− 1
2
∂µφ∂
µφ− 1
2
e2φFµ1F
µ
1
− 1
2.4!
e−φFµνρσ0F
µνρσ
0 ) (C.6)
+
∫
C.S.
d8xa1...a8
1
4!4!
A1Fa1...a40Fa5...a80
Using the group element (5.5) we find the following electric branes
A 2-Brane Let us find the electric brane associated with the generator Ra1a2a30 whose highest
weight is R6780 (00 . . . 010). The lowest weight generator is R
123
0 (123 . . . 32110) and the associated
Cartan sub-algebra element is
β ·H = 1
2
(K11 + . . .K33)− 12(K
4
4 + . . .K88) +R0
Bearing in mind that β2 = 2, we find that the group element is
gA = exp(−12 lnN2(
1
2
(K11 + . . .K33)− 12(K
4
4 + . . .K88)))
exp(N−
1
4
2 (1−N2)Eβ) exp(−
1
2
lnN2R0) (C.7)
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We have a dilaton given by
eA = N−
1
2
2 (C.8)
And a line element corresponding to a 2-brane
ds2 = N−
1
2
2 (−dy21 + dx22 + dx23) +N
1
2
2 (dx
2
4 + . . .+ dx
2
8) (C.9)
The brane is derived from a gauge potential
AT123(0) = N
− 14
2 (1−N2) (C.10)
The change to world volume indices is made using (ehˆ)11 = . . . (e
hˆ)33 = N
− 14
2
A123(0) = N
−1
2 − 1 (C.11)
This gauge potential gives rise to a 4-form field strength, Fµνρσ0.
A Second 2-Brane Let us find the brane associated with the generator Ra11 whose highest
weight is R6781 (00 . . . 011). The corresponding lowest weight generator is R
123
1 (123 . . . 32111)
element in the Cartan sub-algebra is identical to that for R1230 but with 2R0 taken off, that is,
β ·H = 1
2
(K11 + . . .K33)− 12(K
4
4 + . . .K88)−R0 (C.12)
We find that the group element of equation (5.5) is
gA = exp(−12 lnN2(
1
2
(K11 + . . .K33)− 12(K
4
4 + . . .K88)))
exp(N−
1
4
2 (1−N2)Eβ) exp(
1
2
lnN2R0) (C.13)
We have a dilaton given by
eA = N
1
2
2 (C.14)
And a line element corresponding to a 2-brane
ds2 = N−
1
2
2 (−dy21 + dx22 + dx23) +N
1
2
2 (dx
2
4 + . . .+ dx
2
8) (C.15)
The brane is derived from a gauge potential
AT123(1) = N
− 14
2 (1−N2) (C.16)
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The change to world volume indices is made using (ehˆ)11 = . . . (e
hˆ)33 = N
− 14
2
A123(1) = N
−1
2 − 1 (C.17)
This gives rise to a 4-form field strength, which we conclude is the dual to Fµνρσ0.
A 5-Brane Let us find the electric brane associated with the generator Ra1a2...a60 which has
highest weight R3456780 (001232120). The lowest weight is R
123456
0 (123454220) and the corresponding
element in the Cartan sub-algebra is
β ·H =H1 + 2H2 + 3H3 + 4H4 + 5H5 + 4H6 + 2H7 + 2H8
=0(K11 + . . .K66)− (K77 +K88) + 2R0 (C.18)
The group element (5.5) is
gA = exp(
1
2
lnN5(K77 +K88))
exp(N−15 (1−N5)Eβ) exp(− lnN5R0) (C.19)
We have a dilaton given by
eA = N−15 (C.20)
And a line element corresponding to a 5-brane
ds2 = (−dy21 + dx22 + . . . dx26) +N5(dx27 + dx28) (C.21)
The brane is derived from a gauge potential
AT12...6(0) = N
−1
5 − 1 (C.22)
The change to world volume indices leaves the form of the gauge potential unaltered as (ehˆ)11 =
. . . (ehˆ)66 = 1
A12...6(0) = N
−1
5 − 1 (C.23)
This gauge potential gives rise to a 7-form field strength, which we conclude is the dual to the 1
form Fµ1 = ∂µR1.
We have have successfully reproduced all the usual BPS electric branes using the group element
given in equation (5.5). The formulae we have found above do indeed correspond to the solutions
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of the Lagrangian (C.6). Our dilaton field A is related to φ by
A = φ (C.24)
C.2 Very Extended E7 - The 10-dimensional theory
The E+++7 algebra may be decomposed with respect to an A9 gravity line, giving a 10-dimensional
theory or equally with respect to its A7 gravity line to give an 8-dimensional theory. We consider
the 10-dimensional theory here, and note that in doing so we depart from the considerations of
[73], in which the 9-dimensional theory is considered.
The simple root whose node we delete is α10 and has generator R78910 (00 . . . 001) and we
associate the level l with it. Our s labels are all zero, as we eliminate only one simple root, and are
discarded in this section. From reference [64] we find the E7+++ algebra decomposed with respect
to an A9 sub-algebra contains the generators Kab at level 0 and the following generators up to
level 2, and notably no dilaton generator,
l ↓
1 Ra1a2a3a4
2 Ra1...a7,b (C.25)
Ra1...a8
We note that the generator Ra1...a8 has associated root β such that β2 = 0 so we discard this as a
starting point for finding an electric brane, all the other generators have β2 = 2. The simple root
generators of E+++7 are
Ea = Kaa+1, a = 1, . . . 9E10 = R78910
and the Cartan sub-algebra generators, Ha, are given by
Ha = Kaa −Ka+1a+1, a = 1, . . . 9,
H10 = − 12 (K11 + . . .K66) + 12 (K77 + . . .K1010) (C.26)
The low-level field content [64] is hˆab, and its field strength has a dual derived from Aa1...a7,b,
we also have fields Aa1a2a3a4 , Aa1...a8 which are not related to each other by a duality condition
and we take them to be self-dual in our low order theory. Our choice of local sub-algebra for the
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non-linear realisation allows us to write the group element of E+++7 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
8!
Aa1...a8R
a1...a8) exp(
1
7!
Aa1...a7,bR
a1...a7,b)
exp(
1
4!
Aa1...a4R
a1...a4) (C.27)
A 3-Brane Let us find the electric brane associated with the generator Ra1a2a3a4 whose high-
est weight is R78910 (00 . . . 001). The lowest weight generator in this representation is R1234
(1234443211) giving,
β ·H = 1
2
(K11 + . . .K44)− 12(K
5
5 + . . .K1010) (C.28)
We now write down the group element from equation (5.5)
gA = exp(−12 lnN3(
1
2
(K11 + . . .K44)− 12(K
5
5 + . . .K1010))) exp((1−N3)Eβ) (C.29)
We have a line element corresponding to a 3-brane
ds2 = N−
1
2
3 (−dy21 + dx22 + . . . dx24) +N
1
2
3 (dx
2
5 + . . .+ dx
2
10) (C.30)
The brane is derived from a gauge potential
AT1234 = 1−N3 (C.31)
We complete the change to world volume indices using (ehˆ)11 = . . . (e
hˆ)44 = N
− 14
3
A1234 = N−13 − 1 (C.32)
This gives rise to a 5-form field strength,Fµνρστ which we conclude is self-dual, as there are no
other other generators in (C.25) from which we could derive a dual field strength, and consequently
we cannot construct a Lagrangian for this theory.
C.3 Very Extended G2
The Dynkin diagram for G2+++ is shown in appendix D, with the darkened nodes indicating the
gravity line we consider here. The G2+++ algebra is decomposed with respect to the A4 sub-
algebra of the gravity line where the deleted node corresponds to simple root is α5 whose generator
is R5(00001), to which our decomposition level, l, is associated. we have no need for the s labels
as they are all zero, so we discard them in this section. Reference [64] gives the generators at low
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levels, we find the Kab at the zeroth level corresponding to the gravity line step operators and we
have the following other generators up to level 3, and notably no dilaton generator,
l ↓
1 Ra
2 Rab (C.33)
3 Rab,c
Rabc
The generators Ra, Rab and Rab,c each have an associated root β such that β2 = 23 but R
abc has
β2 = 0 so we shall discard it as a starting point for our method of finding electric branes.
The simple root generators of G2+++ are
Ea = Kaa+1, a = 1, . . . 4E5 = R5
and the Cartan sub-algebra generators, Ha, are given by
Ha = Kaa −Ka+1a+1, a = 1, . . . 4,
H5 = −(K11 + . . .K44) + 2K55 (C.34)
The low-level field content [64] is hˆab, Aa1 and their field strengths have duals derived from Aa1a2,b,
Aa1a2 , respectively. We also find the field Aa1a2a3 which is not related to any of the other fields
by a duality condition and we take it to be self-dual in our low order theory. Our choice of local
sub-algebra for the non-linear realisation allows us to write the group element of G+++2 as
g = exp(
∑
a≤b
hˆa
bKab) exp(
1
3!
Aa1a2a3R
a1a2a3) exp(
1
2!
Aa1a2,bR
a1a2,b) (C.35)
exp(
1
2!
Aa1a2R
a1a2) exp(Aa1R
a1)
The field content of the associated maximally oxidised theory given in [73] agrees with the low-order
G+++2 content given above. The Lagrangian for the oxidised theory, contains contains a graviton,
φ, and contains a 2-form field strength Fµν = 2∂[µAν], and is given by
A =
1
16piG5
∫
d5x
√−g(R− 1
2.2!
FµνF
µν) +
∫
C.S.
d5xa1...a5
1
3!2!
√
3
Fa1a2Fa3a4Aa5 (C.36)
We find the following electric branes of G+++2 via our group element (5.5)
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A Particle We consider the brane solution associated with the generator Ra1 is R5(00001),
noting that β2 = 23 . We find that the lowest weight generator in this representation is R
1(11111).
Taking account that the fifth simple root, as enumerated in appendix D, of G2+++ is shorter than
the other four such that (αa,αa)(α5,α5) = 3 where a = 1 . . . 4 we find that the expansion of R
1 in the
Cartan sub-algebra is
β ·H =H1 +H2 +H3 +H4 + 13H5
=
2
3
(K11)− 13(K
2
2 + . . .K55) (C.37)
The group element in equation (5.5) takes the form
gA = exp(−32 lnN0(
2
3
(K11)− 13(K
2
2 + . . .K55))) exp((1−N0)Eβ) (C.38)
We read off the line element of a particle
ds2 = N−20 (−dy21) +N0(dx22 + . . .+ dx25) (C.39)
The associated gauge potential is read from the group element to be
A1
T = (1−N0) (C.40)
We complete the change to world volume indices using (ehˆ)11 = N
−1
0
A1 = N−10 − 1 (C.41)
This gauge potential gives rise to a 2-form field strength, Fµν .
A String We start with the generator R45 (00012) whose lowest weight generator is R12(12222)
and, noting that β2 = 23 , we find that the corresponding element in the Cartan sub-algebra is
β ·H =H1 + 2(H2 + . . . H4) + 23H5
=
1
3
(K11 +K22)− 23(K
3
3 + . . .K55) (C.42)
The group element of equation (5.5) takes the form
gA = exp(−32 lnN1(
1
3
(K11 +K22)− 23(K
3
3 + . . .K55))) exp((1−N1)Eβ) (C.43)
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We have the line element of a string
ds2 = N−11 (−dy21 + dx22) +N21 (dx23 + . . .+ dx25) (C.44)
The form of the line element is the same as that of the brane associated with the dual of Fµν , the
2-form field strength which we obtained in the previous section. The associated gauge potential is
read from the group element to be
A12
T = (1−N1) (C.45)
We change to world volume indices using (ehˆ)11 = (e
hˆ)22 = N
− 12
1
A12 = N−11 − 1 (C.46)
We have have reproduced all the usual BPS electric branes of the oxidised G2 theory using the
group element given in equation (5.5). The formulae we have found above do indeed correspond
to the solutions of the Lagrangian (C.36).
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D Dynkin Diagrams of the Very-Extended Semisimple Lie
Groups
Figure 12: The Dynkin diagrams of the very-extended classical groups.
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Figure 13: The Dynkin diagrams of the very-extended exceptional groups.
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